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Introduction

This article is primarily devoted to the alternating series v, defined by

>  6()
vy = —1)7- ,
I
where k denotes a complex parameter. By a classical result (cf. e.g. [Er|, p. 45,
Eq. (3) or [Jo], p. 62) which goes back to Euler’s early works on zeta, one knows
that vy = v, where v denotes the Euler-Mascheroni constant. It is less famous but
yet fairly well-known (cf. [Sr], p. 135, Eq. (5.1), [SV], Eq. (1.5), [Ca], p. 93) that
1
V1:%—§1n2ﬂ'+1.

In a recent paper, Blagouchine ([B1]) has obtained the following general ex-

pression for v, in the case where k is a positive integer:

v In2r 1
T TRk
(5] - (A1 )
¥ _1(—1)7"<2T’“_ 1) Tgﬁ));razr) > (—1)7"@) Qgﬂ));g(zr L1, ()

However, this formula is quite cumbersome. Using the functional equation of
zeta, we give an equivalent but simpler expression for this series in this case. We
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also examine the series v, for complex values of the parameter k, a study which,
as far as we know, have never been made before. Furthermore, we study certain
natural generalizations of these series involving multiple zeta values.

In the case where k is a positive integer, we show that the series v, admits the
following explicit evaluation:

Vg = m—fln%r—kz <k> —j) + Ck, (2)

where C}, is a rational constant for which we give two different, even though equiv-
alent, expressions (cf. Proposition 1).

A further interesting generalization of the series v, may be defined as follows:
for any natural number p, we consider the series

Vip = Z (_1>jC<]a 17 sy 1) ;

= J Tk
Jj=2 »
where ]
C<817527"' 7Sk> = Z S1. S Sk 0
ny>ng>-->np>1 nl n2 nk

in such a way that v, = vy . Then, for any integer k > —1, we show (cf. Propo-
sition 2) the following identity:

00 |G(k+1) |
= n 3
Vip —~ np+1 ( )

Here, the numbers G(®) are the Gregory coefficients of higher order introduced in
[B2]. They may be either defined by

S (
nlz 71%717;; for k=0,1,2, - (4)

m=1

where S;(n,m) are the Stirling numbers of the first kind, or equivalently by the
integral formula

no ol

G;k) — (_1') / l'k_l(—l')n dl‘, (5)
n' /o

where (2), = 2(z+1)(z+2)--- (2 +n — 1) is the Pochhammer symbol. It follows

from this last expression that G®) = (—1)"*'|GW|. Furthermore, GV = G,,

where (G, are the Gregory coefficients, also known as the Bernoulli numbers of the

second kind *.

!Several authors quoted in reference use different notations for these numbers, they are noted
b, in [Jo], [CY], and 3, /n! in [Ca].



As a special case of the identity above, we deduce that

Vp—1 = 3 7|G£Lk)| for k =0,1,2
kfl_z n or _07 )4yt (6)
n=1

and we note that this formula nicely generalizes the famous Mascheroni series for
7 (which is nothing else than the case k = 1).

Finally, the extension to the complex case is studied in the last section. We
provide two beautiful integral formulas for the same series:

e 3/2 £ ix
1/ (Cpxin) -

T (3/2:|:z'93+k‘)cosh7rx x,

2
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and

oo
Yy 1 1 C(1/2:|: zx)
E+1  (kE+1)2 2/ (1/2j:ix—|—k‘) coshz - ®)

—00

vV =

which are valid for Re(k) > —2 and Re(k) > —1 respectively. The second rep-
resentation seems especially interesting because the integral runs over the whole
critical line.

In appendix, we return to the case of a positive integer k£ and highlight the
existence of an interesting relation between the series vy, the Stirling numbers of
the second kind Ss(n, k) and the shifted Mascheroni series o, which have been

recently studied in [CY].

1 The case of a positive integer

In this section, we study the case where the parameter k is a positve integer and
give two independant proofs of our formula (2). More precisely, we prove the
following proposition:

Proposition 1. For any positive integer k, then

y 11 k-1 (kN

with

[4]
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where H,, are the harmonic numbers defined by
H, = En: 1 forn=1,2,3
n — — Tn7 et b A

and B,, are the Bernoulli numbers defined by their exponential generating series

o n z

ZBHZ—: , for |z| <2m.
nl  er—1

In particular, By =1, By = —1/2, By,1 = 0 for r > 1.

Proof. We can quite easily deduce (2) from formula (1). A differentiation of the
functional equation
TS

C(s) = 2(27)* T (1 — 5)¢(1 — s)sin >

leads to the relations

(—1)T2<(§;))!QTC(27" +1)=(-2r), forr=1,2,3,---

3¢ (2r) = =¢'(1—2r)

B,
2 (Hyp1 —y—In27), forr=1,23,---
”

Substituting these relations in (1) and aggregating the terms under the two 3 then
gives

k
l 2 C
Vi = Tl + n2m + Z <]> —7)+ Cy
with .
1 ! Egrfik 1
Cr = k ; < ) k+1—2r"
Another proof of formula (2), independant from (1), may also be deduced from
the following development given in [Ca] p. 93:
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with

, v ifj=k+1
CR(] - k) = { . 1 h :
C(j—k)— -7 Otherwise.
Rewriting the series v under the following form:
9] -1 i—k .
n=y TV,
j=k+2
and using the well-known relations:
1 1 B,
0)=—= '(0) = —=1n2 1—2r)=—

as well as the combinatorial identity

ji(f_l)j (f) (j+11)2 - /ffi !

then, a careful identification of the terms in ’Z—If in the previous development leads

to the same formula (2) with a simpler expression of the constant Cy:

[N

]

G = kﬁkl * 21k: =k fT— o)
O
Example 1. For the first six values of k, we obtain the following relations:
2 :;—;1n27r+1,
1 2
Vg = % — §ln27r— 2C(—1) + 3
vy = % . ;m o — 3¢'(—1) + 3¢ (=2) + 172 ,
vy = % - ;m o — AC(—1) + 6¢'(—2) — 4C'(=3) + ;1; ,
vy = % - ;m 21 — 5¢'(—1) + 10¢'(—2) — 10¢'(—3) + 5¢'(—4) + ;)2(7) ,
v = % - ;m 21 — 6¢'(—1) + 15¢'(—2) — 20¢"(—3) + 15¢(—4) — 6¢'(—5) + 21‘3 .



2 Alternating series involving multiple zeta val-
ues

In this section, we generalize the series v to certain multiple zeta values and prove

our formulae (3) and (6).

Proposition 2. For all natural numbers p > 0 and integers £ > —1, then

. 1% ( ) ‘G(k—H’
Vk:,p :Z]+kC( Z p+1 9

Jj=2 »

where G{F) are the Gregory coefficients of higher order defined by Eq. (5) or (6).

In particular, for k£ > 0,
= |G

n

Vg1 =

n=1

Example 2. For the first values of k, we obtain the following developments in
series containing only positive rational terms:

1 5 3 251 95

v =149+ 708 T 128 T 1s000 T 10368 T
1 1 1 19 3 863

"0=5 50 72" 2880 T 800 362880 T

11 7 17 41 731

=35t 18 1080 T 5760 T 25200 T 725760 T
11 1 11 89 5849

"= 1780 T 270 T 6720 T 100800 T 10886400
11 1 83 59 397

s =5+ 120 " 120 T 80640 T 108000 " 1209600 T
11 5 17 557 5249

V4= 56" 168 T 3024 T 24192 T 1512000 T 23950080 T
11 11 41 439 311

Vs =71 921 " 9072 T 30640 T 1663200 | 1995840
11 1 73 A7 2581

o= 5" 983 " 1080 T 190080 T 237600 | 22239360

Proof. In order to prove Proposition 2 above, we use the following lemma (cf. [Xu]
Eq. (2.27) and (2.28)):

Lemma 1. For all integers m > 1 and p > 0, one has

1 m . p
/ 0= 0 W) gy Caym e Gm+ 11, 1),
0 T

p



Then, we can write the following equalities:

o) 0 1)m+1
Z ¢y, 1,..., Zl . Cm+1,1,...,1)
: v m p’
VRS [,
L —— 1m+k+1 0 x
1 p+1 oo l D
(= )| / |Slnm)|— n()dx
p! 1m+k+1 x
— 1 & =" (=1 [' .
n=1 m:l . 0
> 1 & Si(n,m) 1
— 1 n+l [ — )
nz::l( ) (n! mz::lm—l—kle nptl
0 G(k+1) |G(k+1 |
- ;_:1( ol Tt HE_: Pt
Example 3.
00 ] 00 H 0 00 ’G;O) 71'2
g IW—V01—V—1+C 2 n;l o G

3 Integral representations

In this section, we study the extension to the case of a complex parameter k£ and

give two beautiful integral representations for the series v.

Proposition 3. For any k € C such that Re(k) > —3/2, then

17( (o in)

Vv = — dzx .
32 +ix + k‘) cosh

For any k € C such that Re(k) > —1/2, then

y 1 B 1%0 §<1/2:|:z':c)
Fa) |

E+1 (kE+1) 1/2j:ix+k:)cosh7rx

vV = dz

By identification with formula (2), we deduce the following corollary:

7

(10)

(11)



Corollary 1. For any positive integer k, we have

+00 .
1 / ¢(1f2 + i) = S (k) . 1
= dr = ) (=)) = Cp —
2700 (1/2 +ix + k) cosh z ]z:;)( ) J (=9) ’ (k+1)
where C}, is the rational constant defined by (9).
Example 4.
i 3/2 + zx
/ de =,
. 3/2 +1 z:v Cosh T
o 3/2 + z:c
/ dr =v_q,
1/2 +i m COSh T

1 /( (o % i)

2 1
. /2 + z:c) cosh mx

/°° ( (Y2 + i) 1 5

dr = —1

Y

dr = -In2r — —
oo (3/2 +ix) cosh(mx) T

/—oo (5/2 + ix) cosh(mx) dv = 2 In27 —2In(A) — IR

1
2
1
2

where A := exp {— - (—1)} is the Glaisher-Kinkelin constant.

Proof. In order to prove Proposition 3, we resort to the contour integration method.
Consider the following line integral taken along a contour C' consisting of the in-
terval [—R,+R], R € N, on the real axis, and a semicircle of the radius R in the
upper half-plane, denoted Ch,

7§ (1/2 — zz) dz = 7 <1/2 ) dx +/ (1/2 _ ZZ) dz.
J (1/2 —iz+ k) cosh 7z A (1/2 — iz + k) coshmx p (1/2 —iz+ k:) coshz

R

(12)
On the contour Cg the last integral may be bounded as follows:
((1/2 - z'z) r ((1/2 — z'ReiSO) e'?
/ " : dz| = R / . —— —dp
d ( /2 — iz + k) coshz / ( /2 — iRe* + k:) cosh (WR@ ¢’)
C(l/z - iRei‘P> ,
: i) .
S R e | RS JBEX C(1f2 = iRe?) | I (13)




where we denoted

R>0,

. / dp
f / ‘cosh(ﬂReW’)‘ ’

for the purpose of brevity. Now, in the half-plane ¢ > 1, the absolute value of
((o + it) may be always bounded by a constant C' = C (0), which decreases and
tends to 1 as 0 — oo. In contrast, in the strip 0 < ¢ < 1 the upper bound of the
function ‘C (o + zt)’ grows, and presently it is not known which is its exact rate of
grow. However, it follows from the general theory of Dirichlet series that it cannot
be faster than O(¢"*). Hence, since sin > 0 and if R is large enough, this rough
estimate gives us

’((Vz—iRew)‘ = ‘C(1/2+Rsingp—iRcosg0> = O(ﬁ)

in the interval ¢ € [0, 7]. On the other hand, as R tends to infinity and remains
integer the integral I tends to zero as O(1/R). To show this, it is sufficient to
remark that

1 V2

= — —mR| cos ¢
‘ cosh (wRew> ‘ \/cosh(27rR cos ) + cos(2m R sin ) O(e ’ ) ’ = oo,

since 0 < ¢ < m and R is integer. Thus, accounting for the symmetry of
‘COSh (WR@W’ ‘ about ¢ = *71‘ we deduce that

/ V2
J \/cosh 21 R cos @) + cos(2m R sin )

/ 2v/2
\/cosh 2T R cos ) + cos(2m R sin )

dp

[en]

%
= /e”Rcowdcp =0 /e’TRSiI“?chSl , R — 0. (14)
0 0

From the well-known inequality

— <sind < ¥, ?96[0,%77‘}

™



it finally follows that

VB

1— —%W2R ) 1— —mR
iiR g /eﬂ'Rsmﬁ dv < %, (15)
0

and since R is large, exponential terms on both sides may be neglected. Thus
Ir = O(1/R) at R — 00.? Inserting both latter results into (13), we obtain

/(1/ <-<1/ik)iz> —dz| = O(R™) =0 as Rooo, REN,
92— iz cosh 7z

Cr

Hence, making R — oo, equality (12) becomes

/_+oo (a — iw)l_s " :ygc (a — iz)l_s " (17)

~  cosh’mx cosh?nz

where the latter integral is taken around an infinitely large semicircle in the upper
half-plane. The integrand is not a holomorphic function: it has the poles of the
second order at z = z, = z(n + %), n € Ny, due to the hyperbolic secant, and
a branch point at z = —ia due to the term in the numerator. If Re(a) > 0,
the branch point lies outside the integration contour and we may use the Cauchy
residue theorem:

S \1-s . \1-s
yg(a_zz)dz = 2m’Z res M = (18)
c n=0

cosh?nz — 2=z cosh’nz
21, 0 \1l-s
= —— —(a — 1z =
2> G s=i(nt1)
20s—1) & —s 2(s — 1
S 2D ) = 2D ey,

2 Another way to obtain the same result is to recall that the integral (15) may be evaluated
in terms of the modified Bessel function I,,(z) of the first kind and the modified Struve function
L, (z). Using the asymptotic expansions of these special functions we obtain even a more exact
result, namely

1
TR’

™

/2e_ﬁRsim9 dd — 7{10(7TR) _LO(ﬂ-R)} ~ R — o0, (16)
0 2

i.e. the integral asymptotically tends to the left bound (15).

10



Equating (17) with the last result yields
C(s a+ l) = 7T/Jroo(a_m)l_gd:c Re(a) >0 (19)
’ 2 2(s—1) J_  cosh’rx ’ '

Splitting the interval of integration in two parts (—oo, 0] and [0, +o00] and recalling
that

. \$ . \$ 3 X
(a + m) + (a — m) = 2(@2 + x2) ? cos (s arctg a) (20)
the latter expression may also be written as
o \1—s o \1—s
s
o0 (a—l—zx) —|—(a—zx)
C(S’ ot %) - 2(s —1) /o cosh’mz d (21)

o [ COS{(S — 1) arctg 2]

- — / lis—1
s—1Jo (a2+x2)2( )Cosh27r:£

dx, Re(a) > 0. (22)

Appendix

Let us consider the forward shifted Mascheroni series which are defined by
> Gn T
o = Zg, forr=0,1,2,---.
n=1 n

These series were the main subject of a recent article ([CY]). We have among other
things established the following decomposition of ¢'(—7) (cf. [CY], Proposition 3):

) = S 80— o 2t B =123
—j) = — r—1)! r—1)o, — - — — , forj=1,2,3,---
J ~ 2\J> ]+1'7 G+1)7? J

where S5(j,r) are the Stirling numbers of the second kind. Then, substituting
this relation in (2) enables to write the series v} as an integer linear combination
of 01,09, , 04 and a rational constant Dy, linked to Cj (the coefficient of v =
oo vanishes by a well-known relation between the Bernoulli numbers®). More
precisely, we obtain the following nice rewriting of formula (2):

3The coefficient of v is %H Z?:o (k;‘l) Bj which is equal to zero.

11



N
—_

k
vy = Dy + Z(—l)r(r - 1)! ( (ij) Sa(g,m — 1)) o, fork=1,2,3,---
r=1 j=r—1

with

Dy=Cp— 5+

Example 5. For the first six values of k, we obtain the following relations:

1
2

(5]

IMES
SIS

k B27’ _1_1+[] k BQTHQT
2r)2r(k+1—-2r) Kk 2 2r )k +1—2r"

r=1

i

1
V= 5 — 01,
1/2:1—014-202,
Vg = ﬁ_01+602_603’
13
vy = E —01+1402 —3603+24U4,
109
Vg = ﬁo — 01+ 300’2 - ].500'3 + 2400'4 - 1200'57
23
Vg = @ — 01+ 620’2 — 4200’3 + 15600’4 — 18000’5 + 7200’6 .
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