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FURTHER REMARKS ON THE FUNDAMENTAL
GROUP SCHEME

MARCO ANTEI AND ARIJIT DEY

ABSTRACT. Let X be any scheme defined over a Dedekind scheme
S with a given section x € X (.S). We prove the existence of a pro-
finite S-group scheme R(X, z) and a universal X(X, )-torsor domi-
nating all the pro-finite pointed torsors over X. When R(X, z) and
N(X,z) are two distinct group schemes with the same universal
property then there exist two faithfully flat morphisms R(X, z) —
N(X, )" and R(X,z)" — V(X,z) whose compositions may not be
isomorphisms. In a similar way we prove the existence of a pro-
algebraic S-group scheme N*'8( X, x) and a R*'8( X r)-torsor domi-
nating all the pro-algebraic and affine pointed torsors over X. The
case where X — S has no sections is also considered.

Mathematics Subject Classification. Primary: 14L15, 14G17.
Secondary: 11G99.
Key words: fundamental group scheme, torsors.
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1. INTRODUCTION

The existence of a group scheme classifying all finite torsors over a
given scheme X was first conjectured by Grothendieck in [0, Chapitre
X], but it was first proved almost thirty years later by Nori (cf. [I0]

The author thanks the project TOFIGROU (ANR-13-PDOC-0015-01).
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and [11]) who named it the fundamental group scheme. Nori first con-
structed it for a connected, proper and reduced scheme X over a per-
fecll field k with a given section z € X (k), as the k-group scheme
(X, x) naturally associated to a neutral tannakian category over k
whose objects are essentially finite vector bundles over X. He also
gave a different proof for the existence of his fundamental group scheme
(X, x) for a reduced and connected scheme X (not necessarily proper)
over any field £ endowed with a k-rational point z, showing that the
category of all finite pointed torsors over X is cofiltered. This method
has been generalized for schemes defined over Dedekind schemes, first
in [7] and then in [4]. Though it is known that the category of all finite
torsors over a reduced scheme is not cofiltered, in [2] the first author
claimed that one can construct a fundamental group scheme for a non
reduced schemes by showing that the category of finite pointed Galois
torsors (i.e. those finite torsors which are targeted only by faithfully
flat morphisms, see also Definition 2.T]) is cofiltered. Unfortunately that
proof contains a mistake, and here we actually provide a counterexam-
ple to this claim (cf. Example 2.3)). In this paper we keep the idea of
only considering Galois torsors instead of taking all of them. However
a more refined notion will be needed; we will not consider Galois ob-
jects in the category of all finite torsors but in the category of pro-finite
torsors: only in this new environment we are able to show that there
exists a Galois torsor (which will be called universal) dominating all
the pro-finite Galois torsors (cf. Theorem B.4]). The structural group
scheme of this universal torsor will be denoted by (X, z) and called
the pseudo-fundamental group scheme of X at the point x. Though
in general this new object need not be unique. if there exists any
other W(X, z)-universal torsor (i.e. dominating all the pro-finite tor-
sors) then, of course, there exist (at least) two faithfully flat morphisms
N(X,z) - N(X,z) and X(X,z) — R(X,z) whose compositions need
not be isomorphisms. So any two distinct pseudo-fundamental group
schemes are tightly related. Again let S be a Dedekind scheme and X
a connected S-scheme of finite type with a given section z € X (5). Let

Xiea be its reduced part. It is natural to wonder how the natural mor-
phism 7(Xyeq, ) — R(X, z) behaves, provided 7(X;eq, x) existd]. We

' [3] it has been pointed out that the perfectness assumption for the field k was
only needed to ensure that H%(X,Ox) = k, so instead of considering only perfect
fields one can take any field k with the additional assumption on the scheme X
that HY(X,0x) =k

2When S has dimension 0 then we do not need any extra assumptions, but if
dim(S) = 1 then few extra assumptions may be needed, on X,.q, if we want to
construct m(Xyeq, x), cf. [].
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will discuss this at the end of 3.1 The techniques used in this paper
work in a very general setting, in particular this allows us to construct
a universal torsor dominating all the Galois objects in the category of
pointed pro-algebraic torsors (i.e. those torsors whose structural group
scheme is affine and of finite type), implying the existence of a algebraic
pseudo-fundamental group scheme N(X, x)¥8 satisfying similar proper-
ties. The importance of introducing R(X, )28 is the possibility to have
a finer invariant, even for a reduced scheme X, than 7(X, x) as stressed
in Remark 3.5l Moreover again the same techniques are used in §3.2]
to define a non pointed version of pseudo-fundamental group schemes
in the pro-finite and the pro-algebraic environment: in the classical
case Nori used pointed torsors in order to avoid the fact that prod-
uct of two torsors over a third one is not empty and in order to prove
uniqueness of 7(Xyeq, ) (up to a unique isomorphism). Here we do not
put these two restrictions so we can define a global pseudo-fundamental
group scheme N(X)8 (resp. global algebraic pseudo-fundamental group
scheme R(X)%8) classifying all the pro-finite (resp. pro-algebraic), not
necessarily pointed, torsors over X: this becomes important when &
is not algebraically closed and X does not have a k-rational point.
This last construction also represents an alternative to the fundamen-
tal groupoid schemes and fundamental gerbes already considered in [6]
and [5] respectively.

2. PRELIMINARIES

Let S be any Dedekind scheme (e.g. the spectrum of a field or a
discrete valuation ring) and n = Spec(K) be its generic point. Let X
be a scheme over S endowed with a S-valued point z : Spec(S) — X.
A triple (Y, G,y) over X is a fpge-torsor Y — X, under the (right)
action of a flat S-group scheme G together with a S-valued point y €
Y, (S). The morphism between two triples (Y, G,y) — (Y',G',y') are
morphisms of S-schemes «: G — G’, f: Y — Y’ such that f(y) = ¢/
and the following diagram commutes;

Y x G2y« @
G-action l \L G’'-action
Y Y’

The category whose objects are triples (Y, G, y) with the additional
assumption that G is finite and flat is denoted by P(X). We denote by
Pro—"P(X) the category whose objects are projective limits of objects
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in P(X). For any two objects (Y,G,y) = T&ni(Yi,Gi,yi), (T, M,t) =
@j (T3, M;,t;) in Pro—P(X)), morphisms between them is given by

Hom (Y, G,y), (T, M, 1)) = limliny Hompx) (Y, G, 92), (Tj, Mj, 1))
7 7

Definition 2.1. We say that an object (Y,G,y) of P(X) (resp. of
Pro—"P(X)) over X is Galois relatively to P(X) (resp. to Pro—P (X))
if for every triple (Y',G',y’) of P(X) (resp. of Pro—P(X)) and every
morphism (Y, G, y') — (Y, G,y) the group scheme morphism G' — G
is faithfully flat (or, equivalently the morphism Y’ — Y is faithfully
flat). The full subcategory of P(X) (resp. of Pro — P(X)) whose
objects are Galois triples is denoted by G(X) (resp. G(X)')

Remark 2.2. A projective limit of objects of G(X) denoted as Pro —
G(X) is an object of G(X)' [[8], section 8.3.8]. We can restate this
saying that Pro — G(X) is a full subcategory of G(X)'. It is not clear
to us if the inclusion functor is essentially surjective.

If the category G(X) was cofiltered we could easily deduce the ex-
istence of a universal torsor projective limit of all the objects in G(X)
(unique up to a unique isomorphism). Unfortunately it is not true in
general when X is not reduced. Indeed we provide an example where
an object of G(X) where X = Spec(k[z]/z*) has a non trivial auto-
morphism, which implies that G(X) is not cofiltered:

Example 2.3. Here we show that if X = Spec(k[z]/x?), where k is
a field of characteristic 2, the category G(X) is not cofiltered. It is
sufficient to find a k-group scheme G and a pointed G-torsor Y in
G(X) and an automorphism (in G(X)) different from the identity. We
choose G := ay = Spec(k[z]/x?) and YV := Spec(k[z,y]/ (22, y* + x)) is
a G-torsor pointed in the origin. It is not trivial as for all a € k[z]/2?,
x # a®. A non-trivial pointed astorsor is therefore necessarily Galois.
The right action of G on Y can be described as a coaction as follows:

p:klz,yl/(2®y* +x) — klz]/2® @ klz,y]/ (2, y* + @)
x — 1®x
Y = rR1+1Ry

and this action is giving the following isomorphism making Y a G-
torsor:
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wf[;z?ﬁm Okla] /a2 mf[;ﬂgz_’ﬂx - g, mé“[;ﬂiﬂw
1®x > 1®x
l®y = 1®y
yol1 = 1R1+1®y.

Now we consider the morphism of k[z]/z*-algebras
o" hlr oyl /(2 y7 + 1) = Klz,y]/ (2% Y +w), gy oty

and we observe that it commutes with the coaction as (id®¢™)p = pp.
The induced morphism of X-schemes ¢ : Y — Y and the identity
morphism on G give a morphism in G(X), different from the identity.
Hence G(X) is not cofiltered.

We recall the following well known definition from category theory
which will be used crucially in this paper.

Definition 2.4. A skeleton of a category C is a full subcategory Sk(C)
in which every object in C is isomorphic to an object in Sk(C) and no
distinct objects in Sk(C) are isomorphic in C.

Theorem 2.5. A skeleton of C always exists. Fvery skeleton of C is
equivalent to C.

Proof. Cf. [1], Proposition 4.14. O

Definition 2.6. A S-morphism i : Y — Z is said to be a generically
closed immersion if its restriction 7, : Y, — Z, to n is a closed immer-
sion. When S is the spectrum of a field that simply means that ¢ is a
closed immersion.

Remark 2.7. A S-morphism of group schemes G — G’ can be factored
into a faithfully flat morphism G — @, a model map (i.e. generically
an isomorphism) Q — M and a closed immersion M — G’. When S
has dimension 0 then () — M is an isomorphism.

Proposition 2.8. Given an object (Y, G,y) of Pro—P(X), there exists
an object (T, H,t) of G(X)" and a morphism (T, H,t) — (Y, G, y) where
T —Y (or equivalently H — G) is a generically closed immersion. We
say in this case that (T, H,t) is contained in (Y, G, y).

Proof. Let Cy denote the category whose objects are (A, H, a, f) where
(A, H,a) is an object in Pro—P(X) and f: A — Y is a generically
closed immersion in Pro — P(X) which takes the point a to y. By
abuse of notation we denote an object in Cy by (A, f). The morphisms
between two objects (A, f) and (B, g) are morphisms (which turn out
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to be generically closed immersions) h : A — B such that following
diagram commutes:

A—f>Y

| A

B

Note that the only endomorphism of any object in Cy is the identity:
it is easy to verify over the generic point 7 of S then we observe that
since A is flat, then the same holds globally.

Let Sk(Cy) denote a skeleton of Cy. We still denote objects of
Sk(Cy) as (A, f). We define an ordering “<” in Sk(Cy ) as following:
(A, f) < (B,g) if there exists a morphism h € Home, ((A4, f), (B, g)).
Since composition of generically closed immersions are generically closed
immersions and two isomorphic objects in Sk(Cy) are identical then
“<” is a partial order in Sk(Cy ). Let {(Y;, f;) }ier be a totally ordered
subclass of Ob(Sk(Cy)), i.e. a chain in Sk(Cy) with distinct objects.
The projective limit @iglyi exists and is an object in Pro — P(X).
It is naturally provided with a morphism @ie ; fi : @ie IYi —- Y
which makes it an object of Cy; it is thus isomorphic to an object
(Y7, fr) in Sk(Cy). This (Y7, fr) is a lower bound for the given chain
{(Y;, fi) bier- By applying Zorn’s lemma Sk(Cy ) has a minimal element.
We denote it by (Yinin, fmin). We claim that the corresponding object
(Yiin, Gmins Ymin) in Pro—P(X) is Galois. If not, then there exists (as
recalled in Remark 2.7)) a triple (U, M, u) in Pro — P(X) and a mor-
phism (U, M, u) = (Yiin, Gmin, Ymin) Which is not faithfully flat. Hence
it will factor through a faithfully flat morphism (U, M, u) — (U’, M’ )
and a generically closed immersion (U, M';u") — (Yinin, Gmin, Ymin)
contradicting the minimality of (Y,,in, fmin) in Sk(Cy ), so we can set
(T, H7 t) = (szna Gmirm ymm)) Il

Corollary 2.9. Given two objects (Y;, Gy, y;) in G(X)', i = 1,2, there
exists an object (Y3, G3,y3) € G(X) with morphisms (Y3, G3,y3) —
(Yi, Gy, y:), fori=1,2.

Proof. 1t is sufficient to consider (Y} X x Y5, G1 X, G, y1 X y2) and then
to take a Galois triple contained in it following Proposition 2.8 O

Remark 2.10. Note that in the proof of Proposition we have not
used any property of finite group schemes. Therefore instead of finite
group scheme torsors we can work with finite type group scheme torsors
which is in fact a much larger category. We denote the corresponding

categories as P¥8(X), Pro — P¥8(X), G¥8(X), G¥8(X ) respectively.
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Under these definitions the proof of Proposition 2.8 goes through ex-
actly in similar fashion, hence the Corollary

3. THE PSEUDO-FUNDAMENTAL GROUP SCHEME

We first study the problem of the existence of a group scheme classi-
fying all finite (resp. affine and of finite type) torsors in the “classical”
case of pointed schemes, considering maps between torsors sending the
marked point of the source torsor to the marked point of the target.
For this reason at the end of §3.1] we will be able to compare V(X x)
to m(Xied, ), the latter being Nori’s fundamental group scheme. In
§3.21 we will provide a short overview on the category of non pointed
torsors.

3.1. The case of pointed torsors.

Definition 3.1. X has a pseudo-fundamental group scheme (PFGS)
N(X, z) if there is a triple (X, R(X,z),7) in the category G(X)' such
that for each object (Y, G, y) of G(X)' there is a morphism
(X,R(X,z),7) — (Y,G,y). In this case X is called the universal
N(X, x)-torsor over X pointed in Z.

Remark 3.2. It follows from the definition that if (X, X(X,z),Z) and
()A(’, N(X,z),7") are two PFGS triples for X then there are faithfully
flat morphisms (X, N(X,z),7) — (X', N(X,z),7)

and (X', N(X,z),7') - (X,R(X,z),Z) but they need not be isomor-
phic in G’(X). However if the PFGS of X is known to be finite then
they are all isomorphic (but the isomorphism may not be unique un-
like in Nori’s case.) For finite type torsors one can similarly define the
algebraic pseudo-fundamental group scheme (APFGS) R28(X z) as an

object ()?alg’ Nalg(X’ :l?), i’\) in galg(X)/

Definition 3.3. For two triples (Y1, G1,y1) and (Ys, Go,y2) in G(X)'
(resp. G8(X)') we say that (Y1, Gy, y;) dominates (Yz, Ga,%s) if there
exists a (maybe not unique) morphism (Y7, G1,y1) — (Ya, Ga, y2).

Theorem 3.4. Let X be a scheme over S with a S-valued point x.
Then X has a PFGS (resp. APFGS) NX(X,x) (resp. R(X, z))).

Proof. The proof for the existence of PFGS and APFGS are exactly
similar. Here we give a proof for the existence of PFGS. We first con-
sider the quotient category ¢G(X) of G(X)', whose objects are iden-
tical with G(X)" and cardinality of any morphism set in ¢G(X)' is at
most one and is nonempty if and only if it is nonempty in G(X)'
Then we consider the category Sk(qG(X)') of ¢G(X)', and define the
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following relation “>” in the class Ob(Sk(¢G(X)")), A > B if there
exists a morphism A — B. The relation “>” is clearly reflexive
and transitive. It is also antisymmetric since we are in Sk(qG(X)').
Hence (Ob(Sk(UG'(X))),>) is a partially ordered class. Let us con-

sider any totally ordered subclass of Ob(Sk(¢G(X)'), i.e. any chain in
Sk(aG(X)')

(1) —>AZ—>AZ_1—>—>A1 5

where each A;’s are distinct. If for any ¢ we choose a lift morphism
d;: A1 — A; in G(X)', this gives a chain (clearly cofiltered since all
the involved objects are distinct) in G(X)’

Let A be the projective limit l'ﬁli(Ai’ d;) in G(X)" and A’ be the ob-
ject in Sk(gG(X)') representing the isomorphism class [A] in ¢G(X)'.
Note that A" may not be isomorphic to A in G(X)'. Clearly A’is an up-
per bound for (1) in Sk(¢G(X)"). By Zorn’s lemma there is a maximal
element in Ob(Sk(qG(X))), we call it M. We claim that M dominates
all the objects of G(X)', i.e. for any B € Ob(G(X)') there exists a
morphism (in G(X)") M — B. Indeed by Corollary we can build
an object M’ in G(X)" dominating both M and B; by the maximal-
ity of M in Sk(qG(X)") we deduce that M and M’ are isomorphic in
qG(X)', whence the existence of a morphism M — M’ in G(X)": thus
M dominates any object B. If we now set (X,N(X,z),7) := M then
()A( ,N(X, x),7) is a universal torsor and (X, x) a pseudo-fundamental
group scheme. O

Let now X be a connected S-scheme of finite type with a given
section z € X (5). Let X,eq be its reduced part. As precised in I we
assume that for X,.q4 we are able to build the fundamental group scheme
7(Xyea, x); this is always possible when dim(S) = 0. We choose a PFGS

R(X,z) and a universal R(X, z)-torsor X — X, pointed in 7 € X, (k).

A~

We consider its pullback X x over X and the unique morphism of torsors
Pred - X N — )?

where XV — X is the (“N” stands for Nori) universal m(Xeq,)-

fundamental group scheme. Though in characteristic 0 this morphism

is known to be an isomorphism, in positive characteristic this is no

longer true: for instance when S = Spec(k), k being a field with

char(k) = 2, X = Spec(k[z]/2z?), in Example we recalled that
over X = Spec(k[z]/x?) there are non trivial Galois pointed torsors
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while over X,.q = Spec(k) there are only trivial pointed torsors. So in
this case peq is trivially a closed immersion. This remains true for any
X affine and this follows essentially from [2], §3.2. In a similar way
one can study the morphisms between N28(X 4, z) and N*#( X, x) and
a similar conclusion when X is affine still holds.

Remark 3.5. It is not difficult to prove that if X is a smooth projective
scheme over a field & then N#&(X x) is trivial if and only if X =
Spec(k). This is false and well known for 7(X, z).

3.2. The case of non pointed torsors. In {I] we made clear that
we first defined the pseudo fundamental group scheme giving a S-
valued point z on X in order to compare it to Nori’s fundamental
group scheme whose constructions (both the tannakian and the pro-
finite) always need a given point. However when we work over non
algebraically closed fields or Dedekind schemes it can be useful to have
a similar object even when such a point does not exist. The reader
certainly observed that the proofs of §8.1]still holds if the base scheme
X and torsors are not pointed. Without repeating the proofs we only
introduce new definitions and recall the main properties following same
arguments of §3.11 Here 7 (X) and Pro—T (X) will denote respectively
the category of finite torsors over X and that of pro-finite torsors over
X.

Definition 3.6. We say that an object (Y, G) of Pro— T(X) is Ga-
lois if for every object (Y',G’) of Pro — T(X) and every morphism
(Y'.G") — (Y,G) the group scheme morphism G’ — G is faithfully
flat (or, equivalently the morphism Y’ — Y is faithfully flat). The full
subcategory of Pro — T(X) whose objects are Galois is denoted by

F(X).

Definition 3.7. X has a global pseudo-fundamental group scheme R(X)
if there is a pair (X,N(X)) in the category F(X) such that for each
object (Y,G) of F(X) there is a morphism (X,R(X)) — (Y,G). In
this case X is called the universal R(X)-torsor over X.

Again it is clear by this definition that whenever RX(X) and R(X)’
are two distinct global pseudo-fundamental group schemes then we have
two (maybe not unique) faithfully flat morphisms R(X)" — R(X) and
N(X) — N(X)" whose compositions are not necessarily automorphisms.

Theorem 3.8. Let X be a scheme over a Dedekind scheme S. Then
X has a global pseudo-fundamental group scheme W(X).
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In a similar way one can define the global algebraic pseudo-fundamental
group scheme N¥8(X) (with a obvious meaning) of a scheme X with-
out specifying the existence of a section z € X (S) and verify that the
statements just recalled still hold. The following remark will conclude
the paper:

Remark 3.9. When S is the spectrum of an algebraically closed field,
xr € X any point and we assume that X has a fundamental group
scheme (X, z) then it is not difficult to prove that w(X, z) and R(X)
are isomorphic.
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