N

N
N

HAL

open science

Remarks on a formula of Blagouchine

Marc-Antoine Coppo

» To cite this version:

‘ Marc-Antoine Coppo. Remarks on a formula of Blagouchine. 2021. hal-03197403v6

HAL Id: hal-03197403
https://hal.univ-cotedazur.fr /hal-03197403v6

Preprint submitted on 3 Jun 2021 (v6), last revised 18 Oct 2023 (v22)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.univ-cotedazur.fr/hal-03197403v6
https://hal.archives-ouvertes.fr

Remarks on a formula of Blagouchine

Marc-Antoine Coppo*
Université Cote d’Azur, CNRS, LJAD (UMR 7351), Nice, France

Abstract We make some comments on an amazing formula recently discovered
by Blagouchine.

Keywords Complex integration, generalized Glaisher-Kinkelin constants, infinite
series with zeta values.

1 Introduction

The aim of this short note is to emphasize the link between the sequence of integrals
{Zi } x>0 defined by

dx

I _ /+°° C(3 +ix)
" e k+1+ 2ix) cosh(mz)

and some important mathematical constants, namely the Euler-Mascheroni con-
stant, the Cohen-Boyadzhiev constant, and the generalized Glaisher-Kinkelin con-
stants (also known as the Bendersky constants) which occur quite naturally in
analysis and number theory [6, 9, 10]. In order to do this, we make use of an amaz-
ing formula recently discovered by Blagouchine [2, Theorem 2| that we combine
with another nice formula given by the author in a previous article ([7, Proposition
1]). Let us note in passing that the following special case of Blagouchine’s formula:

n

i(_l)n—IC(n + 1) — IO

has already been mentioned (without proof) on page 1836 of [7].
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2 Blagouchine’s integral

First of all, we provide a complete simple proof of [2, Theorem 2] using Cauchy’s
residue theorem.

Proposition 1. For any integer k£ > 0, let Z; be the complex valued integral

7o /+°° ¢(3 +1x) i
—oo (2k 4+ 1 + 2ix) cosh(mx)

and gy be the infinite sum

i = i(_l)nflw )

= n+k
Then we have the identity
T = i - (1)
Proof. For k > 0, let us consider the function
¢(5 +iz)

fi(z) = (% + k 4 iz) cosh(nz)

We have cosh(rz) = 0 if and only if z = i/2 4+ in with n € Z. For n > 1, the
residue of f at z =1/2 —in is

((1+n) w2104
(n+ k)msinh(in(5 —n))  (n+ k)irsin((5 — n)) (n+k)ir
We integrate on a closed contour composed of the interval D = [—R, R| and the

lower semicircle C'r of radius R with center at 0. By the residue theorem, we can
then write the following relation:

IR TR sE )

T Jo

which, from the foregoing, translates into the identity

/ fk dZ +/ fk dZ =2 Z n+1§(nl—i_/:)) (2)

For z € Cg, the parameterization iz = Re® with —7/2 < ¢t < 7/2, enables us to
write

+7/2 C(§ + R@it> i
dz| = / 2_ —Re' dt
[T S R—
+7/2 3 R it
S/ 1 C(z—.i_ €>. —~| Rdt.
—x/2 | (5 + k + Re') cosh(im Ret)




Since % + Re™ is in the half-plane Re(z) > 3/2, its absolute value is bounded by
¢(3), ie. ;

<{(=).

<)

Hence, when R increases towards infinity, we have the following limits:

C(; + Re™)

lim [ fi(z)dz=0,
R

R—oo JC
v (3 +in)
I dz = / 2 dz = 27,
Jraey Ji(z) dz —oo (3 + k + iz) cosh(mz) v g
and N
. R ad (14+n)
1 1 n+1 C n+1 C — )
RE{}O;( ) (n—i—k Z:: (n+k) M
This allows us to deduce formula (1) by passing to the limit in (2). O

Remark 1. The constant

1o = Z(—l)”‘1M Y (1 + ) — 1.257746 . ..
n=1 n 1 n

has been thoroughly studied by Boyadzhiev [4] (see also [6, p. 142]). This constant
is noted M in [4], K in [6], and also appears as v_; in [7]. By a well-known series
representation of Euler’s constant v, we also have

=3 (<1 - s <¢1z ~In (1 + i)) — = 0577215 .

n=2 n n=1

Example 1. For £ = 0 and k = 1 respectively, formula (1) translates into

I C(2 +ix) (e 1) +y
Lo = /—oo (1+ 222x) cosh(mz) de = /o x 4, (3)

where 1 is the digamma function, and

+o0 C(% +ix) L
L= [oo (3 + 2ix) cosh(mx) do =y =—v{). ()




3 Link with the generalized Glaisher-Kinkelin
constants

Definition 1 ([1, 9, 10]). For any integer k£ > 0, the constant Ay is usually defined
by

N
In(Ay) = J\}l_l}noo {Z nFlnn — Pk(N)} :
n=1

where Py(N) is given by Py(N) = (N + 1) InN — N, and

NEHL NF k. NFIB,
Py(N) = —+k = In N
k(N) (k+1 Z]+1 j))
N+ ; Nk JB]H !
-6 k>1
C(k+1)? Zl —J)! I ;k‘ z+1 (k=1),

where B; is the j-th Bernoulli number and d;, ; is the Kronecker delta function. The
numbers Ay (for £k = 0,1,2,...) are the generalized Glaisher-Kinkelin constants
(sometimes called the Bendersky constants). In particular, it follows from this
definition that

N 1
In(A4,) :&E@O{Ezlnn— <N+2) lnN+N} ,
n=1

and

N2 N 1 N?
1 =1 Inn— (— InN+ —
n(As Nﬂo{z”n” (2 2 12)n +4}
Remark 2. Adamchik [1, Proposition 4] has given a nice expression of theses con-
stants in terms of the derivatives of the Riemann zeta function. More precisely, he
showed that

HyBry1 o, }
A, = —((—k k>0 5
e=mexp{ 0] (k2 0), )
k
where H;, = Z — is the k-th harmonic number with the usual convention Hy = 0.

j=1
The following relations which are easily deduced by differentiation of Riemann’s
functional equation for the zeta function:

(2k)!
2(2m)2k

¢'(=2k) = (1) RCRE+1) (R =1),



and

(2k)!
k(2m)2k

C'(Qk) + @ (Hgkfl i In 271') (k} Z 1)

(1= 2k) = (—1)**! 2

enable to deduce from Adamchik’s formula (5) the expressions

JIp— {(—N e+ 2 41 27r>} k>1). ()
and
Ay = exp{<_1)k+12(<§713!%<(%+ 1>} (k>1). @

Example 2. The constant Ay = exp(—¢’(0)) = v/27 is the Stirling constant,

Ay =esp (15— (1) =ew (—gfﬁ Ll 7)

is the Glaisher-Kinkelin constant, and

Ay =exp (—('(—2)) = exp <C<3)> :

472

Remark 3. Bendersky [3] introduced for the first time the sequence of numbers
Ly, := In(Ag) without any consideration of their relation with the (-function. From
the point of view of the summation of divergent series, the constants L, should
be interpreted as follows: if 3", n¥ Inn denotes the R-sum (i.e. the sum in the
sense of Ramanujan’s summation method [5]) of the divergent series s nflnn,
then, for any integer & > 0, we have

Hy B 1

R 1
Flnn = Ly — _ :/1 Doz + 1
%:ln nn k E G nly(x+1)de, (8)

where I'y is the Bendersky generalized gamma function [3]. Unaware of Bender-
sky’s work, Kurokawa and Ochiai [8, Theorem 2] have given a deep expression of
the function I'y in terms of the derivative of the Hurwitz zeta function ((s,x) at
s = —k. Precisely, they showed that

Ip(z) =exp{¢'(—k,z) —¢'(—k)} forz>0.
In particular, it follows from this expression that

Tp(n+1)=1"2""...n"  for any integer n > 1.



For the first values of k, formula (8) translates into the identities

R 1
Zlnnzln(\/%)—lz/o Inl(z+1)dz,

n>1

R 1 1

> nlnn=In(4) - < = / InK(x+1)dz,
o1 3 0

where K = I' is the Kinkelin hyperfactorial function.

Proposition 2. For any integer k£ > 1, we have the following identity:

v 1 k-1 (k
Tpr = —— + = — 3 (=1)7 (") In(4;). 9
k+1 k+1+k j:O( )<]> n(4;) (9)
Proof. We have shown [7, Proposition 1] that
k—1 k-1
Y Mk ’ . 1 k Bj+1Hj
mo =t 2 (e e () B ez

By means of (5), this expression may be rewritten as follows:

T e Vil W IE RGeS}

k+1 = J
Hence, formula (9) results from (1). O

Example 3. For k& = 2, 3,4, formula (9) translates into the following identities:

[t ¢(3 +ix) 1 1

L= /_oo (5+ 222:) cosh(mx) do = 27 1 2 In(2m) (10)
e C(3 +ix) 111 ¢'(2)

L= /—oo (7+ 222x) cosh(rx) 27 i 2 3 In(2r) = 2 (11)
e C(3 +ix) 111 3¢'(2)  3¢(3)

2a= /—oo (9+ 22?1:) cosh(rz) 27 371 In(2r) = or2  4n? (12)

More generally, we obtain the following expression of Z; which results from (9)
and formulas (6)—(7):

Corollary 1. For any integer k£ > 4, we have

+00 C(2 +ix) 1 1 1
7 :/ 2 dt = =7 4+ —— — ~1n(2
S (2k + 1 + 2ix) cosh(mz) v 27+ k—1 k n(2m)
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Remark 4. Blagouchine [2, Theorem 1] also established the relation

ol 1 /+°° C(% +ix)
Tiv1 = — — d k>
TR (k412 Jos (2k+ 1+ 2iz) cosh(rz) v (k20),
which allows us to deduce from (9) the following identity:
L (k 1 1 +o0 C(L+ix)
1) In(A4,) = — / 2 d kE>1).
j;( ) (;) W) = e e T @Rt 2ig)cosi(r) ¢ 2D

(14)

In the simplest case, this formula reduces to

5 +oo ¢(5 +iz)

2ix) cosh(mx)
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