N

N

New identities involving Cauchy numbers, harmonic
numbers and zeta values
Marc-Antoine Coppo

» To cite this version:

Marc-Antoine Coppo. New identities involving Cauchy numbers, harmonic numbers and zeta values.
2021. hal-03131735v3

HAL Id: hal-03131735
https://hal.univ-cotedazur.fr /hal-03131735v3

Preprint submitted on 15 Feb 2021 (v3), last revised 3 Sep 2021 (v10)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.univ-cotedazur.fr/hal-03131735v3
https://hal.archives-ouvertes.fr

New identities involving Cauchy numbers,
harmonic numbers and zeta values

Marc-Antoine Coppo*
Université Cote d’Azur, CNRS, LJAD (UMR 7351), Nice, France

Abstract In this article, we present a number of series identities linking together
Cauchy numbers (also known as Bernoulli numbers of the second kind), special val-
ues of the zeta function and its derivative, and a generalization of Roman harmonic
numbers.

Keywords: Cauchy numbers, Roman harmonic numbers, binomial identities, se-
ries with special numbers, zeta values.

Introduction

Several years ago, we proposed in [4] a method based on the Ramanujan sum-
mation of series which enabled us to generate a substantial number of identities
involving the Cauchy numbers together with the harmonic numbers and values of
the Riemann zeta function at positive integers. Thanks to the formulas recently
proved in our last paper [6], we are now in a position to complete these results by
giving new closed form evaluations of the same kind (see the examples deduced
from Propositions 1 and 2). In order to do this, we make use of a quite natu-
ral generalization of Roman harmonic numbers which have been introduced in [5]
(see Definition 2). A notable novelty is the involvement in our formulas of certain
alternating series with zeta values that appeared in [1] and [6] (see Definition 3).

*Corresponding author. Email address: coppo@unice.fr



1 Preliminaries : reminder of the main defini-
tions and results

We first recall a number of definitions and results that appear in previous work,
refering to the indicated references for the proof of these results.

1.1 Harmonic numbers and harmonic sums
Definition 1. The generalized harmonic numbers H(" are defined for non-negative
integers n and r by

"1
H(()T):O and H,(f)zz,—r form>1. (1)

j=1
For r = 1, they reduce to classical harmonic numbers H,, = H( . The sums

[e's) H’r(LT)
Sip=

n=1

np

for positive integers p > 2 are called linear Euler sums. We recall the classical
Euler’s formula for &, (cf. [6, 8]):

p—2

281, = (p+2)C(p+1) =D Clp—i)CG+1)  (p>2).

i=1

Definition 2 (cf. [5]). The harmonic sums H,(f,i are defined for non-negative
integers n,r and k withn > 1, r > 1 and k£ > 0 by

r 1
and HT(”,)C = > —— fork>1. (2)

n>j1 > >1J1J2 7 Ik

) _
Hn,O o nr—1

In particular, for k = 1, they reduce to classical generalized harmonic numbers

and for £ = 2, we have



Remark 1. For r = 1, the harmonic sums Hfll,i that we shall note H,, ; in the rest
of the article are nothing else than the ordinary Roman harmonic numbers c{¥) (cf.

[7]). In particular, we have
Hn,O = 17 Hn,l = Hnu Hn,2 = Z J , ete.
=1 J
In the general case, it can be shown (cf. [4, Eq. (18)] and [7, Eq. (29)]) that

Hyp = Py (H,,..., HP)

where Py(x1,...,z) are the modified Bell polynomials (cf. [4, Definition 2]).

Example 1.
" H;, 1 1
Hyp=) —* = §(Hn)2 + §H7(12) : (3)

j=1J

The harmonic sums H, (r,l verify the following identity (cf. [5, Corollary 8]):

n,

J* -

T - | — n
=y (!

Hj,'r—l
b ]>, (k>1). (4)

Example 2. For r = 1, formula (4) reduces to

Hop =SS (—1y-! (”) 1 (5)

o i) i*

which is a classical property of Roman harmonic numbers (cf. [7, Eq. (20)]), and
for r = 2, it is written as follows:

n ~/n\ H;
HE) =3 (~1y 1( .),; : (6)
j=1 J

By inverse binomial transform?, identity (4) also admits a reciprocal:

(

k
n j=1

L Ifb(n) = &+ >0 (1)1 (?)] a(j), then a(n) = £ 3% | (=1)7~* (’j‘)j b(5) (cf. [5, Definition
5 and Corollary 1]).



1.2 Alternating series with zeta values

Definition 3 ([6]). For any positive integer p, let us define the infinite series 7,
by

s k
n= Yy D) )
k=1 k
For p > 2, these series verify the following identity (cf. [1, Proposition 7|, [6,

Lemma 1]):
RO )~ (1, )

p
1 n

n=

For p = 1, we have
1 +1)+
T —/0 —¢($ x) fydx, (10)

where 1 is the digamma function.

1.3 Cauchy numbers

Definition 4 (cf. [4]). The sequence of non-alternating Cauchy numbers {\,}, is
defined for all positive integers n by the recurrence relation

z”: Ak 1
S kln+1—-k) n+1
The first terms are
1 1 1 19 9 863
M=, A== d3=—-, A= —, s =—. g =—, etc.
LT T g BT MT g T AT g O

Remark 2. If ¢, are the classical Cauchy numbers (cf. [2]) defined by
1
cn:/ z(x—1)---(r—n+1)dx forn>1,
0

then )\, and ¢, are linked by the relation )\, = (—1)""!c,.

We recall the transformation formula that links Cauchy numbers to the Ra-
manujan summation of series (cf. [3, Theorem 18]) : if a is a function analytic in
the half-plane P = {Re(z) > 0} such that there exists a constant C' > 0 with

la(z)| < C2¥ forall z€ P |
then

oS n n R
P Z(—l)f-l(.):/a<j>= 3 afn) (1)

where 2521 denotes the R-sum of the series (i.e. the sum of the series in the sense
of Ramanujan’s summation method).



2 Series with Cauchy numbers and harmonic sums

With the help of the results of [6], we can now state and prove the following
propositions:

Proposition 1. For any integer p > 1, we have

a)

= A forp=1
Y o Hup = ! . (12)
“—nln ((p) =35 forp>1
where v = —1(1) is Euler’s constant.
b)
Z 192 1{’()+71+7'1 forp=1
=l i = 51p S (= ) + (1P (p) + 7, forp > 1
(13)
where 7, is the first Stieltjes constant.
Proof. 1t follows from formulas (4) and (11) that
- )\n (r) R Hyrq
H | = : kE>0,r>1).
nz::ln!n mik ;nkﬂ (k20,7 =1)
Specializing this identity with £ = p — 1, we obtain
a) forr =1,
> A\
nz::l n'n Hup1 = 2:1 ﬁ
b) for r =2,
SERT Y
=nln b ool W

Hence, formula (12) results from [3, Egs. (1.22) and (1.24)]) while formula (13)
results from [6, Proposition 1 and Eq. (13)]. O

Example 3. Applied to small values of p, formulas (12) and (13) translate into
the following identities:



1) Forp =1,

o9 /\n
= 14
nZ::l = (14)
and
< A, 1, 1
;n!n2:§7 —§C(2)+71+7'1- (15)
2) For p=2,
> A =21 (16
—nln ’
and
i M) = 2¢(3) + (2) + (17)
—nln "
3) For p =3,
A & H; 1
SN (3) - o 18
IR R SICN (18)
and
o0 n (
An 5
ZTZ J ((4)—¢2)=dB) + 7. (19)
n=1 7j=1
Remark 3. a) Formulas (1 ) and (16) are well-known classical series represen-

tations for v and ((2) (cf. [2, 3, 4]).

b) Thanks to the relation (3), formula (18) can be rewritten under the following
equivalent form:

S (L)Y S HE = 2(3) - (20)
Subtracting (17) from (20) we deduce yet another interesting identity:
Z = —((2)-m—1. (21)



¢) By means of [6, Eq. (14)] we can also easily prove the following formula dual

of (19):
nln'n]z:lj 1¢ D HC2)+2003) = 2m — 1. (22)
Therefore, adding (19) and (22), we obtain
H@)
ZRHZ{ : }:xm+0@—m—1. (23)
n=1

The proposition below is a more usable reformulation of [4, Theorem 10].

Proposition 2. For any integer p > 2, we have

> M H =) 1) — Sy~ D) — (1P, (24)

2.

In
nln

with 09 = 1 and

L+ (-1 &2 fG=Dip—1-4) 1
op = + (=1 — | forpz3
D P ) B TR
Proof. Tt follows from formulas (7) and (11) that
—H,, 1 = e kE>0,r>1).
nz::l n!pkt1 7l %:1 n ( 4 )
Specializing this identity with £k = 1 and r = p, we get
<) R E)
> S5 Hppa = n
“—nln Sion
Formula (24) then results from [6, Proposition 2]. O

Example 4. Applied to small values of p, formula (24) translates into the following
identities:
a) For p =2,
= A

D

n=1
Moreover, subtracting (25) from (21) and replacing H,, — £ by H,,_; leads to
the surprisingly simple relation

=70(2) -¢B) = ¢(2) - - 1. (25)

n! n2

i Tl);r;l n-1=¢(3) —7¢(2). (26)
b) For p = 3,
;:Ol ni\:;z {( n)? + H(2)} =7C(3) — i((4) — ;C(g) C3) +75.  (27)
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