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Abstract In this study, we determine certain constants which naturally occur in
the Laurent expansion of harmonic zeta functions.

Keywords Zeta values, Harmonic numbers, Harmonic zeta functions, Laurent
expansion, Ramanujan summation of divergent series.

Mathematics Subject Classification (2020) 11M06; 11M41; 30B40; 30B50;
40G99.

Introduction

Let us consider an analytic function f defined in the half-plane Re(z) > 0 and
the function (; defined in a half-plane Re(s) > ¢ by the Dirichlet series Y,5; fg)
whose meromorphic continuation is supposed to have a pole of order m at s = a.
The purpose of this study is to examine how the constant C, involved in the

Laurent expansion

Z 5= ~+C,+0(s —a)

Cl

in a neighborhood of s = a is linked to the sum of the series -, = ! (") in the sense
of Ramanujan’s summation. To what extent does the knowledge of one enable to
determine the other?

*Corresponding author.
E-mail address: coppo@unice.fr (M-A. Coppo).



In the case where f(n) = 1 for all n, (s is Riemann ¢ function. It is well-known
that this famous function can be continued as an analytic function in C\{1} and,
in a neighborhood of its pole s = 1, may be written

((s) = 7 +7+0(s— 1),

where v denotes Euler’s constant

N1
v = lim {Z —1nN} = 0.5772156649.. . .

N—oo el n

Furthermore, the Ramanujan summation method [6] enable to sum the series
don>1 # for all complex values of s, and the sum of the series at s = 1 is nothing
else than Euler’s constant v [6, Eq. (1.24)]. Thus, in this particular simple case,
the constant C; at s = 1 and the sum in the sense of Ramanujan of the series at
this point are the same.

In the first part of this study, we examine the more difficult case of the analytic
function (y defined for Re(s) > 1 by

Cu(s) = Jio t

n=1

ns’
where H = {H,}, is the sequence of harmonic numbers. Apostol-Vu [2] and
Matsuoka [12] have shown that this function, called the harmonic zeta function,
can be continued as a meromorphic function with a double pole at s = 1, and
an infinite number of simple poles at s = 0 and s = 1 — 2k for each integer
k > 1. The Ramanujan summation method allows to sum the series >°, - % for
all values of s, which make possible, for each pole s = a, to give an expression
of the constant C, in terms of the sum Y/, 2 of the series in the sense of
Ramanujan’s summation method. Regarding the poles at negative integers, we
also find the results previously obtained by Boyadzhiev et al. [5] using a different
method. Nevertheless, our method has the advantage of reformulating these results
in a more pleasant way, while computing at the same time the value of the constant
at s = 1 (see formula (6)) that had not been done in [5] nor, as far as we know, in
any other article.

In the second part of this paper, we extend our study to a more general class of
harmonic zeta functions denoted (y» for each integer p > 2, which are defined by
the sequence of generalized harmonic numbers H? = { H(},,. This meromorphic
function (gr has simple poles at s =1, and s =m —p for m = 2,1,0, -2, —4, —6,
etc. In the simplest case where p = 2, we obtain a complete determination of the
constant C, at the corresponding pole s = a for all values of a (Propositions 3 and
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4) as well as a determination of the special values of the function at negative odd
integers (Proposition 5). In the general case, we give an expression of the constant
Cy at s = 1 for all integers p > 2 (Proposition 6). Finally, we indicate a method
to evaluate the constants at the poles s = m — p of (y» based on the one already
used in the case p = 2.

1 The harmonic zeta function (g

If H={H,}, is the sequence of harmonic numbers

then, for each integer n > 1, we recall that
where 1 = I /T denotes the digamma function [8; p. 95].

Definition 1. We call harmonic zeta function and note (x' the analytic function
defined in the half-plane Re(s) > 1 by

n=1 n® '
Let us remind that the special values of (g at positive integers are given by
Euler’s formula [2, 13]:

p—2

2€u(p) = (p+2)C(p+1) =D _C(k+1)¢(p—Fk)  (p>2).

k=1

Apostol-Vu [2] and Matsuoka [12] provided the meromorphic continuation of this
function in C and investigated its values and poles at the negative integers. In
particular, the special values at negative even integers are given by Matsuoka’s
formula?

Cu(=2k) = ——7—+ —~ (k>1),

where the Bj, are Bernoulli numbers.

!The function (g is noted H in [2] and h in [5].
2Boyadzhiev et al. point out that the value (5 (—2k) = —% given by Apostol-Vu [2, Eq. (7)]
is incomplete; they write the correct formula [5, Eq. (16)] which matches with that of Matsuoka.



Definition 2. Let the symbol 2521 denotes the R-sum of the series (i.e. the sum
in the sense of Ramanujan summation method), then the function

is defined by analytic continuation of the function defined in the half-plane Re(s) >
1 by
Tooh(x+ 1)+
- [ YD,

It results from [6, Theorem 9] that this function is analytic in the whole C.

Theorem 1. If 1 < Re(s) < 2, then the function (g can be decomposed as

H—/M“ Yy — — " ¢(s). (1)

1 ns  sin(ms)

Cu(s) =
Proof. For Re(s) > 1, we have (by Definition 2 above) the relation

R -
CH(s)ZZH"+/1+ vetrD+y .

s s
n>1 n T

Moreover, since

YP(x+1)+7=0(z) at 0,
then, for 1 < Re(s) < 2, we can split up the last integral into the difference

+o0 1 1 1
/ Yz + )+vdx_/ et +y
0 xs 0 s
For x €] — 1, 1], the expansion in power series

YE+1)+v=> (-1)""¢(n+1)2"

n>1
gives for z €]0, 1] the expansion

P(r+1)+
T

—Z "C(n+2)z"

n>0

This enable to evaluate the first integral by means of the Ramanujan master’s
theorem [1, Theorem 3.2]. We apply this theorem to the function ¢ defined by



©(s) = ((s+2) (this function verifies the hypotheses of the theorem for Re(s) > —d
with 0 =1 — ¢, for any € with 0 < e < 1). For 0 < Re(s) < 1 — ¢, this gives

oo (x4 1)+ T
s—=1 7\~ v =/ T T dr = 9 _
/0 7 x ) dv sin(ﬁs)g( )

or equivalently, for 1 4+ ¢ < Re(s) < 2,

+00 1 —

[T = ST ).

0 x sin(7s)

This completes the proof of Theorem 1. O

Remark 1. The decomposition of (5 given by formula (1) immediately provides
the meromorphic continuation of the harmonic zeta function in the half-plane
Re(s) < 2. Indeed, since the function

H,
ns

R
Sy
n>1

is analytic in the entire complex plane [6, Theorem 9], the values of this function
at points s = —k (k = —1,0,1,2,3,...) are nothing else than the sums, in the
sense of Ramanujan summation, of the divergent series 3°,~; n*H". Furthermore,
since

Y(x+1)+v=0(z)at0,

1
s»—>/ —¢<x+1)+7dx
0 T

s

the function

is analytic for Re(s) < 2. In formula (1), the function

—T

¢(s)

S

sin(ms)

is the only one to have singularities in this half-plane. It admits a double pole at
s =1 and simple poles at s =0, —1,—3,—5,...

1.1 The constant at s =1

-
We first write the expansion at s = 1 of the function s — — ¢(s).
sin(7s)




Proposition 1. In a neighborhood of s = 1, we have the representation

-7 B 1 y
Sl P L PR §

sin(7s) +C2) =m+0(s-1) (2)

where 7, is the first Stieltjes constant:
N
1 1
7 = lim {Z ann 21112(]\7)} :
n

N—oo
n=1

Proof. We have
-7 s exp(im(s — 1)) 2im(s — 1)

sin(ms)  sin(m(s — 1)) s—1 exp(2im(s — 1)) — 1

= (Ot s = DO 2n) T (s - 1))

§ k>0 : k>0

- LSy By

k>0 i+j=2k

7!
1 2k 92iP.
= —1)k e 2% (g 1)2k-1

k>1 §=0

where the B are Bernoulli numbers. It follows that

USRS S TR
= —\ S — DR
sin(rs) s—1 6

On the other hand, we have the expansion

1

() = —<+7—mls— 1)+

Making the product of these expansions leads immediately to formula (2) . O

Lemma 1. For each integer p > 1, let

o~ qyntp G0 D)
Tpi= (1), (3)
n=1
then ) .
ﬁ:/w@+)+vm7
0 x
and for p > 2,

(@) = ST+ D)ad
7 _/O

xP

dx .



Proof. For x €]0,1], it follows from the expansion in power series

Yr+1)+y= i(—l)"*lg(n +1)z"

n=1
that . o
w - Z(_l)Tth(n + 1)1’”71
€ n=1
and
(e + 1)+ - Z PG+ Da?) = S (1) (n+ D2 (p>2).
n=p
For 0 < a < 1, we have
i( 1)n+1C(n+ np+1_/ n+1) n=p dr
aep n—p+1
1
(the permutation of [ et X is justified by the fact that Z 7(71 ++ )1 a" Pt < 4o0).
N —p

n—i—l C(’H‘l)

o il is convergent, hence

By Leibniz criterion, the alternating series >°,,~,(—1)
by Abel’s lemma for power series, we have

1 > 1
hl}q Z n+1 g(_n + ) an—p-‘rl — Z(_l)n+l C(il + ) — Tp;
a n—p+1 = n—p+1

this leads to the desired result. O

Remark 2. The constant

1 1
= / DY 0 o577468869 .
0 X

has been thoroughly studied by Boyadzhiev [4] who provided several remarkable
formulas (see also [8, p. 142] and [9, p. 1836]). The series 7, for p = 2, 3,4, ... have
been extensively studied in [11], they also appear in [4] and [10].

We can deduce from formulae (1) and (2) the following corollary:
Corollary 1. In a neighborhood of s = 1, the function (g is represented as

__1 v o
) = ot o T T 06—

with

27—71+C 2) — 1. (4)

7



This expression of C; may be highly simplified by means of the following lemma:

Lemma 2. We have the relation

R H, '72 C<2)
7;?—71+71+5—T- (5)

It follows from (5) that the value of the constant C is

1

5 1
01257 +§C(2) (6)

Proof of Lemma 2. We start from the relation [6, Eq. (2.6)]

H, 1, 1 1 11
N S O 7/ 2(x +1)d
n§>1 57 562 —5+g Y@t 1)de

which is a direct consequence of [6, Theorem 3|. Since ¢(x+ 1) = ¥(z)+ 1/z, this
relation can be rewritten

2%12"—72—4(2)“:/01 <¢2(a:)+2¢;“”)+;> dz .

n>1

Moreover, from [8, p. 145], we have

Subtracting these two expressions, we obtain the following

R 1
25" 50 @)+ 1= - 2@+ 1) =2 [ () )5 + ) da

2
n=1 n X x

Since

we deduce the relation

R H, 1 1
2) " +¢(2) =" —2m =2 Ch ki )+7dx:27'1
n 0

n=1 T

which is nothing else than formula (5) after division by 2. O



Remark 3. a) In particular, formulas (5) and (6) above show that the value
of the constant C; differs from that of Y/, £=. By numerical calculation

we find
ROH
Z — =0.5290529699 . .. ,
n>1

whereas

Cy = 0.989055995 . . .

b) From the knowledge of the asymptotic expansion of -V, h;" at infinity:

N g 1 1 1
" — “In?(N In(N) + =% + =¢(2 1
2 = N) (W) + 577+ 5C@) + (1),

we can easily deduce an asymptotic representation of Cf:

C; = lim {ngn—;lnz(N)—yln(N)} .

N—o0 el n

c) More generally, if the numbers 7, (that we propose to call harmonic Stieltjes
constants) are defined by the Laurent expansion

1 vy (—1)k
CH(S):(3—1)2+(5—1)+,;) x L As—=1F (0<|s—1|< 1),

then one can prove via an adaptation of [3] that

- ) NHnlnkn 1

E+1

N—oo el

Inf+2(N) — L 1nk+1(N)} .

1.2 The constants at zero and negative integers

The constants at zero and at the negative poles of (g have been evaluated by
Boyadzhiev et al. [5, Corollaries 2 and 3]. We now find again these results by
another method. Indeed, formula (1) gives in a neighborhood of s = —k (with
k=0,1,2,...) the representation

Gus) = (1 S, ik () 4 O ), (

where vy, is defined (cf. [9]) by

vy = i(—l)”i(j)k = /01 2 (Y(x 4+ 1) +7) do (k>0).

Let us recall (cf. [8, p. 76]) that {(—k) = k+1
deduce from formula (7) the following corollary:

(k> 1) and ¢(0) = —%. We can

9



Corollary 2. a) In a neighborhood of s = 0, we have the representation

¢(0)

CH(S) = —T + Co + O(S)
with

R
Co=> H,—1vy—(0).

n>1

Since we know that vy = 7, ¢'(0) = —3 log(27), and

R
3 1 1
H, = S~ 4+ = — = log(2
; 57+ 5~ 5 log(2m)

(cf. [6, p. 44]), it follows that a simpler expression of Cj is

1 1
Co = 57 + 5 (8)
b) In a neighborhood of s = —1, we have the representation
-1
<H<8) = CS(—l—1> + 071 + O(S + 1) ,
with
R
Cfl = Z TLHn -+ CI(—l) .
n>1
Since o
5 1 7
H,=—~v— =log(2r) — {'(-1) + =
Sy = g7 = 3 log0m) ~ (1) +
and

1 11 (2m) +1
v = —v — = log(27
1 27 9 g

(cf. [6, pp. 93-99], [9]), it follows that a simpler expression of C_; is

1 1

Formula (9) can be generalized as follows:

Proposition 2. In a neighborhood of s = 1 — 2k with £ > 1, the function (g is
represented as

C(1—2k)

) =

+ Ol_gk + O(S + 2k — 1)

10



with

B
Ci_ok = —27?:7 + Dog—1,

where Ds,_; are the rationals:

1
D1:—§,
and
1 %72 (9k\ B;Bop_:
Doy 1 = — |Hop_1B e k>2). 1
2%—1 le%l 2k+j§%<]’>2k—j (k>2) (10)

Proof. From formula (7), we have

R
Chor = Z n* T H, — vy + C'(1—2k).

n>1

This may be rewritten

Boy
Ci_op = Dop_q — y——
1-2k 2k-1 — 7 ok
with
L / Bay,
Dopoy = > 0 " Hy —vopq + (1= 2k) +y—— .
=1 2k
From Corollary 2, b), we have D; = —é, and for k > 2, we deduce from [5, Eq.

(22)] the relation

By, %2 (Zk - 1) B;Bay,_;
Doy ——Hk_—+§ ) —_—
2t 2 2k =0 J (2k _j)z

which leads to (10). O

Example 1. In particular, we calculate D3 = %:8. Hence the value of the constant

at pole s = —3 is
SRR D
ST 1207 T 288"

Remark 4. We can define numbers Dy, for all integers £ > 0 by

R
B
Dy o= Y n Hy — v+ (1)1 (=h)
n=1

By Corollary 2, a), we have Dy = %, and formula (7) shows that, for £ > 1, the

R-sum Z%l n?*H,, is linked to the expansion of (i at s = —2k by

R
Cu(s) =Y n*H, — vo, — ('(=2k) + O(s + 2k)..

n=>1

11



It follows immediately (since Bagy1 = 0) that

Doy, = Cu(—2k).
From Matsuoka’s formula, we deduce the following identity:
Bay, . Bog Bay,
Doy =——F4+ —=(2k—-1)—. 11
2% ik + 9 ( ) ik (11)
Hence formulas (10) and (11) show that Dy, are rational numbers for all k. In the
case where k is positive and even, Dy, is the value of (g at s = —k, whereas in the

odd case, D, is the rational part of C_j at pole s = —k.

2 The generalized harmonic zeta function (g

For each integer p > 1, we now consider the sequence H? = { H"},, of harmonic

generalized numbers
HP) = ” l
n <
Nota bene. In the remainder of the text, we adopt the lighter notation H? in
place of HP). To avoid confusions, we will take care to write (H,,)? the p-th power

of H,,.
For each integer n > 1, we recall [8, p. 95] that
H = 1fy(n)
where 1), is the analytic function defined in the half-plane Re(z) > 1 by
(-1
(p—1)

Definition 3. Let p > 2 be an integer. We call harmonic zeta function of order p
and note (y» the analytic function defined in the half-plane Re(s) > 1 by

Pz + 1).

Up(x) = Cp) +

+oo HP
Cav(s) =D —=*.
n=1 n
Definition 4. The function
R HP
S n
n=>1 ne

is defined by analytic continuation of the function defined for Re(s) > 1 by
+oo
Gns) ~ [ W@ g

xS

It results from [6, Theorem 9] that this function is analytic in the whole C.

12



We can establish for the function (g» a result very similar to Theorem 1.

Theorem 2. If 1 < Re(s) < 2, then the function (g» can be decomposed as

R p _
Can(5) = Hp /wp 7 I(s+p-1)

sin(ﬂs) I'(s)['(p) C(s+p—1). (12)

s
n>1 n

Proof. As in Theorem 1, for 1 < Re(s) < 2, we have the relation

S S [, [,

S S

By deriving p — 1 times the expansion of x +— ¥(x + 1), we obtain for = €]0, 1],
the expansion in power series

M:Z(_l)n(n+2)---(n+p)

PR ponr e

Then an application of the Ramanujan master’s theorem gives for 1 < Re(s) < 2,

+oo 4, () —m s(s+1)---(s+p—2)
/0 x(s ey | )(p—(l)!p s+p—1)

—n I(s+p—1)

= Sn(ms) T(sT@) cetP—1)

]

Moreover, formula (12) provides the meromorphic continuation of (g» in the half-
plane Re(s) < 2. This function has only simple poles at s = 1 and s = m — p
with

m=2,1,0, =2, =2 —2k foreach k> 1,

which are the poles of the function

—m I'(s+p—1) B
57 n(rs) T(e0p) cetP— U

2.1 The case p =2

We deduce immediately from Theorem 2 the decomposition

7QHZ /1C 1) e

n>1 o sin(7s)

sC(s+1) (1 < Re(s) <2).
(13)

Ciz(s) =

13



The poles of (g2 are all simple poles located at points
s=1,0,—1,—-2,—4,—6,...

which are the poles of the function

S =

Sm(m>5 C(s+1).

We now fully determine the constants at the poles of (p.

Proposition 3. a) In a neighborhood of s = 1, (g2 is represented as

Cra(s) = f(_2)1 +0P +0(s-1)

with
b) In a neighborhood of s = 0, (g2 is represented as
1
Cie(s) = =~ + 5 + O(s)

with

1

Gy = 50@) — v~ 1. (15)

¢) In a neighborhood of s = —1, (= is represented as

1 (2)
CH2<S) = m + C—l + O(S + 1)
with ] ] ]
(2)
= —— — - 1

OB =~ @)+ 51+ 7 (16)

Proof.  a) We deduce from (13) that an expression of the constant at s = 1 is

o = f:Hg—FC(Q)—FCI(?)—'—/Ol W@Jr?_w) dz .

n>1
We have calculated the value of Y/% HT’% (cf. [10, Eq. (3)]). We have

S @) - —1- @) -

n>1 n

14



with

= S(n+2)
=> (-1) B
n=1
Ly ( 9
We evaluate the integral / Yz + ; <2 dx by an integration by parts,
that gives
L) 1) —((2 1 1 —((2
[PEEDA) gy [P (e,
0 x 0 x
By Lemma 1, we have seen that
CEDERETC T
0 2 2

Thus, after cancellation of the term 75, we obtain the simpler expression
2
' =10(2) - ¢(3).

We deduce from (13) that an expression of the constant at s = 0 is

R
:ZHTQL—V—C(Q)—FL

n>1
We have calculated the value of /%, H? (cf. [6, p. 44]). We have
Z H. = —2.
n>1
Therefore ]
Gy =502 =7~ 1.
We deduce from (13) that an expression of the constant at s = —1 is

c? ZZnH2 log27r)—|—§—’y—§()

n>1

We have calculated the value of the R-sum Y7, nH2 (cf. [6, p. 82]). We
have

R
5 1 3 1
H? = —((2) — = log(2 —y ==
It follows that ) ) )
(2)
=——(_(2 — —.
(O 12@( )‘I’ 27+ 4

15



Regarding the determination of the constants at poles s = —2, —4, —6, ...

(2, we prove the following result:

Proposition 4. In a neighborhood of s = —2k, (2 is represented as
Ciz(s) = +2k 2k+0(5+2k>
with
C(_zg)k = — By + Déi) )
where 5
Lém = T 54

36

and

22 (9k\ B;Boy_; 2K\ B.Bon_.
DSJ :BZkH2k—1+Z ( .)W-Z(—UJ( )Mk] (k>2).

j ) 2k—j J j+1

5=0 j=0
The proof of Proposition 4 is based on the following lemma:

Lemma 3. For all integers £ > 1, we have the relation

1 — Brn

A AN
S n*H: =kY n*'H, + T

n>1 n=1

- Ek: (')%?—klj‘

Proof. We can write the following identities

C(2) — by

with

> H, ZHe”—/ P(r+1) +7)e " dx
n>1
log(1 —e7?)
= log(1 —e”%) Uz +1)e P dx
l1—e>*
and
R 9] 00
S H2em =Y HZem: 4 / W'z + 1) — C(2))e ™ da
n>1 n=1 1
1 ) _
= Lig(e™ +/ Yz +1)e " dx.
1—e*

16

of

(18)

(19)



By integration by parts of the last integral, this may be rewritten

L
> He =7

n>1

1 —Zz
Lip(e™%) —

—e 7 Z

C(2) —e*(1—7v)+ z/loo Y(x+1)e *dx.

Thus, after cancellation of the integral term in both formulas, we obtain the rela-
tion

R R . _
_ _ 1 ., log(l—e7%) e* _

H2 nz _ __ Hn nz L z\ _ o 2) — z

7; e z%:l e —{—1_6% ip(e™%) T . ((2)—e
(20)

Then, using the following expansions:
log(1 —e* — 1—e? —
—z og( ) = : log ¢ + : log z
1—e* 1—e* z l—e>*

—z 12k

—z
_1—6—ZZBEH+ ezlogz

and
1 1 > 1 2"
Lig(e™) = 2 log z — By————
R =1 CCRTI BRI ey
(cf. [7, Eq. (133)]), we can simplify this relation as follows:
R R 1 e~ % —z
H2 -nz _ __ Hn —nz o )
2 e 2L e (s - D
-z 1 2F
_l’_

By—— —¢7*.
1—6_‘2; "4+ 1k
Expanding each term in powers of z, this translates into the relation (valid for

k>1):

= n = E+1 =\i) i+ J+1 —
which is nothing else than (19). O

We are now in a position to prove Proposition 4.

Proof of Proposition 4. We deduce from (13) that an expression of the constant
at s = =2k is

R
Box
C@ =S n?H? + 222 4ok’ (1 - 2k) —

1
2+/ e (x + 1) da .
= 2k )+ ), eV @t Dde

2k + 1C(

17



We now evaluate this last integral. An integration by parts gives
1 1
/ Y (x + 1) dz =1 —7—2/{:/ 2 p(z + 1) da .
0 0

We can write )

1
/0 :L‘%_li/}(l‘ +1)dr = voq — o v,
with

R
B
Vop—1 = E n%_lﬂn + C'(l —2k) + —;{k v — Dop—1,
n>1

where D, = —%, and D1 is given for k > 2 by formula (10) . It follows that

1 R
| a0/ (e 4+ 1) dw = 1= 2k¢/(1 = 2k) = By = 2k Y- 0" Hy + 2k Do
0

n=>1

We can now write a simpler expression of C’gk using Lemma 3. Indeed, we deduce
from (19) the following relation between the R-sums:

R R
1
2k 172 2k—1

H? =2k H,+—-—-((2)-0b

with o
(2k\ B;Boj,_;
bor =1+ —1]<.>]. L.
2 jzo( ) J Jg+1

It follows that
0%, = ~Bue-+ D]

with 5
DY = 2—2’“ + 2kDojy_q — boj, + 1.
This last expression gives
5
ljgm — T op
36
and translates into formula (18) for k£ > 2. O
Example 2. The value of the constant at s = —4 is
1 1
Oy v —
~1 73077 600

In addition, formula (13) allows us to evaluate the special values of (y2 at odd
negative integers s = —3, —5, —7,.... More precisely, we show the following result:
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Proposition 5. For each integer k > 2, we have

Bor, k(2k — 3)

Cha(1 —2k) = —7C( )+ Boj—s . (21)

Proof. From (13) we deduce that

CHz(l—Zk):(1—2k)§(2—2k)——c +/ 2Ly (g 4 1 d:p+2n2k‘ g2

n>1

Proceeding in the same manner as in the proof of Proposition 4, we obtain

R R
1
Cua(1—2k) =Y n®*'H2 — 2k — 1) Y n*2H, — %g@) + 14 (2k — 1) Dy,
n>1 n=1

where Dy, is given by formula (11). Using the relation (19) linking the R-sums
SR n* T H2 and YR n*7?H,,, we deduce the following formula:

B% (2k —1)(2k — 3)Boj_y %22 2k — 1\ B;jBop_1_;

1-2k)=——+ e
Cr2(1=2k) = =5,7C(2) + 4k — 1) Z j j+1

which reduces to formula (21) since almost all terms of the sum > are null. ]

Example 3. The value of (2 at s = —3 is

1 1

Cr2(=3) = HOC(Q) + 1

2.2 The constant at s =1 in the general case
The following proposition extends our formula (14) established in the case p = 2.

Proposition 6. In a neighborhood of s = 1, for all integers p > 2, the function
(v is represented as

unls) = S el o5 ), (22
with
?) = 2¢(p) + Cp+ 1) = Culp). (23)

Proof. For p = 2, formula (23) is nothing else than (14) because (g(2) = 2((3).
We suppose now that p > 3. We deduce from (12) that, in a neighborhhood of
s = 1, we have the representation

@4@:5@1+d®+0@—n,
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where
R Hp
CP = H, 1 ((p) + C'(p) + (-1, PV (24)

I = 1 /1 Ol +1) - (=1 (p = D<)

C(p—1)Jo x
We evaluate I, by integrating p — 1 times by parts, this leads to the relation

(=1)PI, = (=1)P1, — Hy—1((p)
1 rz2 k45 —1)

_(p_l)!zl(—l)%(p—j)(p—i—l)’pi ( 3]

k=1

with

—1)*El(p — k —2)!,

with (by Lemma 1)

1y, = SR g [P R S B DT

n xP

We obtain a much simpler expression of I, by means of the following identities
[14]:

12 B S (-1F 14 (-1
ool R §< ) ;o
and
—J= _ p—j—1 _ _
Gy () a7 ) )
k=1 k=1 J J
This allows us to write
(=1L, = (1)1, — Hy1((p) + 0y (25)
with
I e L e U e R L Al VL
o= LS e | 5]
Moreover, we have shown [10, Eq. (10)] that
Z ) +<p+1) = Calp) —op = ('(p) = (=1)"7 - (26)
By substituting (25) and (26) into (24), we then obtain (23). O

20
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Example 4. The values of the constants of functions (ys and (x4 at pole s = 1
are

O =¢(3) - 3¢
and
O = 7¢(4) — 2¢(5) +¢(3)¢(2).

Remark 5. Formula (23) extends to the case p = 1 provided that (1) must be
replaced by v (the constant of ( at s = 1) and (g (1) by C; (the constant of (g at
s = 1). This leads to the equation

Ci=7"+¢2)-C

which admits formula (6) as solution.

2.3 A method to evaluate the constants at poles s =m —p

In the general case, we have seen that all poles of (y» (apart from 1) are located
at points s = m — p with

m=2,1,0, =2, —4, —0, ...
In a neighborhood of s = m — p, we have the representation

A, 1 R
Cur(s) = ————— + By, — /0 Yp(x)aP"™ dx + Z nP""HP + O(s+p—m),

S+p—m 1

where A,, et B,, are the constants defined by the expansion

-1 DI(s+p—1) L An . -
sim(ms) D)) O TP U= oo T Ba t Olstp—m).

To evaluate the R-sum 2521 nP~™HP we can use the same method as in the proof
of Lemma 3. We have the following extension of (20):

R 1 R
;Hﬁe_"z = (—1)p_1 e 1)!zp_1 ;Hne_"z + o Li,(e™)
1 2 p—2 L p—k+1
(1P e T A = R~ 1)
)+ (1 g S =R
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For example, for p = 3, we get

1, & 1, log(l—e*
n§>1j Hie™ = 22° n}ﬂj Hye™ + ——— Lis(e ™) + 222(Og1(_ ei ))
1 e~ 1
—e? 2)) — 3)—=.
+5e (2 +6(2) ZC() 5

This enable to express the R-sum 2521 n®H? in terms of 2521 n”H,. All constants
Cp—p can then be determined by the same method used in section 2.1.
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