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Introduction
This short article is devoted to the alternating series v, defined by

= _1p77 fi k:0’1’2’...
Uk, ;:2( ) o or

By a classical result due to Euler, it is well-known (cf. [SC], p. 272, Eq. (23)) that

Vo = Z(_l)p@ =7
p=2 p
where v denotes the Euler-Mascheroni constant. It is also fairly well-known that
v =1—1In(2r) +1 (cf. [SC], p. 312, Eq. (483), [SV], Eq. (1.5), [Cal, p. 93),
and vy = % + In(2- 272 A2) + 5, where A is the Glaisher-Kinkelin constant (cf.

[SC], p. 318, Eq. (529)), or equivalently (cf. [Ca], p. 93)

1 2
vy = % — 5 In(2m) —20(=1) + 3.
More generally, we show that for k > 2, the series v, admits the following explicit

evaluation:
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where Hj, is the kth harmonic number
|
Hy = Z )
j=1J
and Bs, are the Bernoulli numbers defined by the generating function
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This expression of v, may be deduced from a certain relation between generating
series given in [Ca] (see Section 1 below).

Let us introduce now the forward shifted Mascheroni series studied in [CY]
which are defined by
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where G,, denotes the Bernoulli numbers of the second kind! (also called the Gre-
gory coefficients) determined by the generating function:
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the first values being
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A classical identity (originally due to Mascheroni) leads to the relation?®:

Vzi@:iﬂg(p), ie. oy =1p.

n=1 n p:2 p

n [CY], these numbers are quoted b,.
2More generally, it may be shown (cf. [BC], Eq. (36)) that
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where ((p, q) is the double zeta series

1
Z nPmd ’

n>m



Furthermore, the following decomposition (cf. [CY], Proposition 3):

k) = 3 (1 = Dtk — 1), — ety S
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where Sy(k,r) are Stirling numbers of the second kind, enables to write an in-
teresting expression of 1, as an integer linear combination of 0,09, - , 0 and
a rational constant (the coefficient of  vanishing by a well-known relation be-
tween the Bernoulli numbers). More precisely, we prove (see Section 2 below) the

following relations:
1

and for k > 2,

r=2

v = Dy — o1+ (=1 (r — 1) ( 3 (’;) Salj.r - 1>> G

where D), is the rational number

(3]
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In Section 4, we give an alternative expression of the constants Cy and Dy (cf.
Eq. (6) and (7)) deduced from a formula of Blagouchine, and write an amazing
relation between the harmonic numbers and the Bernoulli numbers (cf. Eq. (8)).

Finally, in Section 5, we write another interesting expression of the series v
in terms of a series involving the Gregory coefficients of higher order G(¥) (cf. Eq.
(9)) and state a conjecture for a natural extension of vy (cf. Conjecture 1).

1 Proof of formulae (1) and (2)

These formulae may be deduced by expanding in powers of z the following relation
between generating series (cf. [Cal, p. 93):
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Rewriting the series v, under the following form:
00 1 j—k ‘
ve= > CUT G —hy,
j=kt2 J

and using the well-known relation

¢(0) = 5 In2m),

k
z
the identification of the coefficient of i in the previous development leads to the

relation

k—1 Mk
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where C}, is the rational
k—1
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However, since
P o i (e
= J) G+ k+1 (k+1)2
this expression of C} may be (higly) simpliﬁed as
)7
O’“:k+ +Z _]?fn
Since By = —% and By, = 0 for r > 1, the constant C} may also be rewritten
k
G = k:i[rkl N ;j(k +Bf )
j=
g 1 & B,

=it 2ol
and therefore (1) and (2) are established.
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2 Proof of formulae (3) and (4)

We have shown above that

n =g - e + X (H)en a

k+1 = J

where the expression of Cj, is given by (2). Furthermore, Propositions 2 and 3 of
[CY] enable to write the relations

1 1
§1H(27T)20'1+%+§,
and
"(—7) = —1)77"(r — 1)!8. ',7"—10T—,]Jr1 _ il for 7 >1 .
¢'(=4) ;::2( 7 =S = Dor = S5y - j>

Then, substituting these relations in (1) gives

k k—1j+1
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The coefficient of + vanishes since

i(kﬁ—i—l) .

J=0

and moreover we may write

o (£ )
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Finally, interchanging the symbols . leads to

vy, = k—al—l—z "(r—1)! (IS (?)SQ(j,r—l))a

Jj=r—1

with
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hence, formulae (3) and (4) are now established.
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3 Examples

For the first values of k, formulae (1) to (4) give the evaluations

vy = % ;1 (27) +1,
v o1 2
vy =g 51(27r)—2§( )+§
yg_% ;1(2@—34( )+3g’(—2)+172
n=1- ; (2m) — 4C(~1) + 6¢'(~2) — 4C'(~3) + o
167
Vs = % — 5 In(2m) = 5¢(~1) +10¢'(=2) — 10¢'(=3) + 5¢'(~4) + o

and the following relations between v, and oy:

= 5 01,
1
1/221—01—1-202,
Vg = ﬂ_01+602_603’
13
Vy = 5—01+1402—3603+2404,
109
Vg = — 01+ 300'2 - 1500’3 + 2400'4 - 1200’5.

720

4 Other expressions of the constants (), and D,

Recently, Blagouchine ([B1], p. 413, Eq. (38)) found the following alternative
formula for v:

1 In(2m) ~
A R
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A differentiation of the functional equation
TS

C(s) = 2(2m)* T (1 — 8)¢(1 — s) sin(?) :



leads to the relations

(2r)!

2(2m)2

(=17 ¢(2r+1) = {'(=2r)

and 20!
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(_ ) 27
r(2m)
Substituting these relations in (5) and identifying with (1) gives the following
alternating expression for the constant Cl:

BZT
C'(2r)=—C'(1—2r)+ o (Hyr—1 — v — In(27)) .
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and from (4), we also deduce this expression of Dj:
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Moreover, a comparison of (2) and (6) leads to the following amazing relation:

8
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r=1

5 Yet another expression of v;

Another interesting expression of vy, is given by the following formula (cf. [B1], p.
413, Eq. (38)): let
1 & Si(n,l)
G(k) — 1 )
" n! 2 I+ k"’

=1

where S1(n,[) are the Stirling numbers of the first kind, then

- n—1 Gv(lk)
z/k,lzz:(—l) et k=1,2,3,--- 9)
n=1

Note that G) = G, and the numbers G*) may also be determined by the

n

generating function (cf. [B2], p. 20, Eq. (68)):

(_1)k+1 (k B 1)'2

Inf(z +1)

1 (B =1+ 1)
In'(z +1)
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Finally, let

1
C(s1,82,-++ ,8) = > S5 sk

ni>ng>->nEp>1 Ny Ng™ =Ty

then we state the following conjecture (already checked in the case k = 0):

Conjecture 1.

3 (—1)“—1%“1) — 3 (_1)pg(p,1,...,1).
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