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ABSTRACT

We prove a deviation bound for the supremum of a normalized process derived from a real-valued
random process (Y;)tes. Assuming the increments Y; — Y satisfy Bernstein deviation bounds with
random fluctuation terms makes it possible to use a stochastic normalization term. This improves on
classical versions where the control of the fluctuation is deterministic.

Keywords Talagrand’s inequality - supremum of a random process - martingales - peeling argument - chaining
argument

1 Introduction

Consider the following result, proved by Baraud in [I]]. Let (X;):cs be a family of centered real-valued random
variables indexed by a countable set .S embedded in a vector space E of dimension D that satisfies the following
Bernstein bound: there exists two (deterministic) distances d and § on F and a nonnegative constant ¢ such that for all
s,t € S, forall X € [0, (cd(s,t))71),

o PR . L |

If moreover, d and ¢ are norms bounded on S respectively by v > 0 and b/c¢ for some finite v, b, then for any tg € S

and x > 0,

P (sup(Xt - X3,) > 18 (\/02(;10 + D)+ b(x+ D))) <e . (1)
tesS

From the two equations above, we can deduce an upper bound on the renormalized process, of the form: for any ¢y € .S

and 0,2 > 0, letting ¥ (o, ) = 18(cvx + D + b(z + D)),

X, — Xy _ _
Psup—-0_ >4020(0,2) | < 2(log(v/o) VO +1)e ®. 2
(500 s (0:2)) < 208(0/e) V0-+ 1) @
(@) improves on (I)) since o can be chosen much smaller than the upper bound v on S. In particular, it allows to
control the fluctuation of X; — X, jointly for all t € S by a term comparable to the variance of X; — X}, namely

d%(t,to).

Inequalities such as (2)) are key to obtain oracle inequalities in model selection and empirical risk minimization (see
e.g., [1], [2] and [3])), where d is the error on the parameter and X, is the difference between the empirical risk and the
true risk for the parameter ¢. In the existing literature, this distance d is deterministic. However, it is sometimes possible
to control the fluctuations of X; — X with smaller, albeit random, distances d and §. Being able to obtain results such
as (2) with these random terms could therefore provide significant improvements.

To our knowledge, there exists no similar result when the distances d(s,t) and d(s,t) are replaced with random
quantities Ro(s,t) and Ry (s,t). Working with random fluctuation bounds is a natural idea that arises in many
situations (e.g., [4, Theorem 3]). For instance, [5] and [6] study the process Y;(A\) = exp(AA; — A2 B2 /2), for random
variables B; > 0 and A, to develop inequalities for the moments of A;/B; or sup,q A:/(B;(loglog B,)'/?) when
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E[Y;(A\)] < 1 and to obtain deviation inequalities for self-normalized martingales (see [[7] for a comprehensive review).
[8] improve the constants in (T) for processes of the form {s? X, s € T} where X is a random vector in R with
independent components satisfying a Bernstein type condition.

The goal of this note is to obtain a result similar to (2] but for random quantities instead of the deterministic distances d
and 4.
2 Main result

We say that a nonnegative function R : S x S — R, satisfies the triangle inequality if for all (s,¢,u) € S3, R(s,u) <
R(s,t) 4+ R(t,u). A semi-norm over a vector space E is a function N : E — Ry such that N(z +y) < N(z) + N(y)
forall z,y € E and N(Az) = |\|N(z) forall z € E and A € R. For any two real numbers z, y, we write z A y the
minimum of x and y, and = V y their maximum.

The typical setting for applying our result is when a Bernstein type inequality with control of the fluctuations is available,
as in the following proposition.

Proposition 1. Let A be an event, Z be a random variable and Ry, R, be nonnegative random variables such that

(AR2)? k
VA>0 Elexp|N\Z-— > (ARL)F | 14| < L. (3)
2
k>0
Then, for all o,0',x > 0,
P({Z oV2x + o'z, Ry <o and R '}ﬂA)ée*I. 4)

Proof. By (@), forall o,0’, A > 0,

(AR)" | 1py<colro<orla| <1,

k>0

and therefore for all A € | 1),

A2g?
Elexp(AZ)1r,<o1Rr. <o714] < exp (2(1_)\0/)) J

after which the usual proof of Bernstein’s inequality using the Chernoff bound produces the desired result. O
For martingales, (E]) can be checked as follows, as a direct consequence of [9, Lemma 3.3], in which case R% is an
upper bound of their quadratic variation.

Proposition 2. Let (M,,)n>0 be a (F,,)n>o-martingale with My = 0. Let n > 1 and assume that there exists
nonnegative random variables Ry and R such that for all { > 2,

i E {(Mi — M;_,)"

2!
i—1:| < ERSRQQ-

Then @) holds for Z = M, and any event A.
A more classical way of expressing the latter for martingales (see [7]], [9]) is the following corollary.

Corollary 3. Letn > 1. Let (M;)o<i<n be a (F;)ogi<n-martingale with My = 0, and let ((M);)o<i<n be its
predictable quadratic variation. For all i € {0,...,n — 1}, let B; be a F;-measurable random variable, and let
A:{VZE{O,,H—l},‘MlJrl M| B}

Then (B) holds for Z = M, Ro = (M), Reo = maxogi<n—1 Bi, and this event A.

Proof of Proposition[2] Let C§ = 0and Cf = """ | E[(M; — M;_1)*| F;_1] foralln >i > 1 and £ > 2. Lemma
3.3 of [9]] gives that for all A > 0, the sequence (&;);>( defined by

)\Z
=2

is a supermartingale. In particular, E(E,,) < E(&y) = 1. The result follows immediately. O
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Example 4. Letn > 1. Let X, ..., X,, be centered independent real-valued random variables defined on a probability
space (€2, F,P). Assume that there exists m > 0 such that for all j € {1,...,n}, forall £ > 2, E[Xf] < 'm’. For

instance, this is satisfied as soon as | X | is stochastically dominated by an exponential random variable with parameter
1/m.

Let hy = 1, foralli € {2,...,n}, leth; : # € R=! — h;(x)

€ R be a Borel measurable function, and let
h = (hi)1<ign- Consider the process (M;(h))ogi<n defined by My(h) =

Oandforalli € {1,...,n},
Mi(h) = hj(X1,..., X;1)X;. (5)
j=1

For any ¢ € {1,...,n}, let F; be the sigma algebra generated by {Xi,...,X;

K3
(M;(h))ogign 18 an (F;)o<icn-martingale. Moreover, Propositionholds for M, (

}, and let Fo = {0,Q}. Then
) with

n 1/2
Roo:m sup |hi(X1,...,Xi_1)‘ and Rgzm<22hi(X1,...,Xi_1)2> .
i=1

1<i<n

Our main result is a uniform control over the deviation of a renormalization of any process whose increments satisfy
a Bernstein concentration inequality with random fluctuation bounds, as long as these bounds are upper bounded by
deterministic seminorms. It can in particular be applied to any kind of supremum of martingales. The supremum does
not have to be taken in time as is usually the case for martingales, but can possibly be taken in other parameters when
considering families of martingales as shown in Example[7]

Theorem 5. Let (Y;)ics be a family of real-valued random variables, indexed by a countable subset S of a linear
space E of finite dimension D. Let Ry and R, be two nonnegative random functions on S x S that satisfy the triangle
inequality. Assume that there exists an event A such that for all s,u € S, the increments Yy — Y, satisfy @). Assume
that there exists two deterministic seminorms Ny and N, on E and nonnegative constants v, w, such that on the event

A, forall s,u € S,

Ry(s,u) < No(s —u) < v, (6)
Roo(s,u) < Noo(s — u) < w.

Let ¢ > 0. Define for all x,0 > 0,

U(o,x) = 20 [(U/\v)\/m+Dlog (”vfw) \/e) +(Z Aw) <x+Dlog (”vfw) w))] ,

with the convention § = +oo. Finally, define for all t,ty € S, A.(t,t0) = Ra(t,t0) V (cRoo(t,t0)). Then, for any
to€ S, x>0ando > 0,

Y, -V, o vV (cw) _
P — 0 >4 U A) <21 _ 1 z.
({igg A1) + o2 o (o, x)} N ) (og ( - VO+1])e @)

A typical application of this result is the following corollary:

Corollary 6. Let « be a positive real number. Under the same assumptions and notations as in Theorem || for all
x > 0, with probability at least 1 — 2(log((v V (cw))/vaD) V0 + 1)e™?,

_ V (cw)
vVt € S, Y; - Y, <80(vVa+uw) |a YA(t, )2 +2+ Dlo <U\/e>]
t t (f )|: ( 0) g \/OéiD

Proof. The result is obtained by taking 0% = o (x + Dlog (w v e)) in (). O

Example 7. Take the assumptions and notations of Example[d] Let J be a subset of a linear space E of finite dimension
D. Consider a class of vectors of measurable functions H = {h,, : v € J} such that there exists uy € J satisfying
hy, =0 € H and foreach u € J, hy = (hy1,- - -, hun) With by, ; : R™1 — R. Assume that there exists L > 0 and
M > 0 for some norm || - | on £ such that for all u,v € J, sup; <, <, [|hu,i — hoilloo < Lllu —v|| < LM. Replace h
in (B) by the differences h,, — h,, and take

Roo(u,v) = MSUP1ig<n |hu,i(X1> ey X)) — hv,i(le X))l < mMSUpP;1<ign Hhuz - hv,i”oo
u,v n 1/2
% =m (3 (hui(Xy, ., Xio1) — hy (X1, .., Xic1))?) / <Vnmsupy i i — Poilloo-
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Since,
Roo(u,v) < mL|lu— v,
Ro(u,v
Rlet) <yamLu— o],
take,

{Noo(u —v) =mL|ju—v| <mLM,

Nalew) — Ll — of| <yAmLM,

and Theoremwith c=0,0 =mV2nLM, tyg = ug leads to, for all z > 0, with probability at least 1 — 2e~*,

< 57(mLM)~!
328 Ro(u,up)? + 2(mLM)%n (m )

+D +D
x _l_gc

n n

3 Proof

The first step is to control the deviation of the supremum of the process over the (random) balls of Ry and R, using a
similar technique to [[1, Theorems 2.1 and 5.1], before using a peeling argument similar to [2, Lemma 4.23] in a second
phase.

In all that follows, we omit the intersection with the event A in order to lighten the notations. Every event considered
should be understood as its intersection with A.

Proposition 8. Let (Y;)ics be a family of real-valued random variables, indexed by a countable subset S of a linear
space E of finite dimension D. Let Ry and R, be two nonnegative random functions on S x S that almost surely
satisfy the triangle inequality. Assume that, for all s,u € S, the increments Yy — Y., satisfy @) with respect to R
and R... Assume that there exists two deterministic seminorms No and N, on E and nonnegative constants v, w
satisfying (6). Fixtg € S. For o,0’ > 0, let

B(o,0') ={s €S : Ra(s,ty) < oand Rx(s,ty) <o'}.

Then, there exists a numerical constant k > 0 (for instance k = 20) such that for all x > 0 and 0,0’ > 0,

v w v w
_ > e et / v w <e T
P<teg?fal)(ﬁ Yi,) /Iil(a/\v)\/z+Dlog(U v Ve> + (¢! Aw) (a:+Dlog(U V= Ve))D <e

Comments. . Proposition itself is not enough to conclude. Taking o > 0 and ¢’ = o /c with ¢ > 0 will result
in a bound on the supremum of (Y; — Y3, )¢cp(0,07)» but not on the renormalized process on all the set S.

* Taking 0 = v and o/ = w recovers the original result of [I, Theoreom 2.1], but it is again insufficient to link it
to Ac(t, to).

* To conclude, a peeling argument is necessary, hence, this is why Proposition (§)) is proved for any ball B(c, o).
By controlling locally the variations of the supremum, Lemma [T allows to derive global maximal inequalities
for the renormalized process of interest.

Proof of Proposition[8] The proof follows exactly the steps of the proof of [1]] for Theorem 2.1 and Theorem 5.1, only
differing in the family of partitions we consider. First, note that it is sufficient to show the result for a finite set S.
Indeed, for any sequence (.S, ), en Of finite sets such that S = U,,S,, and such that for all n € N, S,, C S;, 41, one has
for all u > 0,

{sup m—mo)m}: U m-Yvzu=J U Mm-Y>u}.

teB(a,0’) teB(o,0')NS neNteB(o,0')NS,

Since the sequence of sets (Ute Blo,onns, WYt — Yi 2 u}) is non-decreasing, by upward monotone convergence,

neN
forall u > 0,

teB(o,0") n—+oo teB(o,0")NSy,

P( sup (Yt—Yto)>u>: lim P( sup (Yt—YtO)>u>.

Thus, if the result hold for any finite subset of .5, it holds also for .S. From now on, let us assume that S is finite.

Note that B(c,0") = B(o A v,¢’ A w) by (6], so, in what follows, we assume o < v and o/ < w.
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Lemma 9. There exists a sequence of finite partitions (Ay)ren of S satisfying Ao = {S} and

Vk € N, A1 C Ay in the sense that: VB € Apy1,3C € Ay s.t. B C C,
Vk>1,VB € Ay, Vs,u € B, No(s —u) <27%0 and Ny (s—u) <2 %o,
VE > 1, [Ag) < (1482)7 (1+8%)7 . 52:-1)D,

Proof of Lemmal[9} Let us recall a result from [10, Lemma 4.5] also used by [I]]. This result is originally formulated for
norms, but extends naturally to seminorms by applying it to the quotient of F by the kernel of the seminorm.

Lemma 10. Let N be an arbitrary seminorm on S and By (0, 1) its corresponding unit ball. For all § € (0, 1], the
minimum number of balls of radius § which is necessary to cover By (0,1) is at most (1 +25~1)P.

In the following proof, we build separately for each seminorm V; a sequence of partitions (A; ») e With j € {2, 400}
The sequence of partitions of Lemma[J]is then obtained by choosing, for k& > 0, the partition A, defined by

Ak = {A2 ﬁAOC,AQ S A2,k7Aoo c Aoo,k} .

For the seminorm Ny: let Ay o = S. By (6), S C B, (0,v). Applying Lemmato thenormov~'Nyand§ = 4~ 1o~ lo
means that the minimum number of balls of radius 4o which are necessary to cover By, (0, v) is upper bounded by

(1+ SUU_I)D. Let (By, ..., Bp) be such a minimal covering. Let C; = By and for j € {2,...,p}, define the set C;

as
C; =B\ B
1<j

The sequence Az 1 = (Cj),equ,... py forms a partition of S, each set of which has a diameter at most 271g,

,,,,,

For k > 1, proceed by induction using Lemma Assume that there exists a partition Az 5, such that | Ay | <
(1 4+ 8vo~1)P . 5(-=1D and such that each element of As j is a subset of a ball of radius 2~ ¥+ for the norm N.
By applying Lemma to 2"*1571 N, and § = 271, each element of Aj j, can be covered by at most 57 balls of
radius 2~ **2) o and therefore be partitioned into at most 5 sets of diameter 2~ (**1) ¢, each contained in a ball of
radius 2~ (2 g, A, 41 is therefore a partition containing at most (1 + Svo—1)P - 58P elements.

For the seminorm N the reasoning is the same and produces a partition Ax +1 containing at most (1+8w(o’)~1)P-
5FD element for all k > 0.

Final partition: By construction, for all & € N, Apy1 C Ag. Moreover, forall k& > 1, A € A; and s,u € A,
No(s —u) <270 and Ny (s — u) < 27%0/, and finally,

|AL| < [A2k| - Ao k] < (14800 H)P(1 4 8w(o’)~1)P . 52=1D,

O

Let (Aj)k>0 be a sequence of partitions as in Lemma@ For all £ € N* and all A € Ay, pick a (deterministic) element
tr(A) € A. Forany t € S and k > 1, there exists a unique A € A, such that t € A. Let m(t) = t5(A). Let also
mo(t) = to. Since S is finite, the following decomposition holds and contains a finite number of non-zero terms:

i - Y, = Z (Yﬂw—l(t) - Y”Tk(t)) ’
k>0

Fork > 0, let E, = {(m(t), m+1(t)),t € S} and for k > 1, let

%0 = 50/2a + g IBD) + 0 (x + log(2l Eol),
5 = 27 (0/2(a T 0@ TE) + o' (o + log(2 ) )

Let

H= %a\/2log(2|E0|) + go’ log(2|Eo|) + Z 27k <m/210g(2k+1|Ek|) +o log(2k+1|Ek))

k>1
1 1
= §m/z log(2|Eol) + 50" log (2| Eol) + > ok (a, [21og(28+1| EL|) + o log(2k+1|Ek)) :
k>0
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Finally, let
5 5
Z:H+§U\/2x+§(j/x’ (8)
so that z > Z,@O 2. By definition,

P ( sup (V;—Y;,) > z) <P (Ht € B(o,0"),3k > 0, Ve, iit) = Yooty 2 zk)
teB(o,0")

<P sup (Yo —Yi) =20 |+ P (sup (Yepa) = Youtr)) = zk)
teB(o,0’) E>1 tes

The first term must be handled carefully, since even if ¢ € B(o, ¢’), there is no guarantee that 71 (t) € B(o,0’).
However, if ¢ is in B(c, ¢’), since 71 (¢) and ¢ are in the same element of .A;, by the triangle inequality,

w

Rg(ﬂ'l(t),to) < Rg(ﬂ'l(t),t) + Rg(t,to) < 50’,

and likewise Rog (m1(t), o) < 30”. Therefore,

P( sup (Yt—YtO)>z><P< sup Yy —Y;) 2 >+ZP< sup Y—Ys)>zk>
) (

teB(o,0’ ws.t. (to,u)EEg and ueB(30 /2,307 /2) E>1 s,u)EE}

< Z P((Y,—Y:,) > 20 and u € B(30/2,30"/2)) +ZP< sup (YHYS)22k>
(

ws.t. (to,u)€Eo k>1 5,u)€E
< P((Yu—Ys) > z0andu € B(30/2,30'/2)) + > Y P(Vu—Y.>2).
ws.t. (to,u)EEy k21 (s,u)€E)

For k =0 Using (@) and the definition of zg,

P(Y,—Y:, = z0andu € B(30/2,30'/2)) = <Yu -Y, > go\/Q(I +log(2|Eo|)) + %U’(x + log(2|Eo|))

3 3 1

and Ry (u,tg) < 3% Roo(u,tg) < 2a'> < 2|E0|6 )
For k > 1 Since Agt1 C A, mx(t) and 7,11 (t) belong to the same set in Ag. Therefore, for all (s,u) € Fy,
Na(s —u) < 27%0 and Noo (s — u) < 27F0’. By assumption, Ry (s,u) < Na(s — u) and Roo (8, u) < Noo(s — u).
Thus, for (s,u) € Ey, Ra(s,u) < 27%0 and R (s,u) < 27 %o’ almost surely. By definition of z; and @), for all
(s,u) € Ej,

P(Y, — Yy > z) <27 *HD| B | te ™,

Summing on all (s, u) € E}, and all & > 0 leads to

P sup (Vi-Yi)>2]<e™
teB(o,0")

It remains to compute H in (§)). By construction of Ay, the choice of 711 (¢) entirely determines the choice of 7 (¢).
Therefore, |E)| < | Ak1], that is

D D D D D
2k+1‘Ek| < okt (1 +8§) (1 +8%) L 52kD < ght1g2D | 52kD | (E) (E/) (162 50% z:) ,

g g
and thus
1 & L YW
H< 2(;,/21)1og(162—) + 20'D10g(162g +3 2" U\/QDlog (162 50'f )+22 o'Dlog (162 .50 ﬁ)
k>0 k>0
E
F G
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Let us calculate the three terms separately. Firstly,

E< 2\/2D(6+log( ))+ D(6+log( w))

Secondly,

—o'DS " 27 (log(162) + k1 log(2%
G=o ];) (og(6)+ 0g(50) + Og(aa’))

, VW ’ vw
_ ) < —).
2¢'D (log(162) + log(50) + log(o_g,)) <20'D (9 + log(aa’))

Thirdly, by concavity of x — \/x and Jensen’s inequality,

vw
F< ZQ (k+1) D log (162 50k 2 o ) < 20\/2D (9+10g(ﬁ))-

k>0

Thus,

H< Z \/QD (9+ 1og( w))+20D(9+log(%)).

Finally, using the concavity of x +— /x again,

5 )
z=H+ U\/2x+ 01: <30 \/QD(Q—Hog( w))+2 D(9—Hog( ))—I— —oV2zx + Um

< 50\/90 + (9 + log(v—w/)) D + 50’ (m + (9 + log(v—w/)> D) .
oo oo
This concludes the proof of Proposition [3] O

Proof of Theorem[3] By Proposition 8] for all o, ¢’ > 0 and z > 0,

P( sup ()/}—3/250)220[(0/\v)\/x+D10g(v\/w,\/e)—i—(a’/\w)(sc—i—Dlog(v\/wﬂ/e))])<e_”’.
o o o o

teB(o,0’)

To obtain a concentration inequality on the renormalized process, we use an extension of [2, Lemma 4.23] to allow for
a random function a.

Lemma 11. Let S be a countable set, uw € S, and a : S — R be a continuous, possibly random, function such that
lalloo < M with M > 0, and such that a(u) = inf,cs a(t). Let Z be some process indexed by S. Let

B(o) ={t € S,a(t) <o}

Leto, > 0,and ¥ : (z,y) € [04,+00) X Ry — ¥(z,y) € Ry a deterministic function such that for all y > 0,
x +— U(x,y)/x is non-increasing on [0, +00), and assume that for all y > 0,

Vo>o., P sup [Z(t)— Z(u)] = ¥(o,y) | <e V. (10)
teB(o)
Then, forany o > 0,y > 0 and x > 0.,

P<Supz<t> ()>$2¢(m,y)<1+u+a)(2+a)>><<log( >) )

ek (D) + a2 20 log(1 +

In particular, picking o = /2 leads to, for any y > 0 and x > o,

2() - Zw) _ , s log (5)VO L\
i <§1€1g a?(t) + x? > q/(:z:,y)) s <log(1 +/2) +2> '
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Let us conclude the proof of Theorem [5| before proving this lemma. Let ¢ > 0, and take o’ = o/c in (9) (or
o' = 400 if ¢ = 0). To apply Lemmal|l1] let a(t) = (R2 V (¢Rx))(t, to), u = top and M = v V (cw). By definition,
a(to) = infies a(t) = 0, and by (6),

lalloo < sup(Na V (cNoo))(t —tg) < vV (cw).
tes

Forz,0 > 0, let
vV (cw) o vV (cw)
U(o,2) =20 [(c Av)y/z+ Dlog | ————= Ve —I—(E/\w) x4+ Dlog| ————= Ve .
g g
By (), Equation (I0) is satisfied with 0. = 0. For all z > 0, o — ¥(c, x) /0 is non-increasing on R . Therefore, for
allz > 0and o > 0,
log (M> VO

log(1 ++/2)

Y - Y,
P <sup 7t°2 > 4020, J:)) <
tes a ( ) +o

+2 e "

O

Proof of Lemmal(I1] The proof follows the steps of the proof of [2, Lemma 4.23]. We use the notations of Lemma [IT]

Let z > 0, and let D(z) be the first integer j > 0 such that (1 + a)7*+1z > M, so that D(z) < ‘28/2)

{0,...,D(z) — 1},1 < Tee(ite; V0. Forall
VS Sy z) — 1}, let

Ci={teS,(1+ayz<alt)<(l+a)yt'z}.

andlet Cp(,) = {t € 5,(1+ a)P@z < a(t) < M}. Then, {B(z),{C;}o<j<p(x) } is a partition of S and therefore,
D(z)

(
[Z(t) Z(U)] < tesg(%) [Mr] +y :élg [M] _ (11)

o5 | a2 (t) + a2 a?(t) + a2 = a?(t) + a2

tesS
For t € Cj, since a®(t) + 2% > (1 + )22 + 22,

Z(t) — Z(u)]
a?(t) + x2

D(z)

< sup (Z1) - Z)s + Y (1+(1+a)¥) " sup  (Z() - Z(u))s
teB(x) =0 teB((1+a)itlz)

22 sup {
tesS

Since a(u) = infies a(t), u € B((1 + a)*x) for every integer k for which B((1 + a)*z) is non empty and therefore,

sup  (Z() - Z(w)e = sup  (Z(t) — Z(w).
teB((1+a)kz) teB((1+a)kzx)
Let y > 0. By assumption,
P sup (Z(t) — Z(u
teB(x)
P sup  (Z(t) — > U((1+a)Tey) | <e ¥ forallje{0,...,D(z)}.
teB((1+a)itiz)

Recall that z +— W(z,y)/z is non-increasing, so that (1 4+ «)/ T W (x,y) > ¥((1 + a)?*1z,y), which leads to

P sup (Z(t) — Z(u)) = (1 + )T W(z,y) | <e ¥ forallj € {0,...,D(x)}.
teB((1+a)i+1x)

Taking the union bound leads to

{Z(t)Z(U)]

P 2
zsup | —3 @+ 22

tes
To conclude, note that

B (1 + )it

5 < (1 <@ N
> T a0+ +Z vy <) (54
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