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On the generalized Glaisher-Kinkelin constants
and Blagouchine’s integrals

Marc-Antoine Coppo*
Université Cote d’Azur, CNRS, LJAD (UMR 7351), Nice, France

Abstract The main purpose of this article is to establish a close connection be-
tween a sequence of complex integrals introduced by Blagouchine and some im-
portant mathematical constants, namely the generalized Glaisher-Kinkelin con-
stants (also known as the Bendersky constants) which occur quite naturally in
analysis and number theory. At the end of this study, we also use a formula
of Candelpergher to deduce an interesting expression of the alternating series
2@2(—1)”% for complex values of s.

Keywords Generalized Glaisher-Kinkelin constants, infinite series with zeta val-
ues, complex integration.

1 Introduction

The main purpose of this article is to highlight the link between the sequence of
complex integrals {Jx }r>o defined by

[t C(3 +iz)
Ji = /_oo (2k + 1 + 2ix) cosh(mx) 4,

and some important mathematical constants, namely the generalized Glaisher-
Kinkelin constants (also known as the Bendersky constants) which occur quite
naturally in analysis and number theory [1, 10, 11]. To establish these close con-
nections, we make use of a relation (found by Blagouchine [2]) between the integral
Ji and the alternating series

vei= S0 (-1 o)

ot n+k
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which have been thoroughly studied in [9]. This enable us to give a general ex-
pression of the integrals Jj for all non-negative integers k (see Theorem 1).

Recently, this deep relation between J, and v, has been generalized by Can-
delpergher [6] (see Theorem 2), that allows us to provide, as a corollary, an inter-
esting expression of the alternating series

n=2

for any complex number s with Re(s) > 1 (see formula (10)).

2 Generalized Glaisher-Kinkelin constants

Definition 1 ([10, 11]). For any integer k£ > 0, the constant Ay are usually defined

M =

lnn—<N—|—;)lnN+N},

N2 N 1 N?
mn— (=42 +— | N+
o <2+2+12>n +4}’
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and more generally

In(A;) = lim { 3 nklnn—Pk(N)lnN—i—Qk(N)} ,
n=1

N—oo

where P, and @)y are polynomials of degree k4 1 that can be explicitely computed
(see e.g. [11, Eq. (1.1)]). The numbers Ay for k = 0,1,2,... are called the gen-
eralized Glaisher-Kinkelin constants (sometimes called the Bendersky constants).
Adamchik [1, Proposition 4] has given an alternative expression of the constants
A in terms of the derivatives of the Riemann zeta function. More precisely, we

have
Hy By

kE+1

Ay = oo { S ¢y} ()

k

where H), = Z — is the k-th harmonic number with the usual convention Hy = 0.
j=1



Example 1. The constant Ay = exp(—¢’(0)) = v/27 is the Stirling constant, and
Ay =exp (5 - (1)
=exp|——((—
1 p 12
is the classical Glaisher-Kinkelin constant.

The following relations are easily derived by differentiation of the Riemann
functional equation for the zeta function:
(2k)!
2(2m)2k

¢'(=2k) = (-1) CREk+1)  (k=1),

and

k+1 (2k)! C/(Qk) + @ (HQk—l -y — IHQTF) (lf > 1)'

(1 =2k) = (1) k(272 2%

This enable to deduce from Adamchik’s formula (1) the expressions

tus = e {0 0o + B2 e} k2, @
and
Aoy = exp {(_1)k+12gg;kd2k + 1)} (k>1). (3)

In particular, we can easily deduce from formulas (2) and (3) the following binomial
identity which will be useful later:

Lemma 1. For £ > 1,

o, ik ~ In(2m)  k—-1vy
2.(=1) <'>ln(Aj)_ 41 kt12

A L)
-2y, )5gee)

J—1)J

k5] :
_ Z:l (—1)j<k,> QEsz))!QjC(2j +1). (4)

29

Remark 1. Bendersky [3] introduced for the first time the sequence of numbers A
without any consideration of their relation with the (-function. From the point
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of view of the summation of divergent series, the constants A can be interpreted
as follows: let 3™ , n* Inn denotes the R-sum of the divergent series Sasinflnn
(i.e. the sum of the series in the sense of Ramanujan’s summation method [5]),
then, for any integer k > 0, we have (cf. [5, p. 68], [3, p. 280]):

R . 1
n*Inn=—{"(-k) — —=
HyBjy1 1

=) = =75~ (k+1)?

1
:/ InTy(z + 1) d,
0

where Ty, is the Bendersky generalized gamma function [3, p. 279]. This function
verifies in particular

Fe(n+1) = 122" ...n™  for any integer n > 1.

Example 2. For the first values of k, we have

f:lnnzln(\/%)—l:/Ollnf(ac+1)dx,

n>1

R 1 1

Y nlnn=1In(4) - < :/ InK(zx+1)dr,
1 3 0

where K = T'y is the classical hyperfactorial K-function [7].

3 Blagouchine’s first integral

We give a direct proof of [2, Theorem 2] using Cauchy’s residue theorem.

Proposition 1. For any integer k£ > 0, let Z be the integral defined by

Ty = /+OO C(% + i) dr .
~x (2k 41+ 2iz) cosh(rx)

Then
Ik = V-1 (5)

where v}, is the conditionally convergent series defined by

b= 3 (1) ) s ).

— n+k
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Proof. For k > 0, let us consider the function
¢(5 +i2)
fu(z) = :

(3 + k +1iz) cosh(mz)
We have cosh(rz) = 0 if and only if z = /2 + in with n € Z. For n > 1, the
residue of fy at z =4/2 —in is

¢d+n) ¢d+n) (=1)"¢(d +n)

(n+k)rsinh(in(3 —n))  (n+k)irsin(r(3 —n))  (n+k)ir

We integrate on a closed contour composed of the interval Dr = [—R, R] and the
lower semicircle C'r of radius R with center at 0. By the residue theorem, we can
then write the following relation:

Nr .
i fk(z)dz+2;T/[)R fk(Z)dZZ_;ReS(fk;i—m),

i Jog
which, from the foregoing, translates into the identity
¢(L+n)
az+ [ — 23 (—1) 6
/CRfk(z) z+ DRfk(z z= Z RN (6)

For z € O, the parameterization iz = Re" with —7/2 < ¢t < 7/2, enables us to
write

+7/2 C(§ 4+ Reit) ;
az| = | [ 2_ ~Re' dt
’/CR fule)dz ‘ —nf2 (3 + K+ Re®) cosh(inRet)
+7/2 R it
< / (5 + Re) Rdt.
/2 -|- k 4+ Ret) cosh(imRe)

Since 3 4+ Re™ is in the half-plane Re(z) > 3/ 2, its absolute value is bounded by
¢(3), ie. ; ;

= H < (2.
¢+ re")| <)

Hence, when R increases towards infinity, we have the following limits:

lim fr(2)dz=0,

R—o0 JCg
o0 ¢(§ +i)
I dz = / 2 dr = 27,
A5 Jpy Jilz) dz —o (3 + k + iz) cosh(mz) v g
and N
o tn) & (n+1)
1 -1 n+lg(7 — -1 n+l>\VT T ) L
A, 2 (CU T = 2 ()T = v
This allows us to deduce formula (5) by passing to the limit in (6). O
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Example 3. For k = 0, formula (5) translates into

teo (3 i) e $(n)
/—oo (1 + 2iz) cosh(mz) de = 7;2(—1) n—1’

and for k =1

+o0 C(3 +ix) =V (D]
/—oo (3 + 2iz) cosh(mx) dx—nz:;( 2 n

The constant

v =3~y 5 :Lln (1 + :Z) — 1.257746 . ..

n=2

n=1

has been thoroughly studied by Boyadzhiev [4]!. Moreover, by a well-known series
representation of Euler’s constant v, we also have

=3 (—1 ™ _ 5 (711 ~In (1 + i)) — = 0577215 .

n=2 n n=1

4 Blagouchine’s second integral

Proposition 2. For any integer k > 0, let J; be the integral defined by

[ ¢(; +iw)
T = /—oo (2k + 1 + 2iz) cosh(mz) de.

Then we have the relation

I B S
jk—k+1 11 Trs1 (k>0). (7)

Proof. For Re(z) > 0, let us consider the function

R e )

" 2(k+z)cos(mz—3)

The residue theorem allows us to write the relation

vy 1
Fi(z)dz — / Fi(z)dz = -
/Re(z)=1/2 b(z) dz Re(z)=3/2 k(z) dz k+1 (k+1)2

because the right-hand side of this equation is nothing but the residue of the
function Fy at z = 1. This enable to deduce the relation (7). O

IThis constant is noted M in [4] and K in [8, p. 142].
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Theorem 1. We have J, = —1,

1 5
jl:iln(%r)_l’
1 1 @ 11
— Z1n(271) — = _ -
Jo =3 m@m) —Gv+ 5~ g
and for k > 3,
k—1
Jp=—-1

= o) — — —
k+1 n(2n) 2(k+1

= J(
A5 . )
-3 g a0 o

Proof. By (5) we have Zy 1 = v, and, by [9, Proposition 1], we also have

k-1 . ]{; X k-1 ]{,‘ Bj+1Hj
szkzly_l-FZ(—l)j(j)C/(—J)'f—;‘FZ(‘)j+1 (k=1).

j=0 =0 \J

Using Adamchik’s formula (1), this expression may be rewritten as follows:

A R (’j) n(4;) (k> 1),

Now, using the relation (7), we get Jp = —1 (since Z; = ) and

Fe= S -1 (Y meay - L - ! (k> 1)

— — n 1) — T T .

e j Pk (k+1)? =

Hence, formula (8) results from formula (4) (cf. Lemma 1). O

5 Further generalization

Using Fourier transform method, Candelpergher [6, Eq. (7)] recently proved the
following beautiful relation which is the analogue of (7).

Theorem 2. for k > 0 and Re(s) > 3, we have

251 T (s) = T 1 7 _ C +31)s+1 — (), 9)



with

and

= [ SGrw

d
oo (2k 11+ 2iz)* cosh(rz)

vls) = S0 (-1

n=2 (n_'_ k)s ‘

Applying (9) with k£ = 0 allows us to deduce the following identity:

Corollary 1.

n=2

2Cn) 1 p+oo ((5 +ix) 1
2 (1) ) [m (5 + 2'352)8 cosh(mx) da (Re(s) > 5) - (10)
Example 4.
o~ yn&(n) 1 opree ((5+in)
nzz:Q(_l) Tz T 2 2/ (3 + 2'5152)2 cosh(mx) de.
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