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Introduction

This short article is devoted to the alternating series Sj defined by

> ¢(p)
S, — _1) , fork=0,1,2,---
k ng( )p—l—k or

By a classical result due to Euler, it is well-known (cf. [SC|, Eq. (23), p. 272) that

So = i(‘l)pci)) =7,

where v denotes the Euler-Mascheroni constant. It is also fairly well-known that
S1 =% —1In(27r) + 1 ([SC], Eq. (483), p. 312, [SV], Eq. (1.5)), and for k = 2,

ol
2
Sy =3+ In(2 2772 A2?) + 5, where A is the Glaisher-Kinkelin constant (cf. [SC],

Eq. (529), p. 318), which may be rewritten as follows (cf. [C], p. 93)

_r_ 1 o~y 4 2
Sp =% — 5 In(2m) —2¢'(~1) + 3.

More generally, for k£ > 2, S;, admits the following explicit evaluation:

Y 1 k-1 j k\ ., . Hy, i Bj
Sk—m—an(%T)—i—]Z:l(—l) (j)c<_j)+k+1_j§:1j(k’+1—j)7 (1)
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where Hj, is the kth harmonic number

and the B; (j = 1,-- - , k) are Bernoulli numbers defined by the generating function:

or by the equivalent recursion:
k
By=1 and =0 fork>1.
0 z:: k‘ + 1 —)! -

This expression of Sy may be deduced from a certain relation between generating
series given in [C] (see Section 1 below).

Let us introduce now the forward shifted Mascheroni series studied in [CY]
which are defined by

> bnr
:Z’ ol =012
n=1 1

where (b,) denotes the sequence of Bernoulli numbers of the second kind which
are determined by the generating function:

In(1+1t) 1+t th

n=0

or recursively by

(1)
bp=1 and Zi_o forn > 1,
0n+1—]
the first values of the sequence being
1 1 1 19 3
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One has the classical identity (originally due to Mascheroni)
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which translates here into Sy = 0g. Furthermore, we have recently obtained (cf.
[CY], Proposition 3) the following decomposition

) = S = )1Salk 7 — 1), — Dty B
= D2 ) T k’+17 (k’—|—1)2

where Sy(k,r) are Stirling numbers of the second kind, and this relation enables
us to write an interesting expression of Si as an integer linear combination of
01,09, ,0% and a rational constant (the coefficient of v vanishing by a well-
known relation between the Bernoulli numbers). More precisely, we prove (see
Section 2 below) the following relations:
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and for k > 2,

Sy = k—al—i—z "(r —1)! (j§1<§>52(j,r—1)> o, (2)
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where D), is the rational number
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We give in Section 3 an alternative expression of Dj deduced from a formula of
Blagouchine (cf. Eq. (8)).
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1 Proof of formula (1)

This formula may be deduced by expanding in powers of z a relation between
generating series given in [C], p. 93. More precisely, we expand the following
relation:

i(—;)‘z fjH)c (J—Fk) = i (—k)
k=0 j=1 k=0
o) )k k 1
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with

. 5 ifj=k+1
C(j—k)— -7 Otherwise.
Rewriting the series Sy under the following form:
o0 -1 j—k .
5= > E ¢,
j=k+2 J
and using
1
¢(0) =~ 5 In(2n)
k
the identification of the coefficient of % in the previous development leads to the
relation '
So=cr -4 (2 )+l§( 1)’ ’ ¢'(=7)
S T R = i)

where C}, is the rational
k—1 Ak 1
C, = E —1)/ —_—
. ( ) (G +1)?
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However, since
kf(—l)j M_ 1 Hen (2D
= j) G+ k+1  (k+1)2
this expression of C} may be simplified as
Hy 1 = (=1)YB,
Cr = D e v te
T h1 T 2% gﬂk—ﬁ@+m
Since By = —% and By,..1 = 0 for r > 1, the constant C} may also be rewritten
H k B;
Com ey B
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= — : 4
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Hence, formula (1) is established.



2 Proofs of formulae (2) and (3)

We have seen above that

S, = kLH _ ;ln(27r) + g(—w’ (’;) (=) + C (5)

where the expression of C}, is given by (4). Furthermore, using [CY], Proposition
2 and Proposition 3, we can write the relations

1 1
§1n(27r):al+%+§,
and
J+1 A B. B.
"(—4) = —1)7"(r — DS (4,7 — 1)o, — RPN L forj>1.
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Then, substituting these relations in (5) gives

k k—1j+1
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The coefficient of v vanishes since

and moreover we may write

k_l_ i1 (kY Bjs _[§]< k >Bzr
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Jj=1

Finally, interchanging the symbols X leads to
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hence, after substitution of Cj by its value given by (4), formulae (2) and (3) are
now established.



3 Another expressions of the constants () and
Dy,

Some time ago, Blagouchine ([B]) gave another formula for Sy (cf. [B], Eq. (38),
p. 413):

S f el et
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A differentiation of the functional equation
() = 2(2m) T (1 = $)((1 = s)sin().

leads to the relations

r (2r)!
(=1) 2(2m)2r
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and
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U e

Substituting these relations in (6), a comparison with (5) gives

((2r) = ~C(1-2r) 4 22

(Hyp—1 — v — In(27)) .

(5]
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Yet, the constant Dy, in (3) is equal to

4]
k \ By 1
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hence, this constant also admits the following new expression:
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4 Examples

For the first values of k, we compute the following evaluations

51—% ;1 (27m) +1,

5= ;1 (2m) — 2¢'(— >+§

Sy =T~ 2 In(2m)  3¢(~1) +3¢(-2) + 1

S= 2 = Lin(am) —4¢/(-1) + 60(—2) — 4¢(-3) +

S5 = & = 3 In(2m) — 5¢'(~1) + 10¢(~2) — 10'(~3) +5¢'(~4) + o0

and the relations

1
Sp = 9 01
1
52:1—014-2027
D
Sg ﬂ_01+602_6037
13
54 5-0’14—140'2—360'34‘240'4,
109
55 ﬁo — 01+ 300’2 - 1500’3 + 2400'4 — 1200’5

5 Final remark

Recently, we have shown (cf. [BC|, Eq. (36)) that

oy = Z oy B A D gy

n=1 p=2 p n=2 ny p=2 p
where ((p, q) is the double zeta value
1
pa) =2 ——

n>m

It would be interesting to investigate the existence of similar relations for the series

> ¢(p,q)
S q = _1177 forq:1,2,"'7andk:071727...
)= S p R
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