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STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND
THE BENES FILTER

BUI, VAN BIEN & RUBENTHALER, SYLVAIN

ABsTrRACT. We are interested in the optimal filter in a continuous time setting. We want
to show that the optimal filter is stable with respect to its initial condition. We reduce the
problem to a discrete time setting and apply truncation techniques coming from [OR05]. Due
to the continuous time setting, we need a new technique to solve the problem. In the end, we
show that the forgetting rate is at least a power of the time t. The results can be re-used to
prove the stability in time of a numerical approximation of the optimal filter.

1. INTRODUCTION

We are given a probability space (2, F,P). We are interested in the processes (X¢)t>o0, (Yz)i>0
solutions of the following SDE’s in R

t
X, =X0+/ F(Xa)ds + Vi,
0

t
Yt:/ hx Xods + Wy,
0

where V, W are two independent standard Brownian motions, Xg is a random variable in R, of
law 7. We set (F¢):>0 to be the filtration associated to (V, Wy). For ¢t > 0, we call optimal filter
at time ¢ the law of X; knowing (Ys)o<s<t, and we denote it by m. Let 7 > 0, this parameter
will be adjusted later. For any t > 0, we set @y to be the transition kernel of the Markov chain
(Xkt)k>0- We set Q = Q.

Hypothesis 1. We suppose that f is C* and that || f|leo, ||f'|lec are bounded by a constant M.
We suppose h > 1 and T > 1.

Remark 1.1. We make the assumption that A > 1 in order to simplify bounds in the following
computations. All the results still hold with any h > 0.

We are interested in the stability of (m;);>0 with respect to its initial condition. As explained
below in Equation (1.2), for all ¢, m; can be written as a functional of (Y)o<s<: and mp. Suppose
now we plug into this functional a probability 7, instead of mg, we obtain then what is called a

“wrongly initialized filter” 7; (Equation (1.3)). One natural question is to ask wether m;—} s 0
—+00

in any sense. We would then say that the filter () is stable with respect to its initial condition.
This question has been answered for more general processes (X;) and (Y;) evolving in continuous
time, in the cases where (X;) stays in a compact space (see, for example [AZ97]), or not (see, for
example, [OP96], [Ata98|, [Sta05, Sta06, Sta08], [CR11]). We can further classify these results as
to wether the rate of convergence is exponential or not; in the case of an exponential rate, the filter
would be called “exponentially stable” (with respect to its initial condition). The widespread idea
is that exponential stability induces that a numerical approximation of the optimal filter would
not deteriorate in time. Such an approximation is usually based on a time-recursive computation
and it is believed that exponential stability will prevent an accumulation of errors. In order to use
a stability result in a proof concerning a numerical scheme, we also need that the distance between
7 and 7 to be expressed in term of the distance between my and 7(j, and there is no such result,
at least when the time is continuous.
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Our aim in this paper is to show exponential stability in such a way that the results can be
used in a proof that a numerical scheme remains good uniformly in time. We follow [OR05] by
introducing a “robust filter” restricted to compact spaces. We show that this filter remains close
to the optimal filter uniformly in time and this is enough to prove the stability of the optimal
filter with respect to its initial condition. As in [OR05], we do not show that the optimal filter is
exponentially stable, nor can we write the dependency in 7, 7, in the stability result. However,
in a future work, we will use the stability properties of the robust filter to show that there exists
an numerical approximation that remains uniformly good in time.

In the case where f satisfies a particular differential equation, then ; is called the Benes (see
[Ben81], [BC09]) and there exists an explicit formula for the density of m;, for all £. The study of
the Benes filter is developed in [Oc099]. What we present here is a case in the neighborhood of
the Benes filter.

The outline of the paper is the following. In Sections 1 and 2, we reduce the problem to a
filtering problem in discrete time in which we have a handle on the likelihoods. In Section 3,
we recall useful notions on filtering. In Section 4 and 5, we introduce the robust filter and its
properties. At the beginning of Section 5, we explain our strategy. In Section 6, we prove the
two main results: that the optimal filter can be approximated by robust filters uniformly in time
(Proposition 6.3), and that the optimal filter is stable with respect to its initial condition (Theorem
6.4).

1.1. Estimation of the transition density. Following [BC09| (Chapter 6, Section 6.1), we
introduce the process

t
Vt:Vt+/ F(X)ds, t>0.
0

We introduce a new probability P defined by

d t ~ 1 /[t
= X,)dV, — = X52d>.
_=ow ([ rot 5 [ aoc

P

dP
By Girsanov’s theorem, V is a standard Brownian motion under P. We set F to be a primitive of
f. We have, for all t > 0,

t R 1 t )
| sexgav— 5 [ rox)as

[ rxoax. -3 [ e

= F(Xt)—F(XO)—%/O f’(Xs)ds—%/O f(X,)?%ds

Mt M?t
> —M|Xy—Xo| - — — —.
2 2
So, for any test function ¢ in C;" (R) (the set of bounded continuous functions on R), ¢ > 0

E(p(X¢) = EP(‘P(Xt))

= dP
EF X,) —
<90( t) dP

ft)
5 Mt M?%*
> EF (‘P(Xt)exp (_M|Xt — Xo| - - T)) -

Similarly:
7 Mt
E(p(Xt)) < E° { o(Xe) exp | M| X; — Xol + >
So we have the following Lemma.

Lemma 1.2. For allz,y € R, Q(z,dy) has a density Q(x,y) with respect to the Lebesgue measure

and
_==)? P _y—=)?
e 27 —Mly—z|—7(M exX 27 _ Mt
£ T Myl T<2+2)§Q($,y)§7p eMly—el+757
2rT 2nT
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1.2. Estimation of the likelihood. Following [BC09] (Chapter 6, Section 6.1), we define a new
probability P by (for all ¢ > 0)
dP

~ 1 t
—| =27, =ex (/f dV——/f ds+/hX5dYs—/h2des>
dP |z, 2 Jo

We define, for all 0 < s < t,

}/s:t = (Yu)sgugt .
For any test function ¢ in C;([0,¢]) and any ¢ > 0,

E@( (Yout) —gjg Xt)
P [ dP
]E <dﬁ 7 XO;Xt)
EF (@(YO:t)EP ( = ‘XO;XhYO:t) ‘ XO,Xt>

Eﬂ“"(_A
dP

By Girsanov’s theorem, (17,Y) is a standard two-dimensional Brownian motion under P. So,
conditionally on Xy, X;, the law of Yy.; under P has the following density with respect to the
Wiener measure:

EP (¢(Yo:)| X0, Xt)

‘ XO) Xt)

dp

Xta YO:t)

o)

E? (
Yot > Yi(Your, Xo, X¢) =

We have

}_texp<F(X1) Xof—/f s——/f
+/0 hX.dYs — ;/ hQXQd)
XO,Xt> — P <exp <F(X1) F(Xo) f—/ F(X ds——/ FX >

t(M + M? s ( dP
exp <M|Xt — Xo| - g) < EF ( —

We set,
(1.1)

—~ ~ t 1 t
wt<yo:t,xo,x1)=Eﬂ"(exp (/ thdYs—§/ (hX,)’ )‘Xo—:co,xt—xl,ym —yOt) .
0 0

dpP

dP

Fi

SO

tM
XO,Xt> < exp <M|Xt Xo| + —>

Using the above calculations, we can write:

t(M + M?)
2

P dE
dpP

So we have the following Lemma.

exp (—M|Xt — Xo| — ) (Yo, o, 71) <

XO;XhYO:t> < exp <M|Xt Xo| + —> &(Yomifo,»’ﬁ)-
Fi
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Lemma 1.3. For all t > 0, the law of Yo.: under P and conditionally on Xo, X; has a density
denoted by yo.r — Vi(Yo:t, Xo, Xr) with respect to the Wiener measure. This density satisfies, for
all x, z € R and any continuous trajectory yo.

—2M|z—a|—(M+242) 2M|z—a|+r(M+240)

Jt(yo:ta%z)@ S wt(y():taxaz) S € {p\t(y():taxaz) .

We set
=1, 1; = 127 .
The Kallianpur-Striebel formula (see [BC09|, p. 57) gives us the following result.

Lemma 1.4. For allt > 0 and all bounded continuous ,

f]RSQ Qt x dy)"/)t(YO ity Ly y)Tro(dSC)
fR Qi(z, dy) e (Your, z,y)mo(dx)

Proof. We define a new probability P by

t 1 t
= exp (/ hX,dYs — —/ h2X§ds) JVE>0.
Fi o 2 0

For all bounded continuous ¢ and all ¢ > 0, we have (Kallianpur-Striebel)
B (o) %, 1Yo )

= ()

(1.2) mi(p) =

dP
dP

E(p(Xt)[Yo:t) =

and
5 dP 5 dP
EP [ o(X)) | [You | =EF [ o(XOEP [ | |You, Xo, Xi | |You |
<50( t) dp ]-‘,,| O.t> ( ( t) (d]P’ ]-‘,,| 0:ts <20 t>| O.t>
and
P [ dpP dpP
5 dP E (T}_{ dﬁli |S/btaX0)Xt)
]E d_I‘E'D |Y0 thOaXt - N
Fi EP (d_ﬁj |Y0taX0)Xt)
1/} (YO t;X07Xt)]EP< |X0;Xt)
EP (%’ |Y0:t7X0;Xt)
EP (iﬁ’ |X0,Xt)
dP | r,
= 1/}t(Y0:t;X07Xt) X N
P ( dP
E (d@ F | O)Xt)
= 1/}t(Y0:t;X07Xt) .
As the law of (X)s>0 is the same under P or P, we get the desired result. O

For any probability law 7, on R, we define the wrongly initialized filter (with initial condition
7,) by, for any t > 0,

Jz () Q¢ (x, dy)pe (Yout, z, y) g (da)
fR Q:+ w,dy)wt(Yo:t,w,y)ﬂo(dw)

(1.3) m(p) =
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2. COMPUTATION OF

2.1. Change of measure. Under ]IA”, V is a standard Brownian motion. So, using a standard
representation of a Brownian bridge, we can rewrite v as

;Z(yO:T,z,z)Epr(/oTh( (17—)+z—+a(35—237))dy5
r N (1_)+z_+g(BS;BT))2dS)>,

where B is a standard Brownian motion (under P). As we want to compute the above integral,
where B is the only random variable involved, we can suppose that B is adapted to the filtration
F. We have (using the change of variable s = s/7 and the scaling property of the Brownian
motion)

1
Y(Yor, 1, 2) = E (eXp (/ h(z(1—s")+ 28 + Bry — §'Br)dyrs
0

h27' ! 2
- (x(1 —§')+ 28 + Bry — §'By) ds'))
0
1
=F (eXp (/ h(z(1 —8') + 28 + V/T(Bs — §'B1))dy.s
0
nr !
—— | @ =s) 4z +VT(By - s’Bﬂ)QdS))
0

In the spirit of [MYO08] (Section 2.1), we define a new probability Q by (for all ¢)

d h2r? ! !
@ = exp < i / B?ds — hT/ BSdB5> .
2 Jo 0

dIP’
By Girsanov’s theorem, under the probability @Q, the process

t
(2.1) Bt = By —I—/ htBgsds, ¥t > 0
0
is a Brownian motion. We get
~ 1 h27' 1
(22) "/)(yO:‘rvxv Z) = exXp (/ h(l‘(l - S) + Zs)dy'rs - T (:L'(l - S) + 25)2d5>
0 0

1 1
x EQ (exp </ h\/7(Bs — $B1)dy.s — h273/2/ (x(1 — s) + 2z5)(Bs — sB1)ds
0

0

h27'2 1 1
- / SQB% — 2sB,Bids + hT/ BSdBS)> .
0 0

Using the integration by parts formula, we can rewrite the last expectation as

(2.3)
' ! ! (1 — 5)? 2 oz
EQ exp _h\/;—/ (yTS - / y‘rudu)st + h27’3/2/ — — 4 - — = st
0 0 0 2 2 6 6

+
B, 12
+h2r2 B, (? —/ %st) +hr (— - —)))
0
1 1 h2:3/2 1
EQ (exp (—h\/;/ (yTs—/ yTudu)st+h273/2x/ sdBg + ——— (z—x)/ s2dB;
0 0 0 0

2,2 2,2 1
_p282 (%7 h“r” AT\ po  R7T7 24p. - T
hr (3+6)Bl+(3+2 B2 B | san =) )
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2.2. Covariances computation. The last expectation contains an exponential of a polynomial
of degree 2 of 4 Gaussians:

1 1 1 1
G =B ) Go = / Ssta GS = / SQst; Gy = / (y‘rs _/ y‘rudu) dB; .
0 0 0 0

So this expectation can be expressed as a function of the covariance matrix of these Gaussians.
We compute here the covariances which do not depend on yg.,. We need the following Lemma.

Lemma 2.1. For any t > 0, for any function g : R — R which is measurable with respect to the
Lebesgque measure and such that fot g(s)%ds < 0o, we have :

/Otg(s)st _ /Ot (g(s) _ 9P /St e"ug(u)du) dBs
with

(2.4) 0 =hr.

Proof. Under Q, B is an Ornstein-Uhlenbeck process (see Equation (2.1)). We can write B as the
strong solution of (2.1):

t
(2.5) By = e*"t/ ePdB, vt > 0.
0

We use Ito’s formula to compute:

/Ot <g(s) — e /: e"“g(u)du> dBs
= /0 t (g(s) — fef /O t e"“g(u)du) dBs + /0 t (9695 /0 Se"“g(u)du) dBs
— /Otg(s)dﬁs — (/Ote_eug(u)du) (/Ot 969%1/38) +/Ot (9695 /0 e—‘)“g(u)du) dBs
-/ g(s)dss / () ( | Geesdﬁs) au- [ t ( I e-9“9<u>du) 0edp,
+ /Ot (9698 /Os e‘eug(u)dU) dBs

= /Otg(s)dﬂs - /Ot 0g(u)B,du = /Otg(s)st.

Lemma 2.2. We have, for all s,t > 0,

. ef(s—t) if g(u) =1, Vu,
g(s) — 9605/ e 0 (u)du = (t+3) el -2 if g(u) = u, Yu,
° (B +2Z+2)e?D — (2 + 2) ifglu) =u?, Vu.

Proof. The proof in the case g(u) =1 is straightforward. We compute, for all s,¢ > 0:

905 ! 70ud _ 905 U 1 79ut
S —ve ue u = s —ve 75*9—2 e )

|
7N
~
+
| =
N~
D
&
@
|
N
| =
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t 2 2y 2 !
82—9665/5 u2679“du — 82_9605 [(_%_9_121‘_9_3) e@u:|s

Lemma 2.3. We have:
Q 1 6726
Var (Gl):T,
N> (1—-e2) 1 2 2 _
Var®(G) = (”9) (T+9_2_(9_2+9_3)(1_69)’
Varl(@y) = (142+2)0=e?) (2, 2)6 8 4/ 2 2
arits) = 9" 2 20 9 92) 6 65 6 9 5
1 1 _ e ? -1
COVQ(Gl,GQ) = (@ + @) (1 — € 20) + 02 y
1 1 1 - 2
COVQ(Gl,Gg): (29+9—2+93) (176 20)79—2,
1 1 1 1 - 1 2 2 B 1
COVQ(GQ,Gg)<1+§)<2—9+§+9—3>(1620)<9—2+9—3+@)(16 0)*9—2.

Proof. Lemma 2.1 tells us that the variables G1, G2, G3, G4 are centered Gaussians under Q. Using
Lemma 2.2, we compute the following expectations:

1
E%(G?) = /629(8_1)d8
0

1—e 2
20 ’

1 2
1 1
1 - 0(s—1)  — d
f((g) e =5)
1 2
1 ) 1 2 1 )
/O (1 + 5) 629(5—1) + 9_2 _ 5 (1 + 5) e@(s—l)ds
- 1\ 2 (20(s—1) N - 1\ 2666-17"
0 20 02 0 02 0

1\>(1—e2) 1 2 2 »
(”a) T*@(eﬁ*e‘s)“e )

E(G3) =

2
2 2 2 25 2
29(5 1) “ —92(1 z < 0(s—1) [ 22 < —
) +(9+92) (+9+92)e (9+92)d5
2= r2s 2\%¢ 2 2\ /(2 '
(& S S
~)y - A I 1 I IR 22} =D =
) 20 +(9+92)6 (+9+92)(92)6 .

12 2,2Y 0=e®) (2 2N\P9 8 4/ 2 2
0 62 20 0 62) 6 665 02 ’
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1 i )
22 = [ ((145) 5 )as
0

1 629(571) 60(571) 1 1 1 90 e 1
K”a) ST ]0<2—9+2—92)<16 )t

! 2 2 2s 2
98 1 98 1
EQ(G1G3) / e( )<<]+—+—)6( )<_+_)>d5

2 2\ X6 9s 1Y /111 2
1 - _ _ (S*l) — _ _ _ 1 _ —26 _
[( +9+92) 20 92° ]0 (29+92+93)( g

! 1 1 2 2 25 2
EQ _ 1 - 0(s—1) _ — 1 z & 0(s—1) [ =2 & d
(G2G3) /0 << +9)e 7] * +9 + 7z )€ 7 + 02 s
1 1 2 2
_ 1 - 1 z 20(s—1) _ —
/0<+9><+9+—92)e

oY (1L 2.2 e20(s—1) 12 2\ et
[(*a)(*a*&) 20 (5+e—2+e—3>T

1)\ 2s sz 25\
(142 ) 22001 A
(+9)92€ + 924—93 .
[l

Let Uy, Us, U, Uy be i.i.d. of law A(0,1). We can find a, 3,7, a, b, ¢, A1, A2, A3, A4 € R such that
(under Q)

Gl OéUl

Gs |law | BUL  +Us

Go - alUy +bUs +cUs3

G4 MU +XUz +A3Us +MUy

(There is no mistake here, we do intend to look at the vector (G1,Gs, G2, G4).) Indeed, we take

Q
(2.6) a= \/VarQ(Gl), 8= W’WZ \/VarQ(G3)—52,

@27) . Cov?(Gy, Gs) b Cov?(Ga,G3) — aff = \/VarQ(Gg) a2 b2
« Y
And we find Aq,..., \s by solving
A = COVQ(Gl, G4)
(2.8) BA A = COVQ(G3, G.4)
al1  +bha Hc)3 = COVQ(GQ7 G4)
A 423 +A2 42 = varld(@y).

We observe that «, 3,7, a, b, c can be written explicitly in terms of the parameters of the problem.

2.3. Integral computation. The last part of (2.3) is equal to

02 0 02 X z
(2.9) E° (eXP <<§ + §> GI - 3G1G3 — h273/2 <§ + 6) G

B273/2

+h2322Gy +

- wra-2))) -

%> 6 6?
/ul’“”MER exp <<§ + 5) o?u? — 7o¢u1(ﬂu1 + yug) — h27r3/2 (% + %) ouy
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2.3/2
+h273 22 (auy + bug + cus) + 5
exp (_ (uf'i‘é"f‘“?;))
@) duy ...
1 9 02y
[ am [t

B273/2
+ ; (zx)ﬂh\/al)]
+ U—% —HQOWU — h2r3/? (E + f) o+ h2 % %za
2 2 36

B273/2

+ h273/2 2 (bug + cus) +

ugy — h273/? (% +

d’LL4 =

Z) a+ k23 2xq

2

+ T(z —x)B — hv/TA

6
(z — 2)yuz — h/T(Aoug + - - - + Aqug) — 3

h273/2 ]

(z — 2)(Bur + yug) — h/T(A\ur + -+ - + Mug) — g)

2

(uj+ - +uj) 1
- duy ...d
2 (271')2 U1 Uy
where
92 0 0208 1)) '
2.1 =2 5+5)®+—+= :
(2.10) o] <<<3+2)a+ 5 +2>>
As the above expectation is finite then o7 is well defined. We set
B273/2
(2.11) my = o3 <h273/2 (% + %) o+ B2 2 pa + 2 (z—x)B — h\/?)\1> .
The above expectation (2.9) is equal to:
1 5 0%y 2
(2.12) /ul,...,meR exp <_ﬁ {ul + op—5 Uz =M
202 2 2 202
010" ary 5 1 my 1 o10”ary
ST . B
+( 2 ) Y2552 T 557 T 57 X i
B2:3/2
+ h2732 2 (buy + cus) + T (z — z)yusg
(w3 +ui+ui) 0\ 1
_h\/7_-()\2u2 + Azus + )\4’[1,4) — 5 — 5 (27T)2 duy...duy =
1 N ?
exp| —=—= |u1 +o0]——us — ml]
/1L1’...,U4€R 20’% |: !
1 B273/2 02 2
“ 52 [uQ o3 <h273/2$b + (2 — @)y — hTA — ﬂ)}
205 2
2 2 2, .2
my | my 2_3/2 (ug +ug) 0 1
—+-—=+h — h/T(A A - - -
Tog2 T a7 T Pwcus VT(A3uz + Aguy) 5 2 ) @
where
gita?y? 1 -t
2.1 s=(2(-+—"+<
(2.13) A= (2(-20 1))
and
h2 3/2 02
(2.14) my = 0 <h273/2xb + 21 (z —x)y — h/TA2 — ;7m1> .

Then (2.12) is equal to:
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(2.15) / 1 L 28 ’ [ ]z+m§ L mi
. exX - |U g U —m — —5 |[U2 — T - 5
wmer D\ 207 [T T T g M T T a0 T 007
e — B2 2ep 4 hyas| — L h/TA]
5 3 T cr + TA3 2[’&4+ 7‘4}

1 2_3/2 2 1 2 9 1
+§(—hr/cx+hﬁA3) +§(—h\/?)\4) ) Wdul...dm:

0109 €X m%—i— §+1
12PN\ 952 T 9,2 T

(=h27%%cx + h/TA3)? + %(h\/?)\4)2 - g)
2.4. Asymptotic T — +oo. From (2.2), (2.3), (2.9), (2.12), (2.15), we see that ©(yo.r,x, 2)
exp(P(x,z)) with P a polynomial of degree 2 in x, z (“” stands for “proportional to”). Let us
write —Ag(6) for the coefficient of 22 in P, —By(f) for the coefficient of 22 in P, C1(6) for the
coefficient of zz in P, A;(0) for the coeflicient of x in P, B1(0) for the coefficient of z in P and
Co(0) for the “constant” coefficient. We will write A" (0) = A;(yo.r,0) (or simply AY""), etc,
when in want of stressing the dependency in y. When there will be no ambiguity, we will drop
the y. superscript. The coefficients A3*7, BY*", C7*" do not depend on y as it will be seen below.
We have

(2.16) @(yom z,2) = o102 exp (—Asx® — Boz? + AV + BY"7 2+ CY" 7wz + CJ°7) .

We are interested in the limit 7 — +o00, with A being fixed (or equivalently § — +o0o0 with h being
fixed).

Lemma 2.4. We have

h h 3h 1
A0) =2 50 B0) = 5 Cil0) = —g5 +o (5) :

Proof. The coefficient of 2 in P is

0 0%, s a B ’
— AQ(@) = 7}16 + 7}19 <§ — 5 +a)
2 92 2 1
+%2h93(b—%— - f(—%—gﬂz)) + ht*e.
We compute (using [WR15] software):
1 1
2.1 = — — >1
(2.17) «@ m—i—o(en),Vn_ ,
1 1 1 1
(2.18) Covi(Gr, Gs) = 55— ga T ga +o <e_) |
(219) ﬂzifﬁjLﬁ‘i,o L ,
V20 032 " g5 0572
1 2 4 4 1
2
(2.20) ﬁzﬁ—e—ﬁ@—g—@_ﬁo(@j),
1 2 1
Q - _ = il
(2.21) Var (Gg)—QG 392+0<94> ,
(2.22) Vzi,ﬁjLﬁjL?’_\/g oL ,
0v/3 6% 403 864 04

1 1 1
Q _
(2.23) Cov<(G1,Ge) = 29 202 +o0 (9—3) )
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6 18 18 54 1
(2.24) ol = +—+——4+0< )

A PR R 04
(2.25) a\/%m+0<95%>7
(2.26) Var®(Gy) = 2_19%3+0<9i3> ;
(2.27) bzg—g—%”(%)’
(2.28) c24i24i3+0<9i3) :
(2.29) J§:$f%+2+o 9—13>
From which we deduce

- (53 - (m)

2 2 2
93,3 (, 0 _ay o a B
100 o A(-2-2)) =0

6 5
— 32: - —
2h9 c h<8 8+0(1)> ,
2 2
iy o B (21

2h9< ] 2+a> h<24+8+ 1),

(2.30) ) — !
' 2 f—+o00 2

The coefficient of 22 in P is

0 ot a B\ o} u(v 0oy o[ o B\

2.31 B0 = - T3 (Y P T (2 T a2 DY

(2.31) 2(6) = —hz + Thhe® (=S 4+ 5) + 2o (2 - 00 (~5 4 S
We have: ,

(1)

_ 2 (-
2 2 2 6 2 0—+oc0
2
Jl 3 (8] /8 9 1
_Z 4= — Z_ = 1
2h9( 6 2) (6 3 o)
(2.32) Bo() — !
' 2 9—>+002-

The coefficient of zz in P is

239 Ci(6) = —ng + ot (-5 - 5 +a) (-3 +7)

2 2
23 (p_ 2 Py o a B v oy of o B
+ o3hb (b 2 2 01( 3 2+a))(2 2 01( 62

(it does not depend on yo..). We have:

v Py a p
J§h93< 5373 Jf<§§+a>)
p
2

11
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3h 1
2.34 9) = — i
(2.34) C1(0) 29+0<9)
O
Let us set, for all s <'t,
Ws,t = sup |W51 - WS2| ; Vs,t = sup |V51 - VS2| .
(s1,82)€[s,t] (s1,82)€[s,t]

Definition 2.5. Suppose we have functions fi, fo going from some set F' to R. We write

fizfa

if there exists a constant B in R, which does not depend on the parameters of our problem, such
that f1(z) < Bfa(z), for all z in F.
In the particular case when we are dealing with functions of a parameter A € R , we write

f1 2 faor fi(A) = fa(A)
A A

if there exists a constant B; in R, which does not depend on the parameters of our problem, and
a constant Ay, which may depend on the parameters of our problem, such that

A>Ag= f1i(A) < Bifa(AD).
If, in addition, Ay depends continuously on the parameter 7, we write

fi 2 fa.
Ac

The notation < is akin to the notation O(...). It has the advantage that one can single out
A

which asymptotic we are studying.
If we have f1 < fo, say for 7 > 79 (79 > 0), then there exists a constant By and a continuous
A,c

function Ag such that, for all 7 > 79 and A > Ag(7), f1(A) < By f2(A). In particular, for any
1 > 70, if 7 € [70,71] and A > sup,¢(,, 5,1 Ao(?) then fi(A) < Bif2(A). We then say that

T0,T1
f1 =X fo, uniformly for 7 € |19, 71] .
A
We state here (without proof) useful properties concerning the above Definition.

Lemma 2.6. Suppose we have functions f, fi, fo, h1, ha.

— If f < fi+ f2 and f1 X fo then f =< fo.
— If f < f1+ f2 and log(f1) 2 hi and log(f2) 2 ha, with hi(A), ha(A) — —o0, then

A— o0
log(f) 2 sup(hq, ha).

Lemma 2.7. For all k € N,
’Bl (Yk‘r:(kJrl)'ra 9) - B (Yv(kJrl)'r:(kJrQ)‘ra 9)‘ = MhTQ + hvk'r,(k+2)'r + hWk‘r,(kJrQ)‘r )

and

|B1 (YO:'M 9)| j MhT2 + hVO,Q‘r + hWonT .
We need the following result to prove the above lemma.

Lemma 2.8. For allk €N, s € [k, k+ 1]

k+1 k+1
Yoo — / Yrudu — YT(erl) +/ Y‘r(qul)du
k k

1 -6 1 -6

e ¥sinh(0s e ¥ sinh(0s

/ %dyﬂwm—/ %dyr(kJrl)JrTs =
0 0

And, for all s €10,1],

= hT*M + htVier (k+1)r + Wier, (b4 1)1 »

Mt + Vk‘r,(kJrl)‘r + Wk‘r,(kJrl)‘r
0 .

< hr*M + htVor + bWy -,

1
YTS - / Yrudu
0
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1 6.
/ e smh(é’s)dYTS - M1+ Vo, +Wo,r .
0

0 - 0

Proof. We write the proof only for the first two formulas. We have, for all k € N, s € [k, k + 1],
k+1 k+1
Y5 — / Yrudu — YT(s+1) +/ Y‘r(u-i—l)du
k k

7(s+1) k+1 7(u+1)
= —/ hX,du+ W,.s — WT(S+1) — / 7h/ Xopdv + Wy — W.,.(u+1) du
T k TU

B[ pr(stD) r(ut1)
/ h / Xydv — / X,dv | du
k TS TU
k+1 T(s+1)
h/ / Xy — Xvﬂr‘r(ufs)d’u du,
k TS
k+1 T(SJrl) v
h/ / / f(Xp)dt +Vy = Vi s (u—s)dvdu
k TS v47(u—s)

< hr2M + hTV]CT,(kJ,_Q)T + Wk7-,(k+2)7’ )

= + Wk‘r,(k—i—Q)‘r

+ Wk'r, (k+2)T

+ Wk'r,(kJrZ)'r

and (using integration by parts)

1 _—0 ) R R
e Y sinh(0s e Y sinh(0s
/ AdYTk*‘rTS - / Adyr(k-i-l)-l-‘rs
0 0

0 6
/T e~? sinh(hs)
0

9 (h(XTk-i-s - X'r(kJrl)s)ds + dW‘rk—i—s - dW'r(kJrl)Jrs)

™ e~?sinh(hs
< /O %h(XTkJrs = Xr(kt1)+s)ds
e~?sinh(6)
T(WT(HU — Wrkt2))
T =0 cosh(h
+ / (Wrkts — Wﬂkﬂ)ﬂ)%s(s)ds
0
™ e~ ?sinh(hs e~ ?sinh(0 T e~ cosh(hs
= / %h(TMvLVkT,(kH)T)dSﬂL T()Wkr,(k+2)r+/ W/w,(k+2)f%d5
0 0
= h(MT + Vk'r,(k+2)'r) + Wk'r,(k+2)7‘ .
- ho 0
O

Proof of Lemma 2.7. We write the proof in the case k = 0. From (2.2), (2.15), we deduce

1
(2.35) Bi(Yo.r,0) = —02h6? (—% + g) A (Yor) + h/ sdYy
0
0%aryo? a B 0%aryo?
2pe2 (L T (2 P —X2(Yo.r L (Yor) | .

+ 03 5 5 6+2 2(Yo.r) + 5 1(Yo:r)

For further use, we also write the formula for A4;(Yp., 0):
' 2,2 B

(236) A1 (Yo:T, 9) =h (1 — S)dYsr + 01h9 g + 5 —a Al(YO:T)

0

92 2 92 2
+ o2ht? <b .t <§ -2y a>) (&(YO:T) + Lo M(YO:T)) 2 (Yo e
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We have to remember here that A;, A2, A3 are functions of yp.,. So we might write A1 (yo.r), - ..

to stress this dependency (and the same goes for other quantities). From Lemmas 2.1, 2.2, we get
(g1, g2 defined below)

1 1
COVQ(Gl,G4)(Y0:T) = / =1 (gl(s) — 9698/ e_‘gugl(u)du) ds
0 s

1 1 u
= / 91(5)69(8—1)d5 _ / e—@ugl(u)/ 0e205=9 Jodu
0 0 0

1 1 620u -1
= / g1(s)e?"Hds */ e g1 (u) < 5 > e du
0 0

= 1 s)e? cosh(fs)ds
(2.37) = [ o coshios)as.
(2.38) Cov®(G1,Gy)(Yriar) = / g2(s)e? cosh(fs)ds ,
0
with

1 1
91(5) =Y — / Y‘rudua 92(5) = YT(s+1) - / Y‘r(u-l—l)dua
0 0

and

(2.30)  Cov(Gs, Ga)(Your) = /01 <<1 + % + 92—2) el — (% + %))

X <gl(s) — e / 1 ef’ugl(u)du> ds

2 2 )
=(1+-+4+—= COV(Gb G4)(YOZT) - / _Sgl(s)ds
0 62 o 0

1 u
Jr/ efeugl(u)/ (25 + 2) e’ dsdu
0 0 0

2 2 1 25
(1 + = 9 + 92> COV(G17G4)(YOZT) 7/ ?gl(s)dS
0
1
2
+/ efeugl(u)%eeudu
0
2 2
_ (1+ 5t 9—) Cov(G1,Ga)(Yo:r)
) ) 2 ! 70u
(2.40) Cov(Gs,Ga)(Yrar) = |1+ 5 0 T 62 Cov(G1, Ga)(Yrar) — 62 galu -
0

From (2.8), (2.17)-(2.29), we deduce (using again [WR15])

70’%}192 <— + ﬂ) )\1(Y0 -,—) = 7}1(29 + O(l))COVQ(Gl, G4)(Y0;‘,—) y

6
2102 (7 0*ayoi o B -
o5hb <2 5 ( 5 + 5 =hO(0) ,
02avyo? 0 1 2 2 B B 6%*yo?
_)\2(5/0:7') + 2 Al(YOH') = Cov (Gla G4)(YO:T) (_; (1 + 5 + 9_2 - a) + Oz_’y + 9 )
1 ! 1
2.41 = ov 1,G4)(Yo.7) X = |+ g1(u)e”""du x - .
4 Cov@(G1, G4)(Y O3 Pudu x O ;
0

So we get
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(2.42)
a f v Bayo? a f 2 ayo?
*U%h92 <€ + 5) )\1(YO:7—)+U§}192 (5 - Tl *g + 5 *)\Q(YO:T) + 9 L )\1 (YO:T)
= —2h(0 + O(1))Cov®(G1, G4) (Yo.r) -
We have
1 1
COVQ(Gl,G4)(Y0:T) = / (YTS —/ Ymdu) e cosh(0s)ds
0 0
1 -0 1 -0
_ (YT _/ Ymdu) e~ Y sinh(0) _/ e~ ? sinh(0s) v
0 0 0 0
1 —0 1 -0
(2.43) _ / sdY.. x e~ ?sinh(6) _/ e Smh(as)de,
0 0 0 0
and so
(2.44)

— 92h(8 + O(1))Cov®(Ghr, Ga) (Your) + h/ol sdY,, = —2h(0 + O(1)) </01 deT5> <2L9 B 62;(9)

1 1 -0 ..
+h/ sdYrs + h(0 + O(1)) x 2/ %211(95)&”
0 0

=h ldeTs <0 (1) —no+o001)) x2 1Mdns
(f s0v=) < () =5

And so, using Lemma 2.8, Equations (2.42), (2.43), (2.44) (as similar formulas of the ones above
are valid if we replace Yy., by Yo.2,), we get

|Bl (YO:‘ra 9) - Bl (YT:Q‘ra 9)|

PN

;(h72M+hTV0727+W072T)+h9( 74+ Vo,2r + Wo,2 )

0

PN

Mhr? + hMVo.or + hWo 27 -

3. DEFINITIONS AND USEFUL NOTIONS

We follow here the ideas of [ORO05].

3.1. Notations. We state here notations and definitions that will be useful throughout the paper.

— The set R, R? are endowed, respectively, with B(R), B(R?), their Borel tribes.

— The set of probability distributions on a measurable space (E, F) and the set of nonnega-
tive measures on (E, F) are denoted by P(E) and M (E) respectively. We write C(E) for
the set of continuous function on a topological space E and C;’ (E) for the set of bounded,
continuous, nonnegative functions on F.

— When applied to measures, ||.. .|| stands for the total variation norm (for u, v probabilities
on a measurable space (F,F), ||n — V| = supaer |1(A) — v(4))]).

— For any nonnegative kernel K on a measurable space F and any p € M™T(E), we set

K,u(dv’):/ p(dv)K (v, dv’).

E
— If we have a sequence of nonnegative kernels Ky, Ko, ... on some measured spaces F1,
E5, ... (meaning that for all ¢ > 1, x € F,_1, K;(z,.) is a nonnegative measure on FE;,

then for all 7+ < j, we define the kernel

KiJrl:j (ZL'Z', d$j) = /

Tiy1€E; 41

.. / Ki+1($i, dzi+1)Ki+2(zi+1, dzi+2) N Kj($j,1,d$j) .
r; 1€EE; 1
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— For any measurable space E and any nonzero u € M™(FE), we define the normalized
nonnegative measure,

1
ST
— For any measurable space EF and any nonnegative kernel K defined on F, we define the
normalized nonnegative nonlinear operator KX on M7 (E), taking values in P(E), and
defined by
- Kp K =
M= mnm ~ e
for any p € M*(E) such that K u(E) # 0, and defined by K (i) = 0 otherwise.
— A kernel K from a measurable space E; into another measurable space Es is said to be

e-mixing (e € (0,1)) if there exists A in MT(E2) and €1, €2 > 0 such that, for all z; in Ej,

1
elA(') S K(zlv ) S G_A()Wlth €1€2 = 62 .
2

This property implies that, for all A, p, K(u)(A) > X(A). If K is Markov, this last
inequality implies that K is (1 — €2)-contracting in total variation (see [DGO1| p. 161-162
for more details):

Vu,v € P(E), |[K(p) — K@) <1~ |u—r|.
— For any measurable space E and any ¢ : E — R (measurable) and y € M1 (E), we set

() = /E b(a)u(d).

If in addition, {(u,1) > 0, we set

P e p(dv) = x h(v)p(dv) .

1
(1, 9)

— For p and ¢/ in M*(E) ((E,F) being a measurable space), we say that u and ' are
comparable if there exist positive constants a and b such that, for all A € F,

ap'(A) < p(A) < bp'(A).
We then define the Hilbert metric between p and p’ by

A
SUP Ae F:p’ (A)>0 %

h(p, p') = log | -
lane]::u’(A)>O %

It is easily seen (see for instance [Oud00], Chapter 2) that, for any nonnegative kernal K
and any A in F,

(3.1) hMKp, Kp') < hip, i),
h(, ') < h(p,u'),
(3.3) exp(—h( i) < 2A < oxp(hlu, 1), i 1(4) > 0.

In addition, we have the following relation with the total variation norm:

— 2
3.4 u—pl| <——nh .
(3.4) 7 —u' < e (b, ")
— We set @ to be the transition of the chain (Xgr, X(141)r)r>0-
— We write « between two quantities if they are equal up to a multiplicative constant.
— For ¢ : R? — R, we write ¢(0,.) for the function such that, for all x in R, (0,.)(x) =

¥(0,x).
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We suppose here that the observation (Y;);>¢ is fixed. For k € N* and z, z € R, we define

(35) ’L/Jk(.’L',Z) = w(yv(kfl)'r:k'raxaz)
(the density v is defined in Lemma 1.3). For 21 € R, 2 € R and n € N*, we introduce the
nonnegative kernel

R, (x1,dxs) = ¥p(x1,22)Q (21, d2) .
Using the above notations, we now have, for all n € N*, and for all probability law 7, (with (7}):>0
defined in Equation (1.3))

Tnr = E”(ﬁ(n—l)‘r) ’ ﬁ;m‘ = E’ﬂ(Trgnfl)'r)
and for 0 < m < n,
Tnr = RnBn_1 .. .Rm(ﬂ(m_l)T) T, =R,R,_ .. .Fm(ﬂszl),r).
3.2. Representation of the optimal filter as the law of a Markov chain. Regardless of
the notations of the other sections, we suppose we have a Markov chain (X,),>0 taking values
in measured spaces Ey, Ep, ..., with nonnegative kernels 7, 95, ... (it might be a non-

homogeneous Markov chain). Suppose we have potentials ¥y : F1 — Ry, Uy : Fy — Ry, ...
(measurable functions with values in R;) and a law 7 on Ey. We are interested in the sequence

of probability measures (n)r>1 , respectively on Ey, Es, ..., defined by
En, ((Xk) H1<i<k Wi (X:))
(3.6) k> 1, Y € CGH(BR), mi(f) = — == :
b Eno(l_hgigk q’z(xz))

where 19 € P(Ep) and the index 19 means we start with X of law 1y . We will say that (7x)k>0
is a Feynman-Kac sequence on (Ej),>0 based on the transitions (Qg)r>1, the potentials (Uy)x>1
and the initial law 79. Suppose we have another law 7, we then set

VE> 1,V e C;'(Ek) , U;c(f) _ Eﬁ{,(‘P(:{k) ngigk Wi (X))

]Eng (ngigk Wi (X))
If the functions ¥} ’s are likelihood associated to observations of a Markov chain with transitions
1, o, ... and initial law 79, then the measures 7 ’s are optimal filters. We fix n > 1. We would

like to express 7, as the marginal law of some Markov process. We will do so using ideas from
[DGO1]. We set, for all k € {1,...,n},

R (z,dx’) = Uy (2")Qp(x, dz’) .

We suppose that, for all k, Ry, is ex-mixing.By a simple recursion, we have, for all n,
(3.7) Torom = T 1.0
We set, for all k € {0,1,...,n— 1},

i) = / . / Ripr(w,drrpr)  [[ Ril@ior,dai).

Tp+1€EK11 Tn€Ey k+2<i<n
If k =n, we set ¥,,,, to be constant equal to 1. For k € {1,2,...,n}, we set
‘Iln\kJrl(wl)
Uy k()

From [DGO1], we get the following result (a simple proof can also be found in [OR05], Proposition
3.1).

Sy, da’) = Rit1(z,dz’).

Proposition 3.1. The operators (&, ;)o<k<n—1 are Markov kernels. For all k € {0,...,n — 1},
Gk 8 €xq1-mizing. We have

T = Gn\n716n\n71 s Gn\O(lI/nlO i 770) )

77':1 = Gn\n—lgn\n—l S Gn\o(‘l’mo b 776) )

and

e = mll < TT (1= €)% [[Wnjo @ 110 — Wajo @ g
1<k<n
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Following the computations of [OR05], p. 434, we have, for all measurable ¥ : R? — Rt

. v
(35) o = ol < 20t (1 L0 =)
For all z in Ey, as Ry is €1-mixing,
\Ifn‘o(.’L') IZEEl ER2:n(23E‘n)g}‘l(madZ)
<7705 \pn\0> fyGEo fZ€E1 Ey“‘2:71(23 En)m (ya d2)770 (dy)
f E 9%2:71(2:5E1n)i/)\1 (dZ) 1
3.9 for some €}, €/, \ywith €} e/ = €2 A =l = .
( ) ( 15 €1 1 11 1) = fzeEl 9{2;n(z,En)€/1/>\l(dZ) 6%

4. TRUNCATED FILTER

We introduce in this section a filter built with truncated likelihoods. We will call it truncated
filter or robust filter, the use of the adjective “robust” refers to the fact that it has stability
properties (it appears in the proof of Proposition 6.3 below).

4.1. Integrals of the potential . We are look here at @(yom x, z) for some z, z in R and a fixed
observation yg., between 0 and 7. All what will be said is also true for observations between k7
and (k + 1)7 (for any k in N). From Equations (2.33), (2.35), (2.36), we see that AY"", BY*" are
polynomials of degree 1 in Ay, ..., A3 and that C; does not depend on yg... We fix x and z in R.
Recall that, by Equation (2.8), Lemmas 2.1 and 2.2, A1, A2, A3 are functions of yo., and that they
can be expressed as polynomials of degree 1 of integrals of deterministic functions against dy,
(this requires some integrations by parts). Under the law P, conditioned to Xy = z, X, = z, we
can write
X = (1—f)x+fz+§s—£§7,
T T T

where (Es)szo is a Brownian motion, independent of W. And we can write
(11) AP —art [ (AW, + f(s)dX.).
0

for some constant «q, and some deterministic functions fi, fo (and the same goes for Bf o),
We set,

4A5Bs 2B

From now on, we suppose the following.

c? \? C
p1,1=(1— ! ) ,p2,1=——1,p2,2=1-
+ 2

Hypothesis 2. We fix a parameter « € (1/2,1). The parameters T, h, A are such that

h h h 1 1 1
4.2 Ay > = ,By>— 01 <=, ——— —6Bap2 107" >0 = <=
(4.2) 22 Bz s g o m 2P2,1 > 7p1,1>27|p2,1|_2
This is possible because of Lemma 2.4 and because this Lemma implies: p2; = O(071),
p1a — lby
0—+o0
Let us set
A, < ]
4.3 K= 2 .
- |4 s
If we take
2 N\ 1/2
C
(4.4) pofma 0| (1w ,
DP2,1 P22 _C
2B
then

(4.5) HZPT|:A2 0 ]P.
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1
P1,1 0
_b2,1 1 .
P1,1

First, we have to rule out the case where A}*” and BY*" are colinear.

We have
pl=

Lemma 4.1. The quantities AY"" and BY*" are not colinear.

Proof. Suppose there exists A € R such that BY*" = AAY*" for A\y-almost all yo.,. We have, for
all ¢ in C; (R), using Lemma 1.3 (remember Equations (2.2), (2.3), (2.9), (2.12), (2.15))

@6) [ Al o 7,2 ()
c([o;7])
r—z|+T a2 N
< M) [ A, D o)
c([0s7])
= 010262M|I72|+T (MJF%) / o(t) eXp(—A2x2 — Byz2? + Chzz + tx + Atz)W'(t)dt,
R
where
W(t) = B (exp(CJYo) [ Ao = 1)
We know the integral over the whole domain is finite (because fc([o 1) ¥(Yo.r, x, z) = 1 and because
of Lemma 1.3). We introduce ¥/ such that
l _ 71 -1 T\w!
W(t) = exp(—7 (¢, )™ (8, ML) )W (2),
and
2 _ 1 —1 T
V(tl,tg) S R y Q(tl,tQ) = exp 4(t1,t2)f€ (t11t2) .

We have, for all ¢,
MIXo-Xi| -2 —p2e AP}
dP|F,
(this can be deduced from the computations above Lemma 1.2). Thus, we have, for all ¢ (the first
equality being a consequence of Lemma 1.3)

< eMIXe—Xo|+24t

/C([ D s0(‘471!0”— >’l/)(y0:7'a xz, Z>>\W(dy0:'r) = EP(SQ(AYU;T”XO - X, = Z)
0;1

P Yo.r\ dP
K <¢<A ) &2

on,XTz)

-

E@<d—g on,XTz)
dP Fr
2
(4.7) (by Equation (4.1)) > ¢ 2MIFs=m(M+) / p(t) QY (t)dt
R

for some Gaussian density Q .
From Equations (4.6), (4.7), we deduce that, for (z, z) fixed, we have for almost all ¢,

672M\zfz\f'r(M+MT2)

(4.8) Q! (t) < eQM'H'”(W#)aw@Q((t, At) — 2(z, 2)R) W) (1) .

In the same way, for (z,z) fixed, we have for almost all ¢,

(49) M () oy 5 M= (M) o4 x) — 2, 2)R) W (1)

The density Qy ,(t) is of the form

1 1
ngt: ex (—ta:chbz 2>,
,() \/W p 20_8( (0 0))
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with og, ag, b independent of (z,z). So, looking at the above inequalities in (x,z) = (0,0), we
see there exists € > 0 and a constant C¢, such that, for almost all ¢ in (—e¢, €),

(4.10) (Cena) e "CMEM) < W (1) < C(0105) 1T MM

For any t, the quantities log(Q; . (t)), log(Q((t, \t) —2(=, z)x) are polynomials in z, 2, of degree
less than 2. Using the above remarks and studying adequate sequences (z, 2n)n>0 (for example,
with z,, — +o00, 2z, remaining in a neighborhood of 0), one can show that the coefficients in

n—-+o0o
2%, 2? and zz in these two polynomials the same. We then have
2 2
a b aobo
—02=A2, 02_32’ > =C1.
204 204 0
By Hypothesis 2, we have
b h
BN 9/ AyBy > = > =
og 8
and C7 < h/8, which is not possible, hence the result. (I

We can now write for any test function ¢ in C;f ([0,7]) (remember Equation (2.16))
(411) /([ ]) @(AZ{UTvBlyOT)J}\(yOT;zaz)AW(dyO'r) -
c([o,7

0'10'2/ (p(tl, tg) exp [7142:62 - 322’2 + 01562 + tl.fC +t22] X \I/(tl, tg)dtldtQ 5
RF

where

\I/(tl, tl) = EP(eXp(CgVO:T”A‘l/VO:T = tl, BYVO:T = t2) .
We know the integral over the whole domain is finite (because fC([O,l]) (Yo, T, 2)Aw (dyo.r) = 1
and because of Lemma 1.3). Let us define ¥y by the formula

1
\I/(tl,tg) = exp (Z(tl,t2>ﬂl(t1,t2)T> \Pl(tl,t2> .

The next result tells us that, somehow, log(¥1(t1,t2)) is negligible before t2 + t3 (when (t1,t2) —
+00).
Lemma 4.2. There exists a constant C{(h,T) (continuous in (h,7)) and € > 0 such that for all

(x,z) and for almost all (t1,t2) in B(2(x,z)k,€) (the ball of center 2(x, z)x and radius €),

1
(412) WGXP (—4M|(E — Z| - T (2M—|— MQ)) < \Ill(tlatQ)
< Ci(h,7)exp (4M|z — z| + T (2M+M2)) .

Proof. We fix (z,z) in R?. Similarly as (4.6), we get, for all ¢ € C;f (R?),

/ (AT, B )Y (yo.r, o, 2) Aw (dyo:r)
c([o,7])
Yo:r  RYo:r 2M|I*Z|+T(M+MTQ) ™
< @(Al 7Bl )6 Zb(yo:r,xvz)/\w(dyw)
c([o,7])
2
— 0'10'262]\/1|I_Z|+T (M""%) / (p(tl’ t2)e—A2I2—B2z2+C1lz+t1m+tzz\I](t1’ tQ)dtldtQ

R2
2M|x—z|+T (MJr%Z)
= 0102€

. ©(t1,t2) exp (—i((tl,tg) —2(z, 2)k)R N ((t1, t2)T — 2k (x, z)T))

X \Ifl(tl, tg)dtldtg .
Similarly as (4.7), we get, for all p,

2
/ (AP BT )y 2, 2)Aw (dyony) < €M7 (M) / (1, 12)Q, (11, o)t it
c(lo,7])

RZ
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672M\z71\7T(M+%2) /

2 (p(tla tQ)Qig,Z(tla tQ)dtldtQ S / @(All}(m- ) B?O:T)w(yo:n Z, Z))\W(dyOT) )

c([o,m)
for some Gaussian density Q/z,z with covariance matrix which does not depend on z, z (see Equation
(4.1)). We then have, a.s. in (¢1,2) (for the Lebesgue measure),

(4.13) Q, .(t1,t2) < 1026 MIE==ET2MAM) 0 (1) 15) — 2z, 2)k) Wy (£, 12) .
Using the lower bound in the inequality in Lemma 1.3, we get in the same way, a.s. in (¢1,t2),
(4.14) Q. (t1,ts) > oyoae” M= CMIM) o1y 1) — (2, 2)k) Ty (1, t2)

So, we deduce from Equation (4.14), that there exists €; > 0 such that, for all (z, z) and for almost
all (t1,t2) in B(2(x, 2)k, €1)

\Ifl(tl,tg) < C{ (T, h)e4M|I*Z|+T(2M+M2) :

for some function C{(7, h) of the parameters 7, h (continuous in (h,7)). One can also see that
Q) , reaches it maximum at (x, z)x’, where &' is fixed in My 2(R) (the set of 2 x 2 matrices with
coefficients in R). From Equation (4.13), we get that there exists ez > 0 such that, for all z, z and
for almost all (¢1,t2) in B((z, 2)x’, €),

O((11,12) — 20, 2)8) > 5. (2 2) Y (oa02) e MIw—=1 = (ME2VE) (o ()

1
X exp <4M }5(:0, 2k (1, -1)T

).

and so, by continuity,
1
Ol(r, ) — 2, 2)m) > 5@, (2, )8 (o10m) e MIT= =T (M2 o ()

1
X exp (—4M ‘5(% )k (1, —-1)T

).

If 5" # 2k, we can find a sequence (x,, 2,) such that z2 + 22 — +oo and
n—-+oo

log(Q((zn, 2n)K" — 2(Tn, 2n)K)) = *(xi + Z?z) )

whereas

2 1
108 Q4 (.20 Yor) e Mo =on ) oy (g | o2yt 1, 1)

))

t _|-Tn - an 9
which is not possible. So k' = 2k.
So, we get from Equation (4.13) that there exists e3 > 0 such that for all z, z, and for almost
all (t1,t2) in B(2(z, 2)k, €3),
674M\zfz\f'r(2M+M2)
Ci(h, )
(with, possibly, a new Cf(h,T)). O

Lemma 4.3. If we have a set A = {yo.r € C([0;7]) : (A¥Y",BY*") € B} for some subset B of R,
then

Uy (ty,t2) >

/ {p\(yo:‘r; xz, Z))‘W(dyo:r) < 0’10'20{ (h, T)
A

/ o
X exp{ ———
(t2,t2)EB 4

371
_% (|f2 — 2Bg(p2,1.’L' + Z)| — 4M)3_}

o p2ate
P11 P11

1
—AM|— + P21

— 2A2p1,1$
P11 P11

),
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x exp (|[16M2(1, —1)s ™' (1, —1)"| + 7 (2M + M?) + 8M |z — z|) dt,dts,

and

/ {p\(yO:‘r; xz, Z))‘W(dyo:r) > 0’10'201 (h, T)
A

J +(
X exp{ ———
(ta2,t2)EB 4

By!

;

x exp (— |16M3(1, -1~ (1,=1)"| — 7 (2M + M?) — 8M |z — 2|) dt1dts .

i p2ats
P11 P11

1
L P
P11 P11

— 2A2p1711' + 4M

(Jt2 — 2By(pa1x + 2)| + 4M)2}

Proof. We have
/ O (Yor, T, 2)Aw (dyo.r)
A
1
= 0102/ exp (—(m, 2)k(z, z)T +tix + tgz) exp <_Z(t1’ tg)gfl(tl, t2)T> Uy (t1, ta)dt1dts
B
1
= 0102/ exp (—Z[(tl,tg)T —2k(z, 2) 11T kT (t1, ta) T — 25 (x, z)T])
B
1
x Uy (2/£§I€_1(t1,t2)T) dt1dts
(by Lemma 4.2)

1

< 0102/ exp (—Z[(tl,tg)T — 2k(x, z)T]Tﬁ_l[(tl,tg)T — 2k(x, z)T])
B

x Cy(h,7)exp (AM x |(1,=1)r™"(t1,t2)"| + 7 (2M + M?)) dt1dts,

and we can bound by below by

1 _
0102/ exp (Z[(tl’ to) — 2k(x, z)]Tn 1[(t1,t2) — 2k(x, z)])
B
1 _
X m exp (—4M X |(1, —1)1“6 1(t1,t2)T| — T (2M + M2)) dtldtQ,
For (t1,t2) € R2, we have, for any § € {—1,1}

exp (i[(tl,tz)T = 2(2, 2) ] R (tr, t2)" — 26(x, 2) ]+ 40M x (1, 1)“_1(t17t2)T>

e

= exp (—[(tl, to)T = 2k(z,2)T —8M (1, =) 1T k=Y (t1, t2)T — 2k(x, 2)T — 85M (1, —1)7]

+16M3(1, —1)k~ (1, —1)" + 85M (z, 2)(1, —1)T)
—oxp (P T -2 | @ 5| Pl - ssa(eTL )T
4 0 By
A2_1 0 _INT T Ay O T —1\T T
| | -2 | R D] P - sav T -1
x exp(16 M2 (1, 1)k~ (1, 1) + 86 M (z, 2)(1, —1)T) .
From there, we get the result. (I

4.2. Truncation. In the following, the parameter A > 0 is to be understood as a truncation level.
For k >0 and A > 0, we set (for all b)

(415) C]H_l(A,b) = {Z . |232(1 —|—p271)z — b| S A}
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(which indeed does not depend on k),
Crr1(A) = Crr (A, B*0T)

and

(4.16) M1 (b) b

T 2By(1+p2y)
(which indeed does not depend on k) and

Yir:(k+1)
Mp1 =M1 (B 7).

We suppose that mg is a point in the support of my (the law of X) and we set
A A
[mo " 2By(1+pay)’ Mo+ 2Bs(1+p21)
From Hypothesis 2 and Lemma 2.7, we see that there exists a universal constant C' such that
C(M7? +V—oyrir + Wi—2yrir) ik >2,
|mo| + C(MT7% + Vo2 + Wo.2r) ifk=1.

For the simplicity of the proofs, we add here an assumption. We set

(4.18) d(A)

and

Co(A) =

(4.17) [my — mp—1] < {

= — 6B 01 A —AM
1 + pas 2P2,1 ,

1—. 2
ovren (-3 (52))
01—+A

14
+ (M% + \//TQ) C1(h,T)o102p1,1
1,1

(4.19) T(A) =

Boeb3Mr+ 9TM 1 640M3
exp
( 4By

d(A)
Hypothesis 3. We suppose that mg is chosen such that
m(Co(A)%) 2 T(A),
for A bigger than some Ay > 0. We assume A > Ay.
We define, for all k > 1,  and 2’ in R (recall that v, is defined in Equation 3.5)

(4.20) Ui (z, ') = iz, 2") 1o, (a) (@)
(421) Dk = |mk — mk,1| y
and for D > 0,
(4.22)
2
A
1 (D + Bz (1+p2 1)) A T 7_2
D,A) = . : M(D+—2 ) (24T M
G0 A= e 2r eXp( ( +Bz(1+p2,1)> <z+ 2) >
(4.23)
2
A
N 1 ((D - —Bz(1+10_2,1))+) (M (D A > TM>
A) = - b )+ M),
2 V2T P 2t P By(1+p21) 2
and,
Vi (z,2")Q(z, da’) if z € Cr_1(A),

ka(ac, )1 (Dy, A)dx'  if & ¢ Cr_1(A).

—Ld(A)Q) .

23
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We define (5'),>0 by the following

& = mo
{wkﬁ —R:Re ... R (m) forallk>1.
The next lemma tells us that the measures 7, are concentrated on the compacts Cj(A).
Lemma 4.4. If
(4.25) 01 7*A > 3|lmg| + 3CM7?, d(A) > 0,
then have, for all k > 0,
E(rir (Cr(A)8) 2 T(A).

Proof. We suppose k > 1. For a measure p in MT(R), we define

@u(dz,d:c’) = pu(dr)Q(z,dz’) , Vo, 2" € R,
(recNaH @ has been defined as a Markov kernel on R?, so the above is an extension of the definition
of Q). We have

T (Ch (D)) X Ly (<10 =

wk(l‘ax/) ~
| S804 /< yer? (Qmr_1,Ur) Lo, (aye (@) (Lo, 2a) (@) +e, _, 2a)0(2))Qmr—1 (dz, da’) .
z,x’ -1

and (using the same computations as in [LO03], proof of Proposition 5.3, [Oud00], p. 66)
(4.26)
e(x, o’ ~
E 1|mrmk71\SA0H/ Yelmr) Loyaye (@)oo (@) Q-1 (dz, d2')| Yo.k—1)r
R2 <Q7Tk—1a 1/%)

w y,-T,-T/ A
= / c(o,]) 1|m1€(Bf)*mk71\SA91*L (/]R? ﬁlck(A,B%’)c(x/)lck1(2A)(‘T)Q7Tk—1(d$adx/)
ye 5T k—1, Yk

X </ Qvﬂ.k—l(ua dul)w(ya u, ul)> )‘W(dy)
(u,u’)ER?

(by Fubini’s theorem)

= / 1|mk(33),mk71‘SA91ﬂ/ z/J(y,:I:,x')lck(A,Bg)c(x’)lckfl(gA)(x)Qvﬂ'k_l(dm,dm'))\w(dy)
y€C([0,1]) R2
(using Lemma 1.3 and Lemma 4.3)

7 2 2 _ —1¢1 _1\T
§0'10'2Oi(ha7')/ / pLOM |z —a'|+7(4AM+2M?)+16 M [1,-1)s"(1,-1)7|
(w,2")ER? J(t1,t2)ER? : [myp (t2) —mp—1|<AHI—
2

+ Xe

X 1ck(A,tz)B(m')lck,l(m)(m)dtldtQQvﬁk_l(dw,dw,)_
VYr(z,2') - /
E / — g o)1 ¢ (2)Qmp—1(dx, dz’)| Yo.(e_1)r
( R2 <Q7Tk_1’wk> Ci(A) Cr-1(24) ( )

:/ c(o) Jre 1/’(%$a$/)1ck(A,B§')G(xl)lck,l(m)ﬂ(x)éjﬂk—l(dxadm,))\W(d?J)
yec([o,

1 tq P2,1t2 24 | 1+p21 |)
~a (]t _p2atz o|—am
1A, ( P11 P11 2P1,1 P11

X e *ﬁ(|t272B2(p2,1x+z’)|—4M>i

By a similar computation, we get

= / Loy oy ()@ (da, da’) < i1 (C1(24)°).
R2

For z € Cr_1(2A), ' € Crp(A, 1)L,



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 25

(427) |1f2 — QBg(pQ,lm + $/)|

to P21

= |—2B2’ +
2 p21+1  pa1+1

tog — 2Bapo 1

= T4 o — 2Bspo 1|my(te) — mg—1| — 2Baps 1|mi—1 — x|

o 1—¢ : o < 1—¢ .
Z T 6B2p2,10" A, if [my(tz) — mp—1| <O TA
So

E(m (Cr(A)8)) < P(jmy, — mu—1] > 017 A) + E(my_y (Cr_1(24)°))

+ 0102C) (b, T /

") eR? /(n t2)ER? : [ta—2B2(p2,1z+a’)[> 76A01 *Bapa,1

1+
e10M|z—a |+7(AM+2M?)+16 M2 |(1,-1)r " (1,—1)7 |

t 1 2
- 4/1§2 ( Ptlll - 92,1112 72A2p1,1m|74M‘ ;f?l |)
X e s s s +

X €*4é2(|t2 232(p2 1eta’ | 4M>+dt1dt2Q7Tk 1(d.’L‘ d(E )

We have, for all z > 0,

P(Voor >2) = P( sup Vi— inf Vi>uz)
s€[0,27] s€[0,27]
< P( sup Vi>z/2)+P(— inf Vs>ax/2)
s€[0,27] s€[0,27]

= 4P(Var > 2/2)
And so, we can bound (for all x)

(428) IED(V(lc72)+7',k7' > :E) < 2P(2|W27| > ‘T)’

(429) IED()/\}(1672)+'r,k'r > :E) < 2p(2|W27-| > (E) .
So (with the constant C' defined in Equation (4.17)), using the inequality
t2 22
+00 exp (_F) o exp (_W)
4.30 Vz>0, dt < ,
( ) z V2mwo? o zV/ 27

and using Equation (4.17), as 017*A > 3|mg| + 3CM 72, we get

1— 91 LA
P(|mk—mk_1|29 A) < 4P 2><|W2.,.|> e,

911 A
AP (| > =2
(' 1|_6C\/27)

(4.31) < wovr oL < 0 tA )2
' - 0 LA\/_ 2 \6CV2r '
For all z, 2/, we have

(4.32) /
(tl,tQ)eRZ : |t272B2(p2,1I+:E’)

1 (|t _p2af2 ﬂ
IA, <|P1,1 P1,1 —2A2p1, 195‘ 4]M|

|>1yp5 7 —6A01=Bap2 1

+

1
x€—432(|t2 2Bs(p212+a’)|—4M) +dt Ldts
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26
/

(change of variables : ( t} ) —(P~HT ( tq ))
t, t

14+
/ I (|1 —242p1,10]— 4M|ﬁ‘)
(t],th)ER? : |t, —2Ba(p2, 12+’ )|> T3, —6A01—tBapa 1

+

v e—ﬁ(h —2Bs(pa,1z+a’)|—4M)

Jrpl 1dt dt2
(by (430)) < <

1
garlttpaal | 2\/7TA2>

P11

4Bs 1
———d(A)? .
A eXp< 3, >p“

We have, by Lemma 1.2 and Hypothesis 2

(4_33) / 2 610M|z—z/\+T(4M+2M2)+16MZ(1,—1);{1(1,—1)T@mC 1(dx dac)
(z,z")ER

1 (x —a')? (9 >
< exp | ————— +11M|z —2/|+ 7 ( =M +2M? ) + 640M? ) da'm_1 (dz
= /(I’z/)E]R2 = p ( or | | 9 k—1(dz)

121
< 2exp <7M27 +7 (gM + 2M2> + 640M2> .
So we have

E(mk (Cr(A)) < E(mi—1(Cr1(24)F)) + _48CYT_ <_1 ( 01 A ) )

ex
NV 6021
14 — 8B
+ <8M|p¢71|+2 7TA2) C{(h,’r)alagpll 2
1,1

Hd(a)

1 9
X exp (—4—B2d(A)2 + 63M31 + 5TM + 640M2) .

48C/T 1 /211 A\
— = €X — =
sigi—Avm P\ 72 sovar
B 68M> 7427 M+640M?
<8M| ;p21| +2\/7rA2) (h,T)o109p1, 18 2¢ i
1,1

Then, by recurrence,

k—1

E(mr(Ce(A)®)) < E(mo(Co(28A)%) + >

=0

1 i A\2
We have
1 n 1 n 1 n < 1 n 1 n 1
d(A) ~ d(2A)  d(4A) — d(A)  d(A) d(A) + 2A (1+p 4B2p211917L)
1
+ +..
d(A) + 4A (1+p 432p2,191—b)
2 " 1 < 3
- d(A) A (m 4Byps, 01— L) - d(A) '
So

96C\/T 1/ 7mAN
E(m(Ce(A)%)) < Blmo(Co(2"A)") + =g = ex (— (60 ﬂ_) )

1
+ (8M| + p2,1| + 2\/7T—AQ) (h,7)o102p1, 1832663M27—+%TM+6401V12
P11
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X % exp <4L32d(A)2)
O

Corollary 4.5. We suppose that , € P(R) is such that my and © are comparable. We suppose
that (m})i>0 is defined by Equation (1.3). Under the assumption of the previous Lemma, we have,
for allk >0,
E(rh, (Cr(A)F) < T(A)e2h(momo)
Proof. By Equations (3.1), (3.2), we have, for all k,
(4.34) h(Thrs Tier ) < h(7, 7o) -
So, by Equation (3.3),
E ("o )y (Cr(A)F))
T o)

E(m;.- (Ci(A)°)

A IA

O
T he next result tells us that R and EkA (k > 1) are close in some sense (recall that mg, =
Ri(m(k—1)7))

Proposition 4.6. We suppose that A satisfies the assumption of the previous Lemma (Equation
(4.25)). We suppose that (7}, )n>0 satisfies the assumptions of the above Corollary. For all k > 1,
we have N

E(|[mhr = R (n(g_1y-)l) 2 T(A)eMTom).

Proof. We define measures on RZ: N
H= Qﬂ-gkfl)q- ’

' (dz,dz’) = 1o, (a) (@ )Q(Le, _y (a)T(j—1), ) (dz, dz’)
+ T 1)e (Com1 (A))E1 (D, A) Ly () (2 dada’
where (by a slight abuse of notation)

Qe (a)T(h—1))(dz, dz") = 1¢, () (@)1, (d2)Q(z, da’) .

By the definition of R® (Equation (4.24)) and computing as in [ORO05], p.433 (or as in [Oud00],
p.66), we get

—A
17r — Ry, (o))l = [0k @ o — i o 1t
. . ’L/Jk(l',x/) nNA ’ ’

using Equation (3.8)) < 2/ — = x1 e(2)Q(lo, (A T(h_1y,)(dz, dz")

( (3.8)) e (O on) (Lo a)e(@)Q(e, i (a)T(r—1)-)(
+@(1ck71(A)Cﬂ-Ek71)T)(d$)d‘rl)
717 (o1 (D)) (D, D)Ly a) (@) drda')

We have, by Lemma 1.3,

T/Jk SC,SC/ ~
E (1[0,01LA](|mk - mk71|)/]R ﬁ X 1oy a8 (@)Q(Le, (A1) ) (dw, dz’)
2 k—1> Yk

YO:(k—l)‘r)

; Yk—2)r:(k—1)r
- / Lo.91-+ ) ([ (BYT) — my_y (BY-2m0-07)))
yo:~€C([0,7])

’l/)(yOCT)Z"z/) N~ / ’
<[ = Loy a0 (#)0(Loy(ayTho1ye) (de, da)
w2 (Qrl_ 1 0(Yorr, ) CHAPT) AT

X (/ @ﬂ-(kfl)r(dua dul)w(yo:n u, ’U/)) )‘W (dyO:T)
R2



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 28
(using Equations (3.3), (4.34))

o : Yk—2)r:i(k—1)r
< th(ﬂ'o,ﬂ'o)/ 1[0,917LA](|mk(BZfO‘T) _mk—l(Bl(k 2)7:(k—1) )
yo:+€C([0,7])

001y 10 Vo) ()@ (! D ()
(using (4.26), (4.27), (4.32), (4.33) and the fact that Cr_1(A) C Cr_1(2A))
< T(A)e2Mmomo)
We have

Y (x,2") ~ / ,
. B o 2@ da.d
(/ Ty Qe i, ) d,d)

/ ¢(yoT,$ ) e, () () Qg1 (d, da’ ) Aw (dyor) = (1), (Cro1(A)E)
yo:+ €C([0,7])

YO:(kl)'r)

/ o) w(yO:T,SU,w/)ﬂék_m(Ck—l(A)c)&(Dka A)le,(a,py (@) drds’ \w (dyo.r)
Yyo:+ €C(|0,7

YVO:(kfl)'r =

X FEk_l)T(Ck—l(A)C)El (Dr, A)lg, (a,py) (") dxda’!

/\

/Rz Qﬂk 1,1/%

< Tty (Cro1(A)F).
So, using (4.31) and Corollary 4.5, we get the result. O

5. NEW FORMULA FOR THE OPTIMAL FILTER

We have reduced the problem to a discrete-time problem. For all n, 7,, is the marginal of a
Feynman-Kac sequence based on the transition @ and the potentials (¢ )r>1. We wish to apply the
same method as [OR05]. We restrict the state space to the compacts (Ck(A))k>0. But, even when
restricted to compacts, @ cannot be mixing, so we cannot apply [OR05] directly. The purpose of
this Section is to find another representation of the sequence (7, )n>0 as a Feynman-Kac sequence,
in such a way that the underlying Markov operators would be mixing, when restricted to compacts.
Looking at Equation (3.6), we see that a Feynman-Kac sequence is a result of the deformation of a
measure on trajectories (we weight the trajectories with potentials (15 )r>1). The main idea of the
following is to incorporate the deformations delicately (in two steps), in order to retain something
of the mixing property of the operator @ (which is mixing when restricted to compacts).

In this Section, we work with a fixed observation (Y5)s>0 = (¥s)s>0-

5.1. Filter based on partial information. We define, for all z = (21, 2), 2’ = (2, z}) in R?
kin N* nin N*, n > k,

_ N2 ’ ;
(51) for k > 2, RkA(ZC,d.’L'/) _ ]-Ck,l(A) (SC/)Q (:C,dl' ) / if €2 G'Ck72(A)7
e, I(A)(x Y2 ()€1 (Dg—1, A)dx otherwise |,

R RS . ..]?EQA,C_i_Q(x,RQ) ifk<n-1,

(5.2) Yinjon(2) = {1 if k=n

(so w2An|2k () does not depend on z(1)),

wzmzw&@) A , .
7R ,d fk/, < _ 1 ,
SQAn‘%(z, dx') = V2 12k (@) 2k+2($ ) ifk<n

dz’ ifk=n-—1.
These notations come from [DGO01]. As @ has a density with respect to the Lebesgue measure on R,

so has 52n|2k (with respect to the Lebesgue measure on R?). We write (z,2') € E? — SinQk(ac, x')
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for this density. We fix n in N* in the rest of this subsection. We define SQAH’SIZ, 7,/);‘71"(5,2, for

0 < k < n, with the same formulas used above to define SQAH 2% wQAn 2k except we replace Q/J?n by
1. For all D > 0, we set (recall the definitions of &1, & in (4.22), (4.23))

51 (Da A)
5.3 e(D,A) = —"—7=,
(5:3) (D, 4) &(D,A)
and, for all k,
€ — E(Dk, A) .
Lemma 5.1. Fork<n-—1, S2An|2k is a Markov operator and S2An\2k s (1 —e§k+1)—contracting for
A, (p) A,(p)

the total variation norm, S. is a Markov operator and S

o2k is (1 — €3, ,1)-contracting for the

2n|2k
total variation norm

Proof. We write the proof only for the kernels S2, it would be very similar for the kernels S __A_*(p).
By Proposition 3.1, S2An‘2k is a Markov operator. We set, for all £ > 1, 1, x5 in R,
)\k (dl‘l,dl‘g) = 1C;€,1(A)($1)1C;¢(A) (.Tg)’t/]k(l'l, .Tg)d.%‘ldl'g .

By Lemma 1.2, we have, for all 1, @9, 21, 20 in R, & > 2 (we use here the second line of Equation

(5.1))

(5.4) &1 (Di—1, A) A (dz1,dz2) < Eﬁ(ml,xg, dz1,dze) < & (Dg—1,A)Ai(dz1,dz2) .

So EkA is \/€x—1-mixing. So, for all z in R2, all k such that 0 < k < n — 1 (the convention being
that, if k =n — 1, (RS, ... Ry}, ,)(y, dz) = 6,(d2))

o) = / (B R )00 By,
2>< 2

IN

/}R2 . (§2An . -E2Ak+4)(ya dz)§2(D2k+1, A))\2k+2(dy) )
X

and, for 2’ in R?, N

RS}, o (2, da’) > &1(Dakyr, A)Agkr2(da’)
SO
S &(Do1, ) Eﬁjz;:zn(x’vRQ)/\szrz(dz’) _
T D241 8) oo RE L (4, R) Ak (dy)
In the same way as above, we can also obtain
< &2(Dagy1,A) o §2k~+4:2n (', R?) Aoppo(da’) .
" &(D2+1,8) [0, Rokyaion (Y, R2) Aager2(dy)

This implies that S2An‘2k is (1 — €3, ,)-contracting for the total variation norm (see Subsection

(5.5) S;‘nl%(x,da}')

(5.6) Sonjox (€, da’)

3.1). One can also use Proposition 3.1 to prove this result. We did it this way because we will
re-use Equations (5.5), (5.6). O

We set Zj to be of the form Zy = (0, Z(SQ))7 with ZSQ) a random variable. We set (Zag)o<k<n t0
be a non-homogeneous Markov chain with kernels S2An‘0, SQAle, cee S2An|2n_2 (for kin {1,2,...,n},

the law of Z5, knowing Zog_o is SQAn‘%_Q(ZQk,Q, .)). For Zsi being a element of this chain, we
denote by Z2(,1€) and Zéi) its first and second component respectively. Recalling Proposition 3.1 (or
Proposition 3.1, p. 428 in [OR05], or similar results in [DGO1]), if the law of Z; is chosen properly,
then ZQ(Z) has the same law as X», knowing Y7.2-, ..., Y(2,_1)r:2ns, henceforth the title of this
Subsection.

Remark 5.2. We have that, for all £ > 1, Zéi) takes values in Cay(A) and Zéi) takes values in
Cor—1(A).

We set (Zéz))OSkSn to be a non-homogeneous Markov chain with Zép ) — Zo and with kernel
SA»(P) SAv(P) SAv(P)

2n]0 » P2n|2 2 "0 P2pl2n—2
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5.2. New Markov chains. We set Us11 = (ZQ(?, Zé?w) for k € {0,1,...,n— 1} and U2(711)+1 =
7. We set UP) | = (ZQ(Z)(Q), ZPWOY for k€ {0,1,2,...,n— 1}.

2k+1 2k+2
Lemma 5.3. The sequence (Uy,Us,...,Usp_1, Ué}l)ﬂ) 18 a non-homogeneous Markov chain. The
sequence (Ul(p), Uép), ce Uéilg, Uéz)g)) s a non-homogeneous Markov chain.

If ZéQ) is of law g, then the law of U; is given by, for all (z,2’) in R?,

(5.7) P(Us € (dzd2)) = [ S5p((0.2), (' dop(d).
x€R
We write S2Unl2k+1 for the transition kernel between Usg—1 and Usgy1 (for k =1,2,...,n—1)
and SQUnan for the transition between Us,_1 and U2(711)+1' We write S;Z)lgkﬂ for the transition
kernel between U2(Z)|2k—1 and U2(Z)\2k+1 (for k=1,2,...,n—1)

Proof. We write the proof ounly for (Uy,Us,...,Usp—1, UQ(Tll)H)7 it would be very similar for the

sequence (Ul(p), Uép), ce Uéz)_l). Let ¢ be a test function (in C; (R?)). For k € {1,...,n — 1}, we

have (for 282), zél), ,zé? in R)

2) (1 2 1
E(p(Uan 1)U = (267, 287), . U1 = (2855 5, 24))) =
2 1 2 2 2 2 1 1
E(@(Zék)a Zék)+2)|Z(() )= Zc() )a cees Zék)—2 = Zék)—2vz2(k) = Zék)) =
2 1 2 2 1 1
E(<P(Z2(k)v Z2(k)+2)|Z2(k)—2 = Zék)—w Zék) = Zék))v

as SQAn\Qk72(Z§}c)72’ zéi)d, .,.) does not depend on zé}c)d So the quantity above is equal to, for any
PSS CQk—l(A)7

2 1 2
/ap( @ 0 S2An\2k—2((z7zék)—2)7(Zék)’zék)))

2ok 2 *2k+2 b 1
Je 52%1\216—2(('2’ zék)72)’ (Zék)’ z'))dz’!

1) (2 1 2 2 2) , (1
X (/R S?n|2k((’z£k)’ Zék))’ (Zék)-i-Q’ Zék)-i-Q)dzék)-M) dz;k)dzék)-m :

A similar computation can be made for E(@(UQ(;)H)|U1, o Usp—1). O
We set, for all k,

1 A i A
59 0.8~ -3 (i +2) Bt (i +2)
(5.8) € ) P P2P2a By(1+p21) P Bs(1+pay)

‘QM(Bx%m”)”(WMTQﬂ’

ey, = € (|mar — mag—_1], A).

Proposition 5.4. For anyk =1,2,...,n, the Markov kernel Sgn|2k+1 is (€2, (€h;,)?)-contracting.
For any k=1,2,...,n— 1, the Markov kernel Séz)‘gkﬂ is is (e3;,_, (€hy.)?)-contracting.
Before going into the proof of the above Proposition, we need the following technical results.

We are interested in the bounds appearing in Lemma 4.3. We suppose that t1, t2, x, z in R are
fixed. To simplify the computations, we introduce the following notations:

(&)= (i)

_ 2M(|1 + p2,a)
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Lemma 5.5. Suppose that, for some D > 0,
|SC - Z| < D7

|2Ba(p12 + 1)z — 15| <A
then

1
exp (—E(té —2Bs(p2,1 + 1)2)2 - B2P§,1D2 - P2,1DA)
1
< exp (E(té - 232(]72,1:0 + Z>>2)

1
S exp <4—BQ(t/2 — 232(])271 + 1)2)2 +p211DA> .

Proof. We have
exp —L(té — 232(p2 1T + Z))2
4Bs ’
1
= exp <E(t/2 — QBQ(pQJ =+ 1)2) =+ 2B2p271(2’ - ZL'>>2>
2
1
<exp (E(té —2Bs(p21 4+ 1)2)* — Baps 1 (2 — 2)* + [pa.1(z — @)| X [t5 — 2Ba(pay + 1)Z|>
2
1
<exp ( (ty — 2Ba(pa,1 +1)2)° +P271DA)

T4B,

and

1
exp (—E(té — 2Bg(p2,1l' + Z))2)

1
> exp (—4—32% — 2By (p21 + 1)2)? — Bop3 (2 — 2)* = [p2,1(2 — )| X |th — 2B (p21 + 1)Z|>
1
> exp (E(té —2Bs(pa1 +1)2)% — B2p§71D2 pgleA)
2
O

Proof of Proposition 5.4. We write the proof in the case k € {1,2,...,n—1} and for S2Unl2k+1 (the
other cases being very similar). Let ¢ be a test function (in C;"(R)). By Remark 5.2, we have that
(2)

Uéill takes its values in Cqi_1(A). We write, for any z2i72 € R, zé? € Cak—1(A), z € R (like in

the proof of Lemma 5.3)

(5.9) E(p(Uah1)[Uzko1 = (25 5, 25))) =

2 1 2
@) (1) S§z|2k—2((z’zék)—2)’(Zék)vzék)))
P(zgy 2k+2>

Jr S?npk—z((za Zéilz)a (Zéi)a 2'))dz'

A 1 2 1 2 2 2 1
(] S 5 50 52, ) et >

(by Equations (5.5), (5.6))

= 1) (2 2 1) (2
/(p( (2) (1) )é RQAn:2k+2((Z£k)’Zék)>’RQ)]'C%(A)(Zék))¢2k(zék)7Zék))
]RZ

Rok s Fok+2)€2k—1 =~ 1 1
Jo RS oo (250, 2), R2) 10, ) (2" ok (253, 2") 2!

1 2 1 2 2 2 1
([ S5 B )80 ) e
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From Lemma 1.3, we get, for all zo; such that zéi) € Co(A), using the same kind of computation
as in the proof of Lemma 4.3,

2
) —2M|25) =2 |- (M+242)

Vor(28y), 247)) = o1z

Xexp (7142(2% )2 . BQ(Zéi.))Q + Clzék)zéi) T A?(Zk—l)r:(Zk)r Zé? T Bf(Zk‘—l)T:(Zk)Tzéi) 4 Cg(Qk—l)r:(Zk)r)

. . 2
Coum ‘z(l)—z(z)l—‘r<1\/1+ﬁ) 1 A?(Zkfl)r.@k)r P2 1311/(%71)7—.(%)7— (1)
= g109€ 2k T2k 2/ xexp |—— — — — 2A2p1,122k
44, D11 P11
1 y 2
(2k—1)7:(2k)T (1) (2) Y(2k—1)7:(2k)T
15 (B1 — 2By(panzly) +27)) + C
1
(2k—1)7:(2k) Y(2k—1)7:(2k) —1 Y(@2k—1)7:(2k) Yek—-1)r:(2k)r\T
+- (A7 T By TEET)RTH(AY TR By T
oMV - (Z)H_C’J(Zk 1)7:(2k) T —T(]\/I-‘rﬁ)
> (by Lemma 5.5) oy02e ok T2k X e 2
Y2k—1)r:(2k)T Y(2k—1)7:(2k)T 2
1 (A} P21 B (1)
X exp | —— - — 2A2p1 129
4A ’
2 P11 P11
1 y
(2k—1)7:(2k)T (2) 2 (1) (2)y2 (2)
T 1B, (Bl —2Bs(p2,1 + 1)2y, ) - B2p2,1(22k — 2ok )? — Aps, 1|Z2k — 2oy, |
1y
(2k—1)7:(2k)T Y(2k—1)1:(2k)T —1 Y@2k—1)7:(2k)T Y@rk—1)r:(2k)T\T
+- (43 , By )R (A , By -
We set

Y(2k—1)7:(2k) 7 Y(2k—1)7:(2k2) T 2
My 1 (A1 p2,1By )
) =exp | — — — 24112 ,
2. (7) ( 44, P11 1,1

1 : 2
éi) (x) — exp (_E (Blll(2k—l)r(2k)ﬂ- - 232(])271 4 1)1.) )
2

In the same way as above:
bon (), 22) < o g2 M1 R (M ) o (Zk)Ti/fé? (D) (D)

X exp (Ap21|22k *Zéi”* (szk 1)7i(2k)T szk 1)7: (2k>r> 1(A?l/<2k1>r:<zk>r731y<2k1>T:<2k~>r>T> _

Looking back at (5.9), we get

E(p(Uzs1)| Uz = (25, 25)) =

> 1) (2 2), (2
o a2 R oo (= ”) b (251)
f]R R2An 2k+2((z§k), ), R?)1g,, A)( )%k (z)dz'
1 2 2 1
(SR8, 8 2 oD ) el
As RQn;2k+2((Z§}C),ZI), .) and Sﬁluk((zzé?,z ),.) do not depend on zé? for any 2/, we get that
S2Un‘2k+1 is (1 — €3, (eh;.)?)-contracting (remember Section 3.1).

2 1
/]R2 @(zék), Zék)-kQ)e%kfl(eék

O

5.3. New representation.

Proposition 5.6. Let n > 1. If we suppose that Z(g?) s of law 1/)2An|0(0, .) e w, then, for all test
function ¢ (in C; (R)),

E(o(Us) ) Thcicn ¥5-1(U2ic1)) =8 —a .
E(ngign 1/}§—1(U2i71)) - (RQ”R%*l Iy (M)) () -

(5.10)
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(2) A.() : O+
If we suppose that Zy™ is of law 1/)2n|0 (0,.) ® 1, then, for all test function ¢ (in C;"(R)),

( (U2n )H1<z<n 1/121 1( 21 1))
Eicicn V81 (U311))
Remark 5.7. Recall that we are working with a fixed observation (Ys)s>0 = (ys)s>0. The above

—A—=A —A
Proposition tells that, for all n, R,, R,,_; ... R (1) can be written as the n-th term of a Feynman-
Kac sequence based on mixing kernels (by Proposition 5.4). We can apply Proposition 3.1 to
this Feynman-Kac sequence. This representation and this result are also true for a measure

(5.11) = (Bon iRz B () ().

Eﬁﬁﬁ_l . .RkA(n) for any k£ < n, n probability measure on R.
Proof. We write the proof only for Equation (5.10). The computation leading to Equation (5.11)
would be very similar. It would simplify nicely because we replace z/;fn by 1 in the definition of
A A
We have, for any test function ¢ (in C;f (R)),

E(‘P(Uéaﬂ) H Y5 _1(Uzic1)) =

1<i<n

/R o #) TT [SfhnCeans sas)ifhn (2, 20)| 0100(0..) ¢ ) (A0} i =
X 2\n

0<k<n—1

A
(2) H w?n\2k+2(22k+2) ~A @

PiZ2n —a o P 2ok, dzog+2) Zog ) 2 )
/]RX(]Rz)n ( 2 )nggn—1 l 1/,2An‘2k(22k) 2k+2( + ) 2k+1( 2k 7 “2k+2

X (¢2An|0(0, Jep)(dz)dza . .. dzoy =

) =A A @ () 1 _
©(2s,)) [R (22K, dzok42)V (257, 2 )| ————u(dz0)dzs .. . dzay, =
/RX(]RZ)" 2 OSILIT;71 2k+2 + 2k+1\~2k 2k+2 ,u(l/}?n‘o(o ))
2 1 (2 2 ~
/ Sﬁ(zén)) H {¢§k+2 (Zék).mv ZQk)+2)7/}2k+1 (Zék)v Zék).m)QQ (z2k, dZQkJrQ)}
Rx (R?)" 0<k<n-—1
1
X ———————u(dzp)dzs ... dzay ,
C M (US))
which proves the desired result (recall Equation (3.7)). O

6. STABILITY RESULTS

In this section, the observations are non longer fixed.

6.1. Stability of the truncated filter. We show here that a product of coefficients 7. decays
geometrically in expectation (see the Lemma below). These coefficients are the contraction coef-
ficients of the operators SV, SU:(P) which are related to the truncated filter through Proposition
5.6. This is why we say that the result below means the stability of the truncated filter.

We set, for all t in R, k£ > 1,

T(t, A) =1 — (¢'(t, A)e(t, A))?,

e =1— (eher_1).
_ 96CVT 1 L \°
=" e ( <60\/§) ) '

(6.1) L > 3my 4+ 3CM7? and a(L) <

We set, for L > 0,

We fix L > 0 such that

] =
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We set

_ (L, A) +/7(L,A)? +4&(L)(1 — 7(L, A))

p 5 :

Lemma 6.1. For 0 < k <n—1, we have

e(L,A>2e’<L,A>2>”‘k‘2

E(Tont172n—1 - - T2k 3] Fo:2041)r) < (1 - 5

€ L,A 26/ L,A o\ n—k—2
E(TQnTQn_Q .. '72k+2|]:0;2k7—) < (1 _ ( ) 5 ( ) ) .

Proof. We only write the proof of the second Equation above (the proof of the other equation is
very similar). We take L > 0 and we set

Oy = T(L, A) if |m2k — m2k71| < L and |m2k,1 — m2k72| <L
2 1 otherwise.

For all k, we have 7o, < Oop,. For any k > 1, [my —my_1] is a function of Y(,_2y, r.kr. So, for all
k, oy is a function of Y(o_3), r.on, We fix £ > 0 and we define, for n > 0,

S {E(egne%_g skl Farr) iR n—1,
1 otherwise.
We suppose now that n > k + 2. We then have
eanj2kt2 = E(E(02n02n—2|Fan—3)r)02n—a ... 02| Forr)
and
E(02n021—2|F2n—3)r)
= E(02,—2(1 — 1jo,2)(D2n) 10,y (D2n—1)) + 7(L, A)02n—2110,1)(D2n) 10,y (D2n—1)|F2n-3)-)
= E(02n—27(L, A) + (1 = 7(L, A))02n—2(1 — Lo,y (D2n)1j0,2)(D2n-1))| F2n—3)r)
< 7(L, A)E(O2n—2|Fan—3)7) + (1 = 7(L, A)[P(|man — man-1| > LIF2n_3)-)
+ P(|lman—1 — man—2| > L|Fan_3)7)] -
Using Equation (4.17), we get

E(02n02n—2|F2n—3)r) < T(L, A)E(O2n 2| F(2n—3)r)

L L
+ (1 - T(LaA)) (P (CV(2n2)T,2nT > §|]:(2n3)‘r) +P (CW(2n2)T,2nT > §|‘7:(2n3)‘r))

L L
+ (1 —7(L,A)) <P (CV(2n—3)T,(2n—1)T > §|f(2n—3)r> +P <CW(2n—3)T,(2n—1)T > §|‘F(2n—3)‘r)>

< 7L VB2l Fan-a) +4(1 = 7(L, ADF (CVoar 2 )
(like in Equations (4.28), (4.29))
< 7(L, A)E(O2n 2| F(on—3)r) +8(1 — (L, A))P <20|W27| > g)
(using Equation (4.30))
<7(L, A)E(92n72|f(2n_3)7) + (1 =7(L,A)a(L).

The constant p is the positive root of the polynomial X? — 7(L, A)X — (1 — 7(L, A))a(L). So we
have 1
1>p=7(L,A)+—-(1—-7(L,A)a(L) >7(L,A)+ (1 —7(L,A))a(L).
p
So, we have

eanj2rt2 < T(L, A)ean_gjopy2 + (1 — 7(L, A))a(L)ean—_aj2kt+2 < p X SUP(€2n—2|2k+2) C2n—4|2k+2) -
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Suppose now that k is fixed. We have

€ak2)2k+2 < 1, €appapopt2 < 1.

So, by recurrence,

€an|2k+2 < plnh=2)
As a(L) < 1/4, we have
2,/ 2
p< %( (L,A) + /7(L, A2 + 1 —7(L,A)) < 7@’2)“ —1- (G(L’A);(L’A))

Lemma 6.2. Forn >1 and k in {1,2,...,n— 1}, for all u, ¢/ in P(R),

—A—=A —A—=A —A
HRan 1- RkJrl( ) _Ranfl"'RkJrl(MI)
/! o= ]
< H (1 — €251 (€hpai)?) x 4inf (1 W) -
i=1 +2 k+1

Proof. We write the proof in the case where n and k are even. If k was even and n was odd, we
would have to use the operators S_(_?)U. If £ was odd, the proof would be very similar but would
require to introduce new and heavy notations.

By Proposition 5.6, Remark 5.7 and Equation (5.7), we have, for all g in P(R) and all test
function ¢ in C;" (R),

(n—k)/2
—A=A —=A
(Rn R, ;. --Rk+1(ﬂ>) (p) x /@(USJ)A) H ¢1§+2i—1(uk+2¢71)
(n—k—2)/2

U
X H Sptktit1 (Wkt2i—1, dUkt2i+1)
=1

% SY i1 (un—1, dull)y) (/ 580,22, <du5521,dz>) ($25,(0,.) o ) (=)

where we integrate over z,(f) ER, Upy1, Upiz, .., Upn_1 € RZ, ugllll € R.
By Proposition 5.4, we know that Sglk”i“ i (€24 9;_1(€)40;)%)-mixing for all ¢ in {1,2,...,1+

(n—k)/2}. We now apply Proposition 3.1 with the S7[zj\k+2i+1 playing the roles of the . and the

1/),?”1-_1 playing the roles of the ¥ . By Equations (3.8), (3.9), we then have, for all y and y' in
P(R),

—A—A —A —A—=A —A
HRn Ry Ry (p)— Ry Ry Ry (1)

Ml 1971 (0,
< H (1- €i+2i+1(€%+21)2) x 2inf <17
i=1

By Equations (5.4), (3.8), (3.9), we have
13,0, )l
2inf | 1, —————— |l — /||
( s 08,(0,0)

me< ||H p II)
k+1

From which we get the result. O

) e 1= a0, °u’|>.

6k+1(6k+2)2

IN

9315(0,) ® = ¥ (0..) o 1|

IN
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6.2. Approximation of the optimal filter by the truncated filter. We recall that “=<” is
A
defined in Definition 2.5.

Proposition 6.3. There exists 7o such that, if T > 7o, we have

A2

(6.2 sup log(E(me — 7 1) 3~
n>0 Ajc

and, if we suppose that (7)o s defined as in Corollary 4.5, then

A2
(6.3) Sgrglog(E(HW;T*(W')ﬁfll)) < -

Proof. We write the proof only for Equation (6.2), the proof for Equation (6.3) being very similar.
We have

—=A —=A —A —A
(6:4)  ll7nr = 75l < l70r = By iyl + D0 I Riksa (mer) = R (B (-1

1<k<n—1
Let us fix k € {1,2,...,n—1}. From Lemma 6.2, we get

(6.5) B(|Ropposs (mir) — Bt (B (o))

—A
. 17k — Ry, (k1)) l
<E(E[ T O (Graii(chad?)| Firrnyr ><2mf<L @ b=l :

€ €
2<i< | gk k+2) k+1

with the convention that a product over indexes in the null set is equal to one. From Lemma 6.1,
we get

66) E(E A (1(4L,Ay%xL,A)V><L%¥J‘”+

E(l[ By o1 (Thr) = By (B (Te—1y7))) < 5

= R

< 98 (u (1, 17~ He (o-n-)|
(6k+2) etk

As in [ORO05], p. 434, we can bound

—A
nr — R —1)r . T(A , o — R
(6.7) int <1, I — B (e ”')Smf (I (1, [ = B (e |>

(€k+2) €kt fk+2) €kt T(A)

We have, if A satisfies the assumption of Proposition 4.6,

. ke — Ry (7(eyr)|12
(6.8) ]E<1nf <1, zlf(A) ))

—A —A
_ g [ Imer = By (rge—n)I? | Ik — B (me-nyo)II?
T(A) o T(A)
)

—A
I7er — Ry (mg—1)-)|1?
P 1
s ( bl

2
T(A)

E(|rsr — Ry, (T(r—1)r)]

(using Prop. 4.6) < /T(A).

We look now at the term inf(1,7(A)(e} ) %€, 5;). Using Equations (2.24), (2.29), (2.30),
(2.32) and the remarks below Hypothesis 2, we have, for all k,



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 37

2

h—lrt=32 1[7r3A

6.9) T(A) X ———— — | ——
69) T(8) 2 e 2<6w§>

Vhe83M? 7+ +640 M 1 ) )
+ (31 + Vi) B exp (&) CHh,7),

2
2 A
s (0= i)
(D + 32(1"'1’271)) _ < Ba(1+p2,1) +) eQM(D+2 52(1$P2,1))+(T+T_22)]M

DAY =
(D, A) exp = =
2DA A 2 i S W
exp (TBQ(lerQ’l) +2M (D + 232(1+p2’1)) + (T + 7) M) if D > Ba(lipa1)
(6.10) = Dp—o—)’ 2
exp %4,2]\4 (D+232(+w) + <7+%)M otherwise .

A 2 A
6.11) (¢'(D,A))™2 = exp | Baps (7“}) +2BsA (7“})
( ) ( ( )) p 2p2,1 Bg(l +p2’1) 2 p?,l Bg(l+p271)

A M?
+4M | ————+D |+ 27| M + — .
<B2(1 + p2,1) > T< 2 ﬂ

We note that the above expressions are nondecreasing functions of D. From Equation (4.17), we
get, for j=k+1, k+ 2.

(6.12) Dj < O(T*M + Vi 1)yr (k27 + Wik—1)r,(k12)7) -

The variables V(. _1)r, (k43)r and W _1)r, (k+3)- are independent and can be controlled as in Equa-
tions (4.28), (4.29). So we can bound

X
Vo € R, PVir—1)r,(k+3)r + Wik—1)r,(k4+3)r = 7) < 2PVo 47 > 5) <AP2Wyr| > ).
So

(6.13) E(inf (1,( T(A)

+oo
m)) g/o inf {1, T(A)e(CT2M + Cz, A)~*

8exp (72&—;)) ;

"NO’M+Cz, A4 ——~ 7/
XE(CTIM + Oz, ) — e

We have

22
8exp (*W) J
— Y az

(cmtir=30)
CBa(1+p2,1)

6.14 ' T e(CTPM + Cz, A) 78 (Cm* M + Cz, A)™*
( ) /0 e(Ct 2z, A)"°€(Cr z,A) 5 To-

A -8 A —4
<se([—2 A ’<7,A)
= o <B2(1 +p21) > ‘ By(1+p23)

16 A 2 ( MA ) ( 72) ) ( A )2
2= ) 448 () +8(7+ T ) M+8B S
T (32(1+p2,1)) Ba(1+p21) 2 2P2.1 Ba(1+p21)

A A M?
+4BsA —_— | +16M | —— | +47 | M+ — .
2o <Bz(1 +P2,1)> <B2(1 +P2,1)> T< 2 ﬂ

From Subsection 2.4, we get

= 8exp

1 h
= - B —.
p21 =0 (9) ’ 29—>—+>oo 2

So there exists 79, such that, for 7 > 79,
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Tinf{1, T(A)e(CT?M + Cz, A) ™8 x (CT>M 4 Cz,A)~*}

/(W—TZM)
0

(6.15) log

8 exp (—2&—;)) A2

< =
Sorx16r | s h

We now want to bound

e 8exp 2
/ inf{1, T(A)e(CT>M + Cz,A)7® x € (CT*M + Cz A)“}Mdz
(oo —M), ’ ! V2 % 167

Let us set, for z > 0,

16(CT2M + C2)A oA >
®(2) = T(A)xexp ( ’(I'BZ(I +—Z)2 j)) +16M (CT2M+ Cz+ m) +8 (T + %) M)
A 2 4Apas A
X exp |2Bap? 7+02M+C> + : ( +C¢2M+Cz)
Xp 2P21 <B2(1 +p2,1) T z B, 32(1 +p271)
2 M?
+8M +CTM+CZ)+4T(M+—):|.
(Bz(1+p2,1) 2

The function @ is increasing. Let us set
zo =inf{z : ®(z) > 1}.

We take € € (0,1/2). We want to show that zp > A7!7¢ (at least for A big enough). We look at
®(AT7¢). There exists 71 such that, for 7 > 71,

1 2 2
1 75 1 1
== > = — —60''B ,
2 <GC\/§> 4B, (1+p2,1 2p271)

i 422

There exists 75 such that, for 7 > 75, we have
16(CT2M + CTi7¢A)A
TBQ(l + p211)
A
By(1+p21)

and then

2A T2
+16M (CT2M + C7' A + 7) 8 (T + —) M
( Ba(1+p21) 2

2
+COr2M + 0715A> + 44p2,1 (B ( A +COr2M + CTleA)
2

+ 2Byp2 (
2P2.1 By 14+ p2a)

) L M2 AQ
+8M|——+CT"M+Cr A +47 | M+ — | =< .
(32(1 Tp2n) ! ) T( 2 ) A hre
So, if 7 > sup(ry, 12),
d(ATT) — 0,
A—+oo
and so, for all 7, h, there exists A (7, h) such that, if A > Ay(7,h).
20 > ATte.

There exists 73 such that, for 7 > 73, [ ®(2)exp (72&—;)) dz is finite. We can then compute

L2

e~ 2(167) 16(CT2M)A ( 5 2A ) ( 7-2) )

P(2)————=dz = T (A) xex - _+16M(CTPM+ —— |+ 8T+ — | M
R ( )\/27r x 167 (A)xexp (732(1 +p2.1) By(1+p2,1) 2

A > 4Apa A
X € 2Bopiyy | 5 +C 2M> i | ( roru
Xp 2P2.1 <32(1 + pa1) T B Bs(1 + p2,1)
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M2
+ CTQM) +4r (M + —)}

8M
v !

A
Ba(1+p21)

16CA
X / exp <Lz+ 16MCz + 4Bsp3 4 (
R TBs ’

+ CT2M> Cz
(1+p21)

By(1+ p21)

A
+232p§710222 + %.402)
2

2
exp (* 2(167))
27(167)
The integral above ([ ...dz) is equal to

1 1 -1 1/ 1 -1
—— [ —— —4Byp3 ,C? —( == —4Byp3 ,C?
167 <16T 2Pz, > xp (2 (167 2P2,1

2
+ CT2M> C+2MC + 4%) )

16CA
<7 +16MC + 4Byp? (
TBQ ’

(14 p21) By(1+p21) 2

From Equations (6.9), (4.18), we get
A2
1 log(T(A)) = ——.
(6.10) a(T(2)) = ~5

,C

So there exists 74 such that, 7 > 74,

] /@( ) sl &) < A
(0] Z)—F———=ax —_—.
Sl LT e xtor | Ae B

So, if 7 > sup(71, 72, 73, 74), We get, using again Equation (4.30)

—+o0
(6.17) / inf{1, T(A)e(CT>M + Cz, A) "2 x € (CT°M + Cz,A)~*}

A 2
CBa(1+p2,1) T I\/[)+

8€Xp (—ﬁ)d
———az
V21 x 167

2 2

%0 ¢ 2i6m) p +oo T atien p
h /0 ( V2w x 167 20 V21 x 167

2 2

o) ¢~ T "
< | &z dz + X 4/T,
o /]R ( )\/271' X 167 20V 2w X 167

and
+o00 — e —27%. 2
e 2(167) e 2(167) A
6.18 lo P2)——dz+ —— x4y | X —.
( ) & /_Oo ( )\/27r X 167 V2T VT Ac h
In the remaining of the proof, we will suppose 7 > sup(71,...,74). Looking at Equation (6.4),

we see that we can now bound all the terms on its right-hand side. We have

A
E(lmnr — Ry (mn—1)7)[) 2 T(A),
by Proposition 4.6. For k in {1,...,n — 1}, we have bounded

=A =A —=A
E([[ By g1 (mrea) = Bygepr (B, (T(e-1)8) )



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 40

e(L,A)%e (L, A)? (L==]-3), . ||7TkT—R (m—1)7) |l
g(l— 5 ) % 9F | inf [ 1, (€k+2)2€k’11

And the last expectation can be bounded by the sum of the following expectations :

. ke — Ry (eyr)|12
E (mf <1, YE(A) )) =VT(4A),

T(A ~ A2
E (1nf (1, ﬁ)) j exp (—BlT) for A Z AQ(T),
+ +

for some constant By, where the bounds come from Equations (6.8), (6.13), (6.15), (6.17), (6.18)
(we also use Lemma 2.6). The constant By above is universal and Ag is continuous in 7. So we
get, for all A > Ay(7), using Equation (6.16),

Ewmmem%céng_ﬂAwwijﬂﬂi

2
k>0

(for some universal constant C;) from which we get
A2
suplog E([[mr — mprl) = —log(e(L, A)' (L, A)) — =~
n>0 Ac h
Looking at Equations (6.10), (6.11), we see there exists 75, such that, for 7 > 75,

sup log E( || — N = ——.
n>0 A,

6.3. Stability of the optimal filter.

Theorem 6.4. Suppose we are under the same assumptions as in Proposition 6.3. Then there
exists vg > 0 such that
I = mill = O(t™),

when t — +o0.

Proof. We decompose, for all n,
—A —A —A —=A —A —A
1T = el < Nl = Ry - Ry (mo) || + 1R, -~ Ry (mo) — R,y - Ry ()|

—A  =A
+|R,, ... Ry (m0) — .|| -

nTt

Let 7, A be the parameters defined in Proposition 6.3. Recall that the operators (Ry)n>0,
(R2)n>0 depend on 7. Suppose that L is such that (as in Equation (6.1))
1

L > 3mg +3C(27)%, (L) < 1

Then, as in Equation (6.6), we have, for all T € |7, 27], for all n > 0,

A =A A =A
E(|R, ... Ry (m0) = R, ... Ry (mo)|))

<(1- 6<L;A>2;<L’A>2)“”>+ oz (e (1120 0))

<2 (1 _ (L4 ;’(L,AP)(L%JBL

We have

log(e(L, A)é'(L, A)) Ajc -

A2 Py A2 p2,1 A2
TB3(14p21)? Ba(l1+p21)? (1+p21) /)
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We now take a sequence A, = \/vlog(n), for some v > 0. There exist a constants b; and an
integer ng such that, for all 7 € 740, 27, for n > nyg,

(e(L,An)€ (L, An))2>(L%J_3)+

con[-5((3]-9),

1 p%,1 P21

(6.19) <1 -

x exp | —b1 A? +
P\ T B0 4 pe)? " Bal+ p2a)? | (1 +pz)
1 ,
ew |5 (5] -3), ]
with
1 2
V= by P21 D21

Jr
TB3(1+p21)?  Ba(l+p21)?  (1+4p21)

By Proposition 6.3, we know there exists a constants b} and a integer nj, such that, for all 7 €
[Too, 2Too] and n > ny,

An
n

An

— Ay, "
R

5 5} HAn A721 —v
sup(E(mn: ~ R (o)l Bl ~ R R ) < exw (<5 52) <0
with v/ = bllT”. Let us set € € (0,1). We choose

—1
(1—¢) 1 P%J P21

+
by TB3(1+p21)?  Ba(1+p21)?  (1+p21)

V=

which leads to ¥ = 1 —e. We set vy = v”/. For any t > 7o, if we set n = |t/7o ], then t = nr
with 7 € [Teo, 2700], and so :

" 1 n /
E(||m — 7lll) < 20" + exp (—5 (|%] —3)+n-”) ,

E(|m —mf]]) = O(™").
O

Remark 6.5. One could seek to obtain a sharper bound in the above Theorem by choosing another
sequence (Ay)n>0. Up to some logarithmic terms, the bound would still be a power of ¢.

The authors would like to thank the following colleagues, whose help was greatly appreciated:
Dan Crisan, Frangois Delarue.
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