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New identities involving Cauchy numbers,
harmonic numbers and zeta values

Marc-Antoine Coppo*
Université Cote d’Azur, CNRS, LJAD (UMR 7351), Nice, France

Abstract In this article, we present a number of series identities linking together
Cauchy numbers (also known as Bernoulli numbers of the second kind), the values
of zeta and its derivative, and a generalization of Roman harmonic numbers.

Keywords: Cauchy numbers, Roman harmonic numbers, binomial identities, se-
ries with special numbers, zeta values.

Introduction

Several years ago, we proposed in [3] a method based on the Ramanujan summation
of series which enabled us to generate a large number of identities involving Cauchy
numbers, harmonic numbers and zeta values. By means of new formulas recently
proved in our last paper [6], we are in a position to complete these results by
showing new identities of the same kind (see Propositions 1 and 2). In order to do
this, we make use of a rather natural generalization of Roman harmonic numbers
introduced in [4] (see Definition 2). A notable novelty is the appearance in our
formulas of certain alternating series involving the values of zeta that have recently
been considered in [5] and thoroughly studied in [7] (see Definition 3).

1 Preliminaries : reminder of the main defini-
tions and results

We first recall a number of definitions and results that appear in previous work.
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1.1 Harmonic numbers and harmonic sums

Definition 1. The generalized harmonic numbers H(") are defined for all natural
numbers n and r by

o
H’ =0 and HD =3 — forn>1. (1)

j=1 J"

For r = 1, they reduce to classical harmonic numbers H,, = H( . The sums

s o0 1(119)
g = n; na

for positive integers p and ¢ with ¢ > 2 are called linear Euler sums. We have the
classical Euler’s formula (cf. [6, 9]):

p—2

251, =(p+2)Cp+1) = > Clp—5)(i+1)  (p=2).

=1

Definition 2 (cf. [4]). The harmonic sums HS’,’C are defined for all natural numbers
n,r and k withn > 1, r > 1 and k > 0 by

1
and H,(f,)c = > —— fork>1. (2)

n>ji> > 01727 Jk

H) =

nr—l

In particular, for k = 1, they reduce to classical generalized harmonic numbers

H} = H,
and for k = 2, we have
. n H(T)
Hiy =Y~
=1 J

Remark 1. For r = 1, the harmonic sums H,, ; := ¢

n

1,1 are nothing else than the

ordinary Roman harmonic numbers ¢ (cf. [8]). In particular, we have
Hn,O = 17 Hn,l - Hna Hn,2 - Z —

i etc.
j=1

In the general case, it can be shown (cf. [3, Eq. (18)] and [8, Eq. (29)]) that
H,p = P, (Hn, . ,Hff”)

where Py(xy,...,x)) are the modified Bell polynomials (cf. [3, Definition 2]).
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Example 1.

Hj,r—l
jk (k>1). (4)

T | — n
=y ()
Example 2. For r = 1, formula (4) reduces to

Hop =SS (-1p (”) 1 (5)

i i)

which is a classical property of Roman harmonic numbers (cf. [8, Eq. (20)]), and
for r = 2, it is written as follows:

=30 ()
j=1

j J

H;
j—k ) (6)

By inverse binomial transform®, the identity (4) also admits a kind of reciprocal:

Horct i<—1>“<7> Hyy) (k> 1), (7)

k
n j=1 J

1.2 Alternating series with zeta values

Definition 3 (cf. [5, 6, 7]). the conditionally convergent series 7, are defined for
any positive integer p by

rp= 3 (-1 D) )

p
k=1 k
For p > 2, they verify the relation

D st S S )

p
n=1 n

and for p = 1, we have

n= vt 4y 21) Y e (10)

where 1) is the digamma function.

1. If b(n) = %Z?Zl(—l)j_l (?)j a(j), then a(n) = £ Z;I’Zl(—l)j_l (?)] b(j) (cf. [4, Definition
5 and Corollary 1]).




Remark 2. The series 7, defined above are linked to the series o, introduced and
studied in [7] by the elementary relation

Tp = (_1>p_10p .

1.3 Cauchy numbers

Definition 4 (cf. [1, 2, 3]). The non-alternating Cauchy numbers A, are defined
for all integers n > 1 by the recurrence relation

oo 1
2'7]6:— forn > 2.
i kln—k) n
The first values are
1 1 1 19 9 863
/\1—5,)\2—6,>\3—Z,)\4—%,)\5—1>)\6—874a etc.

Remark 3. The ), are linked to the classical Cauchy numbers denoted ¢, in [1]
by the relation

1
A= (=1 e, = (—1)”_1/ z(zx—1)---(x—n+1)de forn>1.
0

We recall the transformation formula that links Cauchy numbers to the Ra-
manujan summation of series (cf. [2, Theorem 18]) : if a is a function analytic in
the half-plane P = {Re(z) > 0} such that there exists a constant C' > 0 with

la(z)] < C2F1 forallz€ P |

then

. &
>0 (1) ati) = L ato )
where 2521 denotes the R-sum of the series (i.e. the sum of the series in the sense

of Ramanujan’s summation method).

2 Series with Cauchy numbers and harmonic sums

Proposition 1. Let p be an integer with p > 1, then
a)

= A forp=1
S T Hya=1] ) (12)
nm1 1 ((p) =5 forp>1

where v = —1(1) is Euler’s constant.
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i An g %72_%5(2)+71j1'71 forp=1
ol S, = 2 S G — ) + (<1 () + 7 forp > 1
(13)

where 7, is the first Stieltjes constant.

Proof. 1t follows from formulas (4) and (11) that

= )\n (r) R Hn,r—l
ngln'nﬂn,k:ngl nk+1 (]CZO,T’Z 1)

Applying the above formula with £ = p — 1, we obtain

a) for r =1,

L 3
i S Rl
b) for r =2,

inln meeh ool W '

Hence, formula (12) results from [2, Egs. (1.22) and (1.24)]) while formula (13)
results from [6, Proposition 1 and Eq. (13)]. O

Example 3. a) For p = 1, formulas (12)—(13) translate into

o0 An
D =7 (14)
n=1"""

and
>\, 1
Zn,nQ 572—*C(2)+71+71 (15)
n=1"""

b) For p = 2, formulas (12)—(13) translate into

[ee) )\n
> -Hy=((2) -1, (16)
n=1"""

and
)3 nA,’;H,S” =20(3) +{'(2) + 72, (17)
n=1"""



Remark 4. Formulas (14) and (16) are well-known classical series representations

for v and ((2) (cf. [1, 2, 3]).

Example 4. For p = 3, formulas (12)—(13) translate into

oo N noH 1
and

D T T = W () )+ (19

n= j=

Remark 5. a) Thanks to the identity (3), formula (18) can be rewritten under
the following form:

;n'n(H

Subtracting (17) from (20

3 ﬂﬂﬁ =2¢(3) - 1. (20)

!
nln

we deduce yet another interesting identity:

Z =—((2)-n-1. (21)
b) By means of [6, Eq. (14)] we can also easily prove the following formula dual
of (19):
S s Ty e ra03) —om -1 (22)
a=nln i j2 4

Hence, by adding (19) and (22) we obtain

‘ (2)
{Ij Hj } —30(4) + ('(3) — 7 — 1. (23)

Proposition 2. Let p be an integer with p > 2, then
[e.e] An

>

n=1

Hyp1=9Cp)+Cp+1) =S, — () — (1)1, — 0,  (24)

nln?

with o9 = 1 and




Proof. 1t follows from formulas (7) and (11) that

R r)
> Hu =
71 —_—
n=1 n' nk+1 o

n>1

k>0,r>1).
(k20,02 1)

The above formula applied for £ = 1 and r = p gives

Formula (24) then results from [6, Proposition 2]. O
Example 5. Formula (24) applied with p = 2 gives the following identity:
> A

D

n=1

=7%0(2) = ¢B) = (2) -~ 1. (25)

n! n2

Moreover, subtracting (25) from (21) and replacing H,, — % by H,_; leads to the
nice expression

D

n=1

—Hy Hyq = ((3) = ¢(2) - (26)

nln

Example 6. Formula (24) applied with p = 3 gives the relation:

*Z

{(H)? + HP} = 703) — 10) ~ 0@ ~ (B +m. (@0

n‘ n2

References

[1] K. N. Boyadzhiev, New series identities with Cauchy, Stirling, and harmonic
numbers, and Laguerre polynomials, 2020, arXiv:1911.00186v2.

[2] B. Candelpergher, Ramanujan Summation of Divergent Series, Lecture Notes
in Math. 2185, Springer, 2017.

[3] B. Candelpergher, M-A. Coppo, A new class of identities involving Cauchy
numbers, harmonic numbers and zeta values, Ramanujan J. 27 (2012), 305-
328.

[4] B. Candelpergher, M-A. Coppo, Le produit harmonique des suites,
L’enseignement Mathématique, 59 (2013), 39-72.

[5] B. Candelpergher, M-A. Coppo, Laurent expansion of harmonic zeta func-
tions, J. Math. Anal. App. 491 (2020), Article 124309.

7



[6] M-A. Coppo, B. Candelpergher, New reflection formulas for Euler sums, 2021.
hal-02921391v3.

[7] A. Dil, K. N. Boyadzhiev, and 1. A. Aliev, On values of the Riemann zeta
function at positive integers, Lithuanian Math. J. 60 (2020), 9-24.

[8] J. Sesma, The Roman harmonic numbers revisited, J. Number Theory 180
(2017), 544-565.

9] W. Wang, Y. Lyu, Euler sums and Stirling sums, J. Number Theory 185
(2018), 160-193.



