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STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND
THE BENES FILTER

BUI, VAN BIEN & RUBENTHALER, SYLVAIN

ABsTrRACT. We are interested in the optimal filter in a continuous time setting. We want
to show that the optimal filter is stable with respect to its initial condition. We reduce the
problem to a discrete time setting and apply truncation techniques coming from [OR05]. Due
to the continuous time setting, we need a new technique to solve the problem. In the end, we
show that the forgetting rate is at least a power of the time t. The results can be re-used to
prove the stability in time of a numerical approximation of the optimal filter.

1. INTRODUCTION

We are given a probability space (Q, F,P). We are interested in the processes (X;)i>0, (Y2)i>o0
solutions of the following SDE’s in R

t
X, =X0+/ F(Xa)ds + Vi,
0

t
Yt:/ hx Xds + W,
0

where V', W are two independent standard Brownian motions, X is a random variable in R, of
law 7. We set (F¢)t>0 to be the filtration associated to (V, Wy). For ¢t > 0, we call optimal filter
at time ¢ the law of X, knowing (Ys)o<s<:, and we denote it by m;. Let 7 > 0, this parameter will
be adjusted later. We set @ to be the transition kernel of the Markov chain (Xj:)x>0-

Hypothesis 1. We suppose that f is C* and that || f|leo, ||f'llcc are bounded by a constant M.
We suppose h > 1 and 7 > 1.

Remark 1.1. We make the assumption that A > 1 in order to simplify bounds in the following
computations. All the results still hold with any h > 0.

We are interested in the stability of (m;):>0 with respect to its initial condition. As explained
below in Equation (1.2), for all ¢, m; can be written as a functional of (Ys)o<s<¢ and 7. Suppose
now we plug into this functional a probability 7(, instead of 7y, we obtain then what is called a
“wrongly initialized filter” 7; (Equation (1.3)). One natural question is to ask wether m;—} el 0

in any sense. We would then say that the filter (m;) is stable with respect to its initial condition.
This question has been answered for more general processes (X;) and (Y;) evolving in continuous
time, in the cases where (X}) stays in a compact space (see, for example [AZ97]), or not (see, for
example, [OP96], [Ata98|, [Sta05, Sta06, Sta08], [CR11]). We can further classify these results as
to wether the rate of convergence is exponential or not; in the case of an exponential rate, the filter
would be called “exponentially stable” (with respect to its initial condition). The widespread idea
is that exponential stability induces that a numerical approximation of the optimal filter would
not deteriorate in time. Such an approximation is usually based on a time-recursive computation
and it is believed that exponential stability will prevent an accumulation of errors. In order to use
a stability result in a proof concerning a numerical scheme, we also need that the distance between
7 and 7 to be expressed in term of the distance between 7y and 7(j, and there is no such result,
at least when the time is continuous.
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Our aim in this paper is to show exponential stability in such a way that the results can be
used in a proof that a numerical scheme remains good uniformly in time. We follow [OR05] by
introducing a “robust filter” restricted to compact spaces. We show that this filter remains close
to the optimal filter uniformly in time and this is enough to prove the stability of the optimal
filter with respect to its initial condition. As in [OR05], we do not show that the optimal filter is
exponentially stable, nor can we write the dependency in 7, 7, in the stability result. However,
in a future work, we will use the stability properties of the robust filter to show that there exists
an numerical approximation that remains uniformly good in time.

In the case where f satisfies a particular differential equation, then ; is called the Benes (see
[Ben81], [BC09]) and there exists an explicit formula for the density of m;, for all £. The study of
the Benes filter is developed in [Oc099]. What we present here is a case in the neighborhood of
the Benes filter.

The outline of the paper is the following. In Sections 1 and 2, we reduce the problem to a
filtering problem in discrete time in which we have a handle on the likelihoods. In Section 3,
we recall useful notions on filtering. In Section 4 and 5, we introduce the robust filter and its
properties. At the beginning of Section 5, we explain our strategy.In Section 6, we prove the
two main results: that the optimal filter can be approximated by robust filters uniformly in time
(Proposition 6.3), and that the optimal filter is stable with respect to its initial condition (Theorem
6.4).

1.1. Estimation of the transition density. Following [BC09| (Chapter 6, Section 6.1), we
introduce the process

t
Vt:Vt+/ F(X)ds, t>0.
0

We introduce a new probability P defined by

d t ~ 1 /[t
= X,)dV, — = X52d>.
_=ow ([ rot 5 [ aoc

P

dP
By Girsanov’s theorem, V is a standard Brownian motion under P. We set F to be a primitive of
f. We have, for all t > 0,

t R 1 t )
| sexgav— 5 [ rox)as

[ rxoax. -3 [ e

= F(Xt)—F(XO)—%/O f’(Xs)ds—%/O f(X,)?%ds

Mt M?t
> —M|Xy—Xo| - — — —.
2 2
So, for any test function ¢ in C;" (R) (the set of bounded continuous functions on R), ¢ > 0

E(p(X¢) = EP(‘P(Xt))

= dP
EF X,) —
<90( t) dP

ft)
5 Mt M?%*
> EF (‘P(Xt)exp (_M|Xt — Xo| - - T)) -

Similarly:
7 Mt
E(p(Xt)) < E° { o(Xe) exp | M| X; — Xol + >
So we have the following Lemma.

Lemma 1.2. For allz,y € R, Q(z,dy) has a density Q(x,y) with respect to the Lebesgue measure

and
_==)? P _y—=)?
e 27 —Mly—z|—7(M exX 27 _ Mt
£ T Myl T<2+2)§Q($,y)§7p eMly—el+757
2rT 2nT
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1.2. Estimation of the likelihood. Following [BC09] (Chapter 6, Section 6.1), we define a new
probability P by (for all ¢ > 0)
dP

~ t 1 t
— Zy = (/ f(X dV — —/ f(X ds +/ hX:dYs — —/ h2X52ds)
dP | F, 0 2 Jo

We define, for all 0 < s < t,

Ys:t = (Yu)sgugt .

For any test function ¢ in C;([0,¢]) and any ¢ > 0,

)

E.EB 7(Yp. —dE
( ( O't) dP F,
‘(05 < (t)

EP [ dP
dP F,
’Xo,XtaYo:t)’XO,Xt)

E? (@(Yo;t)EP ( ° S
P dae
(%], %0,

By Girsanov’s theorem, (17,Y) is a standard two-dimensional Brownian motion under P. So,
conditionally on Xy, X;, the law of Yy.; under P has the following density with respect to the
Wiener measure:

EP (p(Yo:)| X0, Xt)

EIP _ﬂlf Xta YO:t
dP F.
yo:t = Yi(Your, Xo, X¢) =
EP (d—A Xt)
dP Fi
We have
dP

d—@ﬁzexp(ﬂxn Xo——/f d——/f
/0 hX,dY, — ; / hQXst)
XO,Xt> — P (exp (F(Xl) F(Xo) ——/ FI(X ds——/ FX ds)‘XO,Xl) :

t(M + M? s ( dP
exp <M|Xt — Xo| - g) < EF < —

Fi

SO

2

tM
XO,Xt> < exp <M|Xt Xo| + —>
Fi

We set

(1.1) J(y():t,zo,:cl) = EF <exp (/t hXdY, — %/t(th)2d5>
0 0

Using the above calculations, we can write:

0 =0, Xt =1, Yot = yo:t) .

t(M + M?)
2

g &
dP |5

So we have the following Lemma.

exp (—M|Xt — X0| — ) {/J\(YVO:t;:EOa:El) <

Xo,XtaYo:t> < exp (MlXt Xo| + —) {/J\(S/O:t;:EOaxl)-
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Lemma 1.3. For all t > 0, the law of Yo.: under P and conditionally on Xo, X; has a density
denoted by yo.+ — (Yo, Xo, Xr) with respect to the Wiener measure. This density satisfies, for
all x, z € R and any continuous trajectory yo.+

CoMps—alr (M4 22 - )g
2=l () < iy, m,2) < AT OE) By 02

P (You 7, 2)e
The Kallianpur-Striebel formula (see [BC09|, p. 57) gives us the following result.
Lemma 1.4. For allt > 0 and all bounded continuous o,

_ Jee@)Q(x, dy)y (Yo, z, y)mo(dz)
(1.2) () = Lo, dy s o gon(d)

Proof. We define a new probability P by

dP t 1 [
= exp (/ hX,dYs — —/ h2X§ds) JVE>0.
Fi o 2 0

For all bounded continuous ¢ and all ¢t > 0, we have (Kallianpur-Striebel)

&
£ () %, 1Yo )

EP (%‘ |Y0:t)

E(p(X¢)[Yo:t) =

and
5 dP 5 5 [ dP
E' | o(Xy) —=| [You | =EF | o(XDE" | =| |You, Xo, Xt | [You |,
<90( t) ap Ftl 0.t> <<P( t) (d]P’ Ftl 0:ty <20 t>| O.t>
and
dp
Yo.t, Xo, X
5 P <dP’ dIP’ | 0:ty 0, t>
EIP <% |Y02t)XOaXt> = ]:v
Fe EP <d—E |Y0:taX07Xt>
dP Fi
w(YOt,Xo,Xl)EP ( |X0,Xt)
EP ( |Y0taX0)Xt)
EP< g‘ |X0,Xt)
= (Yo, Xo, X1) x
EP < |X0;Xt)
= (You, Xo, X1) .
As the law of (X;)s>0 is the same under P or IP’, we get the desired result. O

For any probability law 7, on R, we define the wrongly initialized filter (with initial condition
o) by
(x,d Yo.t, x, y)mh(de
(1.3) (o) = Jeply Y)Y (You yl) o(de)
fR Z, dy YVO:t; x, y)ﬂ-O (dZE)

2. COMPUTATION OF

2.1. Change of measure. Under @, V is a standard Brownian motion. So, using a standard
representation of a Brownian bridge, we can rewrite v as

@(yo:r,w,Z)zE(eXp(/OTh( (1——)+z +a(B f_BT))dys
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h? 7 s s s 2
L (=) v o (B~ 28,)) d))
2 Jo T T T
where B is a standard Brownian motion (under P). As we want to compute the above integral,
where B is the only random variable involved, we can suppose that B is adapted to the filtration

F. We have (using the change of variable s’ = s/7 and the scaling property of the Brownian
motion)

1
Y(Yor, 1, 2) =E (eXp (/ h(z(1—s")+ 28 + Bry — 8'Br)dyrs
0

h27' ! 2
- (x(1 —§")+ 28 + Bry — §'By) ds'))
0
1
=F (eXp (/ h(z(1 —8') + 28 + V/T(Bs — §'B1))dy.s
0

1
h2r

2 J, (@(1 =) + 28" + V7 (By — S’Bl))st))

In the spirit of [MYO08] (Section 2.1), we define a new probability Q by (for all ¢)

d n2r2 [t !
Q _ (— i / B?ds—hr/ Bsst) .
Fi 2 0 0

dP
By Girsanov’s theorem, under the probability Q, the process

t
(21) ﬂt = Bt +/ h,TBSdS, Vi Z 0
0
is a Brownian motion. We get
~ 1 h27_ 1
(22) "/)(yO:‘rvxv Z) = €xXp (/ h(l‘(l - S) + Zs)dy'rs - T/ (:L'(l - S) + 25)2d5>
0 0

1 1
x EQ (exp </ h\/7(Bs — $B1)dy.s — h273/2/ (x(1 — s) + 2z5)(Bs — sB1)ds
0 0

h27'2 1 1
- /52Bf—2sBsBlds+hT/ BSdBS>>.
0 0

Using the integration by parts formula, we can rewrite the last expectation as

(2.3)
1 1 1 1— 9 2
EQ eXp _h\/7_-/ (yTS - / y‘rudu)st + h27'3/2/ —.’L'( S) zS— + E — E st
0 0 0 2 2 6 6

B 12 B? 1
22p (21 _ / °_dB, 21 Z
+h*T°B; 3 2 d + ht 5 5
1 1 1 R2.3/2 1
EQ (exp (—h\/?/ (Yrs —/ Yrudu)dBs + h27-3/2$/ sdBg + 5 (z — x)/ s2dB;
0 0 0 0

h2r?  hr h272 ! ht
g2 (2 Bl—i—( +—) B2——Bl/ s%lBs——)) .
(3 6) 3 2 )t 2 0

2.2. Covariances computation. The last expectation contains an exponential of a polynomial
of degree 2 of 4 Gaussians:

1 1 1 1
G =B s G = / Sd357 G3 = / 52st; Gy = / (y‘rs */ y‘rudu) dB; .
0 0 0 0

So this expectation can be expressed as a function of the covariance matrix of these Gaussians.
We compute here the covariances which do not depend on yg.,. We need the following Lemma.



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 6

Lemma 2.1. For any t > 0, for any function g : R — R which is measurable with respect to the
Lebesgue measure and such that fot g(s)%ds < oo, we have :

/Otg(s)st = /Ot (9(5) — fef* /Steeug(u)du) ags ,
with

(2.4) 0 =hr.

Proof. Under Q, B is an Ornstein-Uhlenbeck process (see Equation (2.1)). We can write B as the
strong solution of (2.1):

t
(2.5) By = e*"t/ e’ dB, , ¥t >0.
0

We use Ito’s formula to compute:

/Ot <g(s) — e /st e—‘)“g(u)du> dBs
- /Ot <g(s) — 0 /Ot e"“g(u)du> dfs + /Ot <9ef’s /Osef’ug(u)du) df,
- /Otg(s)dﬂs ~ (/Oteeug(u)du) </Ot oef’Sdﬂs) +/Ot <9ef’s /0 e"“g(u)du) dBs
- /Otg(s)dﬂs - /Ot e~0g(u) </Ou 9695d55> du — /Ot </O eeug(u)du> 0e?dB,
+ /O t (9698 /O ) e—‘)“g(u)du) dBs

= [ sz~ [ ogtpatu= [ gsap..

Lemma 2.2. We have, for all s,t > 0,

" efs=1) if g(u) =1, Vu,
g(s) — 9605/ e 0 (u)du = (t+3) et -2 if g(u) = u, Yu,
* (B+24 Z)efCD — (24 2)  if g(u) =u?, Vu.

Proof. The proof in the case g(u) = 1 is straightforward. We compute, for all s,¢ > 0:

995 k —9ud _ 995 U 1 —Gut
S —ve )ue u = s —ve 75*9—2 e )

|

v

\

>
/‘\
| ~+
\

S
~~
)

)
w
|
Nt
+
>
7N
\

| ®»
\

B -
~

t 2 t
X 2 2
52 o 9695/8 u2€—9udu — 52 . 9695 |:<Ué o 9121‘ o 93) e—@u:|
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Lemma 2.3. We have:

1— —20
VaI'Q(Gl):Te@,
1\’ (1—e20) 1 2 2
Q _ —0
2 2\?(1—e2) 2 2\%¢ 8 4 2 2
Q 2,2\ U-e ™) 2,2\ 5 &
Var®(Ga) (1+9+92) S (9+92) . <1+9+92)
1 1 e ¥ —1
Q _ —20
COV (Gl,GQ)— (E—F@) (1—6 )+ 92 N

11 1 9
Cov?(G1,Gs) = <_ Tt _) 1-e) -5

1 1 1 1 1 2 2 1
Q _ —20 —9
Cov (G27G3)<1+§)<2_9+9_2+9_3>(16 )<9—2+@+@)(16 )79—2
Proof. Lemma 2.1 tells us that the variables G1, G2, G3, G4 are centered Gaussians under Q. Using
Lemma 2.2, we compute the following expectations:

1
E(G?) = /629(8_1)d8
0

1—e 2
20 ’

E9(G3) = / (
(

0
) 1 2620(571) S ) 1 269(571) 1
<+5> 20 *ﬁ(*@)TO
2 _
(1—e"2) 1 2 2 »
> 2wt \Ete)ioe)
)2 +2 oot (25 2\Y 4o
O o 02 B
2
2 2 25 2 2 2 25 2
1 - _ 29(5 1) - - _ 2 1 - _ 0(571) - _ —
( o 9) ‘ T\ e TeteE)e R
2 26(s—1) 3 !
2 2 e 25 2 0 2 2 25
1+24+ 2 Zro) Zo2(1424 2 ) ()6 =
(+9+ ) 20 +(9+92)6 (+9+92)(92)6 .
1422 2(1—6_29)+ 2,2 P9 8 4 12202
E 20 0 02) 6 605 02 0" 62)°
! 1 1
EQ(Gng) = / 69(8_1) X ((1 + 5) 69(8_1) - 5) ds
0
1 629(8—1) 69(5—1) 1 1 1 20 6_9 -1
K”a) ST ]0<2—9+2—92)<16 )t

! 2 2 25 2
EQ) — 0(s—1) 1 “ < 0(s—1) _ [ 22 “
(G1Gs) /O e + 9+ 72 )€ 7 +92 ds
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2 2\ X6 9s 1Y /111 2
_ “ cyEse 7 A h(s—1) Y - - =20 2
[<1+9+92) 20 2° ]O (29+e2+93)(1 g

! 1 1 2 2 25 2
EQ G G — 1 _ 9(571)__ 1 - _ 0(571)_ - _ d
(G2Gs) /()((Jre)e 5) \\'T8a78)° o))"
! 1 2 2 1 2 2
— 1 - 1 = “ 20(571)__ 1 = =
/0(+9)(+9+92)6 AN
1 25 2 1
(12 )b (22, = -
( +9)€ o E) e d
LN (12,2 e20(s=1) 12 26D
—[( +a)( +5+9—2)T‘(5+9—2+9—3)T

1\ 2s s 2s !
(142 ) Z2.00s-1) A Wi
<+9)926 + 92+93 .
O

Let Uy, Us, Us, Uy be i.i.d. of law A(0,1). We can find «, 3,7, a, b, ¢, A1, A2, A3, Ay € R such that
(under Q)

Gl OéUl

Gz | law UL +vUs

Gy B alUy +bUs +cUs;

G4 MU +XUz +A3Us +MUy

(There is no mistake here, we do intend to look at the vector (G1,Gs, G2, G4).) Indeed, we take

Q
(2.6) a= \/VarQ(Gl), B = W’WZ \/VarQ(G3)—52,

(27) o= COVQ(GlaGQ) ’ b: COVQ(GQ;G?)) _aﬁ = \/V&I“Q(Gg) _0/2 _b2.
« Y
And we find Aq,..., \s by solving
a\ = Cov¥(Gy,Gy)
(2.8) 6)\1 +’Y)\2 = COVQ(G3, G4)
al1  +bha Hc)3 = COV@(GQ7 G4)
A A2 422 427 = varY(qy).

We observe that «, 8,7, a, b, c can be written explicitly in terms of the parameters of the problem.

2.3. Integral computation. The last part of (2.3) is equal to

02 0 62 Tz
(2.9) E° (exp ((3 + 5) Gt - -5 G1Gs — h278/ <§ + 6) G1

h2 3/2 0
+h2 320Gy + 72 (z—2)Gs — h/TGy — —))) =

2
/u _ exp <<§ + g) 2“% - 92—2041!1(5111 + ’YUQ) — h273/2 (% + %) oy
2_3/2 h273/2 0
+he 2z (auy + bug + cusz) + 5 (z — 2)(Buy +yuz) — hv/T(Aur + - + Mug) — 5)
exp (_(uf-i-g-‘rui))
2n)? duy...duy =

1 2( 0%ay 2 2 (T % 2_3/2
expy —=—= |ug — o7 | — us — h°1 (—+—)o¢+h7’ Ta
/1L1’...,U4€R { 20’% |: ! 2 3 6
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B273/2 2

(=~ 2)B - h\/ﬂl)]

i1 62 h
+ % —%m — h273/2 (% + %) o+ W23 2za +

B273/2

2,3/2

(2 —2)f — h\/?)\l]

0
+ B2 22 (bus + cusz) + (z = @)yuz — ha/T(Aguz + -+ + Agua) — 9

2

(u+---+uj)| 1
- duy ...d
2 (271')2 U1 Uy
where
0> 0 0208 1)\
2.1 2=(2(-(=+=)0? - .
(2.10) = (2(-(5+3) "+ 50+3))
As the above expectation is finite then o7 is well defined. We set
B2.3/2
(2.11) my = o? <h273/2 (% + %) o+ B2 2 pa + 2 (z—x)B — h\/?)\1> .
The above expectation (2.9) is equal to:
1 5 0%y 2
(2.12) /ULM,MER exp (—ﬁ [m + o7 5 Uy — M1
202 2 2 202
010 ary 5 1 my 1 o10%ary
LI S BV )
+( 2 ) Y2552 T 557 T 57 X g )M
h2:3/2
+ h273/2 2 (bug + cus) + (z — z)yusg
(w3 +ui+u3) 0\ 1
—h/T(A2uz + Azuz + Agug) — 5 3 @) duy ...duy =
1 5 0%ary 2
L™ (2— ot
1 B273/2 02 2
507 [u2 — o2 <h273/2xb + 2 (z —x)y — h/TAa — a;ml)}
2 2 2, .2
my | my 2_3/2 (ug +uz) 0 1
—+-—=+h — h/T(A A - - -
+20_§ + 20’% + T Tcus \/F( 3U3 + 4’LL4) 5 5 (277)2 R
where
oita?y? 1 -t
2.1 2 _ (o Vo 1
(2.13) A= (2(-15 4 0))
and
h2 3/2 02
(2.14) my = 03 <h273/2xb + 2 (z —x)y — h/TA2 — %Tm) .

Then (2.12) is equal to:

1 0%ary 2 1 ,  m2 m2

2.15 - 22 =, — _ _ my M

( ) /ul,...,meR exp ( 207 {m + o1 5 U2 m1] 202 [ug —ma]” + 202 + 202
1

B TR 21 2
> us — h*713 % cx + ha/T A3 2[u4+h\/7_')\4}

1 2_3/2 2 1 2 9 1
+§(—hr/cx+hﬁA3) +§(—h\/?)\4) ) Wdul...dm:
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2 2
my ms 1 2 3/2 5 1 5 0
m e 2y, FhTA)? + = (hyTAL)? — 2
ologexp(QJ% 207 2( T/ ex VTA3) 2( VTA) 5

2.4. Asymptotic T — +oo. From (2.2), (2.3), (2.9), (2.12), (2.15), we see that ©(yo.r,x, 2)
exp(P(x,z)) with P a polynomial of degree 2 in x, z (“” stands for “proportional to”). Let us
write —As(0) for the coefficient of 2% in P, —By(f) for the coefficient of 22 in P, C1(6) for the
coefficient of zz in P, A;(0) for the coeflicient of x in P, B1(0) for the coefficient of z in P and
Co () for the “constant” coefficient. We will write A" () (or simply A}*7), etc, when in want of
stressing the dependence in y. When there will be no ambiguity, we will drop the y. superscript.
The coefficients A", BY*", C7*" do not depend on y as it will be seen below. We have

J(y():.r, x,z) = 0109 €xp (—Ag:c2 — Byz? + AV 4+ By 2+ O w2 + Cgo") .

We are interested in the limit 7 — +o00, with h being fixed (or equivalently § — +oo with h being
fixed).

Lemma 2.4. We have

h h 3h 1
A2(9) 9—>—+>oo 5 ’ B2(9) 9—>—+>oo 5 ’ 01(9) ~ Ty (_) .

Proof. The coefficient of 22 in P is

2 2
— a0 = —nl ¢ %h@g (9 _8 +a)

6 3 2
+ %§h93 (b 7 92;” 2 (% - g +a)>2 + %h9302.
We compute (using [WR]):
(2.16) oz\/%nLo(@in),Vnzl,
(2.17) Cov¥(Gy,G3) = 2—19 - 9% + 9% +o0 (0%) ,

(2.18) po_L V2 ﬁ+o<i>,

V20 632 T 95/2

1 2 4 4 1
2_ - = - = .
(2.19) - 94+o< )

(2.20) Var®(Gs) = 2—19 - 3%2 +o <%> ,
(2.21) 7=9—3§—§+£+$+0(9—1),
(2.22) Cov?®(Gy,Go) = 2—19 - % +o (9—13) :
(2.23) a—%zg+;—§+;—§—2—f+o(9—i),
(2.24) a:\/%—ﬁﬁ-o(#)a

1 3
Q —
(225) Var (GQ) = @ — ﬁ +o0 (—) ,
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V3 V3 93 1
2.2 _ V3 V3 Ov3 1
(2.26) "=% e 1693+0(93)’
1 5 1
2.2 2 L 0 1
(227) “ T 493+0(93)’
11 1
2 _
(228) 02@5+2+0<9—3>

From which we deduce
a f \/g 1
55*“) ﬁ*(a‘) :

U_§h93 <b J_ @of (
2 2 2

(2.29) A5(0)

The coefficient of z2 in P is

0 o a p 252 v Pay a f 2
2. —By(0) = —h—+ 2ht® | —— + = 23 (L - —Lo? =+ = :
(2.30) 2(6) 62 <6+2>+2 (2 201< 6+2>>
We have: )
2 2
7393 (2 _ 0y o o B
5 <2 2 Ul( 6+2)) oo
2 2
01, 3 a p 6 1
A3 (——+Z) =h(=—-=+001
2 <6+2> <6 g o)
(2.31) Ba(6) h
' 2 9—>+002-
The coefficient of zz in P is
0 a B a B
Ci(0) = —h—=+2ht? | —= - = —— 4+
1(0) g o ( 3 2+a)( 6+2)
07y o

+ o2ho? (b— % -

We have:

2
o2h? (b—z 0 Cwa% (—g —é—i—a)
3 2
B
2

(2.32) C1(0) = % +o (%) .

Let us set, for all s <t,

Ws,t = sup |W51 - W52| ) Vs,t = sup |V51 - VS2| .
(51132)6[37t] (51,82)E[S,t]

11
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Definition 2.5. Suppose we have functions fi, fo going from some set F' to R. We write

fizfo

if there exists a constant B in R, which does not depend on the parameters of our problem, such
that f1(z) < Bfa(z), for all z in F.
In the particular case when we are dealing with functions of a parameter A € R , we write

fi 2 faor fi(A) < fa(A)
A A

if there exists a constant B; in R, which does not depend on the parameters of our problem, and
a constant Ay, which may depend on the parameters of our problem, such that

A=Ay = f1(A) < Bif2(A).
If, in addition, Ay depends continuously on the parameter 7, we write

fi 2 fa.
Ac

The notation < is akin to the notation O(...). It has the advantage that one can single out
A

which asymptotic we are studying.
If we have f1 = fo, say for 7 > 79 (79 > 0), then there exists a constant B; and a continuous
A,c

function Ag such that, for all 7 > 79 and A > Ag(7), f1(A) < By f2(A). In particular, for any
1 > 70, if 7 € [10, 1] and A > sup,¢(,, 5,1 Ao(?) then fi1(A) < Bif2(A). We then say that

T0,T1
f1 =X fo, uniformly for T € |1, 71] .
A
We state here (without proof) useful properties concerning the above Definition.

Lemma 2.6. Suppose we have functions f, f1, fo, h1, ha.

— If f < fi+ fa and f1 X fo then f =< fo.
= If f < fi + fo and log(f1) =X hi and log(f2) = ha, with hi(A), ho(A) — —oo, then
A A

A—o00
log(f) 2 sup(hy, ha).

Lemma 2.7. For all k € N,
’Bl (Yk'r:(kJrl)'ra 9) - B (Yv(kJrl)'r:(kJrQ)'ra 9)‘ = MhTQ + hvk'r,(k+2)'r + hWk‘r,(kJrZ)'r )

and
|B1 (YO:'M 9)| j MhT2 + hVO,Q‘r + hWonT .

We need the following result to prove the above lemma.

Lemma 2.8. For allk €N, s € [k, k+ 1]

k+1 k+1
Y5 — / Yrudu — YT(s+1) + / YT(u—i—l)du = hT2M + hTVkT,(k—i—l)T + Wkr,(k-l—l)r )
k k

1 _—0 1 —0 .-

e~ Ysinh(0s e Y sinh(0s

/ %dYTkJrTs*/ %dYT(k-‘rl)-‘rT‘S =
0 0

Proof. We have

M7 + Vir (k+1)7 + Whr,(k+1)r
; .

k+1 k+1
Yis — / Yiudu — YT(s+1) + / Y‘r(u-i—l)du
k k

T(s+1) k+1 7(u+1)
= —/ hX,du+ W,.s — WT(S+1) — / 7h/ Xopdv + Wy — W.,.(u+1) du
T k TU

k+1 T(s+1) 7(u+1)
/ h / devf/ X,dv | du
k TS TU

=<

+ Wk‘r,(k—i—Q)‘r
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k+1 T(s+1)
h/ / Xy — Xvﬂr‘r(ufs)dv du
k TS
k+1 T(S-‘rl) v
h/ / / J(Xp)dt +Vy = Viyir(u—s)dvdu
k TS v+7(u—s)

S hT2M + hTVkT,(k-i—Q)T + Wkr,(k+2)7’ )

+ Wk'r, (k+2)7

+ Wk‘r,(kJrZ)‘r

and (using integration by parts)

1 _—0 ) R

e Y sinh(0s e Y sinh(0s

/ %dyﬂc-{-‘rs—/ %dyr(kJrl)Jr‘rs
0 0

™ e~ ?sinh(hs
/0 %(h(er-i-s - X‘r(kJrl)s)ds + dWTk-i—s - dW‘r(kJrl)Jrs)

T e~%sinh(hs
< /0 %h(){rkﬂ = Xr(kt1)ts)ds
~%sinh(6)
) Wrtks1) — Writ2))
T e~ cosh(hs
+ / (Wirkgs — W‘r(k—i—l)-ﬁ-s)%ds
0
™ e~ ?sinh(hs e~ % sinh(6 T e~% cosh(hs
= /o %h(TMvLVkT,(kH)T)dSﬂL T()Wkr,(k+2)r+/0 W/w,(k+2)f%d5
= h(MT + Vk'r,(k+2)'r) + Wk'r,(k+2)7‘
- ho 0
O
Proof of Lemma 2.7. We write the proof in the case k = 0. From (2.2), (2.15), we deduce
a f !
(2.33) Bl(Yo;T,G) = —U%h92 <—€ + 5) )\1(Y0;7—) + h/ sdY,
0
0%2ayo? a p 0%2avyo?
2p02 (1 — L2 42)) (=x(ve.r L (Yor) ) -
+ 05 9 5 6+2 2(Yo.r) + 5 1(Yo.r)
For further use, we also write the formula for A;(Yy.,,0):
' (e B
(234) A1 (Yo:T, 9) =h (1 - S)dYST + 01h9 g + 5 —a )\1(Y0:T)
0
92 2 92 2
+ o2he? <b 1 T <§ 2y a>) (&(YO:T) 4 Lo M(YO:T)) s (Yo e

We have to remember here that A;, A2, A3 are functions of yp.,. So we might write A1 (yo.r), - ..
to stress this dependency (and the same goes for other quantities). From Lemmas 2.1, 2.2, we get
(91, g2 defined below)

1 1
COVQ(Gl,G4)(Y0:T) = / =1 (gl(s) —9698/ e_‘gugl(u)du) ds

1 1 u
= / )e? = Dds — / e_eugl(u)/ e dsdu
0 0 0
1 1 20u
-1
/ g1(s)e?=1) ds—/ e g1 (u) <e 5 >eedu
0 0

1
(2.35) /g1 e~% cosh(fs)ds,
0
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1
(2.36) Cov¥(G1,Gy)(Yriar) = / g2(s)e? cosh(fs)ds ,
0
with
1 1
gl(s) =Y 7/ YTudua 92(5) = YT(s+1) 7/ Y‘r(u-l—l)dua
0 0

and

(2.37)  Cov(Gs, Ga)(Your) = /01 <<1 + % + 92—2) e/l — (% + %))

X <gl(s) — e / 1 ef’ugl(u)du> ds

2 2 12
1 + -4+ —= COV(Gl, G4)(YO:T) - / _Sgl (S)dS
0 02 o 0

1 u
Jr/ efeugl(u)/ (25 + 2) e dsdu
0 0 0

2 2 )
=(1+-+4+—= COV(Gb G4)(YOZT) - / _Sgl(s)ds
0 ' 62 o 0

1
2

+ / e gy (u)—ue(’“du
0 9

2 2 2 rl
(2.38) Cov(G3,Ga)(Yri2r) = (1 tat 9—2) Cov(G1,Gy)(Yriar) — —2/0 g2(u)e " du.

From (2.8), (2.16)-(2.28), we deduce (using again [WR])

O'%h@Q (% + g) )\1(Y0;‘,—) = 7}1(29 + O(l))COVQ(Gl, G4)(Y0;‘,—) y

95 9 17920470% @ é B
o5hf <2 5 ( 6+2 =hO(0) ,
1
Y

2 ayo? 2 02~o?

Mo(Vor) + TN (You) = Cov®(Gr, Ga)(Your) (—— (1 T g) + O% + %)
1 ! 1
(2.39) = COVQ(Gl, G4)(Y0;7—) x O (5) +/ gl(u)e_eudu x O (5) .
0
So we get
(2.40)
27 92 a B 202 [ QQQ’W% a  fB QQQ’W%
—o7ho s + 5 M (Yo.r)+o3h8 5 3 |\ 7§ + ) —X2(Yo.r) + 5 A1 (Yo:r)
= —2h(0 + O(1))Cov®(G1, G4)(Yo.r) -

We have

Cov¥(Gy,Gy)(Yo.r) = /0 1< - / Ymdu)e ? cosh(fs)ds

1 -9
_ <YT Ymdu) e~?sinh(6) 7/ e smh(@s)dYTS
7 ; 7
1 1 —0 .-
(2.41) - /demxe Smh(e)f/ e sinh(0s) 4y
0 0 0 0

and so
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(2.42)

— 2h(8 + O(1))Cov(Ghr, Ga) (Your) + h/ol sdY,, = —2h(0 + O(1)) </01 deT5> <2L9 B 62;(9)

1 1 -0 .-
+h/ sdYys + h(0 + O(1)) x 2/ %211(95)&”
0 0

=h 1de78 <0 (1) —no+o001)) x2 1Mdns
(f s0v) < () =5

And so, using Lemma 2.8, Equations (2.40), (2.41), (2.42) (as similar formulas of the ones above
are valid if we replace Yy., by Yo.2,), we get

|Bl (YO:‘ra 9) - Bl (YT:Q‘ra 9)|

PN

1 M 2 T T
= (WM + htVo.ar + Wooar) + ho < T+ Voor + Wosz )
-

0

PN

Mh7? + Vo 2r + hWo - .

3. DEFINITIONS AND USEFUL NOTIONS

We follow here the ideas of [ORO05].

3.1. Notations. We state here notations and definitions that will be useful throughout the paper.

Kiy1:(zi, drj) = /

The set R, R? are endowed, respectively, with B(R), B(R?), their Borel tribes.

The set of probability distributions on a measurable space (F, F) and the set of nonnega-
tive measures on (F, F) are denoted by P(E) and M™(FE) respectively. We write C(E) for
the set of continuous function on a topological space E and Cgr (E) for the set of bounded,
continuous, nonnegative functions on F.

When applied to measures, || ... || stands for the total variation norm (for u, v probabilities
on a measurable space (F,F), || — v|| = supaer |(A) —v(A)]).

For any nonnegative kernel K on a measurable space E and any p € M (E), we set

K,u(dv'):/ p(dv)K (v,dv’) .

E
If we have a sequence of nonnegative kernels K7, Ko, ... on some measured spaces F1,
Es, ... (meaning that for all i > 1, z € F,_1, K;(z,.) is a nonnegative measure on F;,

then for all ¢+ < j, we define the kernel

ce / Ki+1(xi7 d$i+1)Ki+2($i+17 d$i+2) .. .Kj(l‘j_l,dl‘j) .
Tit1E€EE; 41 r; 1€EE; 1

For any measurable space E and any nonzero u € M™(E), we define the normalized
nonnegative measure,

For any measurable space E and any nonnegative kernel K defined on F, we define the
normalized nonnegative nonlinear operator K on M™*(E), taking values in P(E), and
defined by

= Kp K —

K00 = e ~ wam -
for any u € M*(E) such that K j(E) # 0, and defined by K (1) = 0 otherwise.
A kernel K from a measurable space F7 into another measurable space Fs is said to be
e-mixing (e € (0,1)) if there exists A in M™(F2) and €1, €3 > 0 such that, for all z; in Ej,

1
61)\(') S K(xla ) S _)\()Wlth €1€2 = 62 .
€2
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This property implies that, for all A, p, K(u)(A) > X(A). If K is Markov, this last
inequality implies that K is (1 — €2)-contracting in total variation (see [DGO1| p. 161-162
for more details):

Vv € P(E), [K(n) - K@) < (1—)lu—v].

— For any measurable space F and any 1 : E — R (measurable) and p € M*(F), we set

() = /E (a)u(d).

If in addition, (u,%) > 0, we set

o u(dv) = T x Bo)u(dv).

1
(ks )
— For p and p/ in M*(E) ((E,F) being a measurable space), we say that p and p’ are

comparable if there exist positive constants a and b such that, for all A € F,

arl (A) < p(A) < by (4).

We then define the Hilbert metric between p and p’ by

A
SUPAeF:p/ (A)>0 %

h(p, p') = log | -
infac 7. (a)>0 %

It is easily seen (see for instance [Oud00], Chapter 2) that, for any K and A as above,

(3.1) MEp, Kp') < h(p,p'),

h(i, ) < h(p, '),

_ / < H’(A> < !/ f !/ A
(3.3) exp(—h(p, 1)) < A S exp(h(u, 1)), if p'(A) > 0.
In addition, we have the following relation with the total variation norm:
— 2

34 m— | < R, p').
(34) 7=l < e (p, ")

— We set @ to be the transition of the chain (Xp, X(kt1)r)k>0-
— We write « between two quantities if they are equal up to a multiplicative constant.
— For v : R? — R, we write 1(0,.) for the function such that, for all z in R, ¢(0,.)(x) =

¥(0, ).
We suppose here that the observation (Y;):>o is fixed. For k € N* and z, z € R, we define

(35) wk(xaz) :w(yv(kfl)'r:kraxaz)

(the density v is defined in Lemma 1.3). For 21 € R, 2 € R and n € N*, we introduce the
nonnegative kernel

Ry (21,dx2) = ¥n (21, 22)Q(71, da) .

Using the above notations, we now have, for all n € N*, and for all probability law 7jy (with (7}):>0
defined in Equation (1.3))

Tpnr = En(ﬁ(n—l)‘r) ) ﬁ;m’ = Fn(ﬂén—l)T)

and for 0 < m < n,

Tnr = RnRn—1 ... Roy(T(m—1)r) s Ty = RnRn_1.. .Rm(ﬂ'gmil),r).
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3.2. Representation of the optimal filter as the law of a Markov chain. Regardless of
the notations of the other sections, we suppose we have a Markov chain (X,),>0 taking values in
measured spaces Eg, F1, ..., with kernels 97, Qo, ... (it might be a non-homogeneous Markov
chain). Suppose we have potentials ¥; : E; — Ry, ¥y : Ey — Ry, ... (measurable functions
with values in Ry) and a law 1y on Ey. We are interested in the sequence of probability measures
(Mk)k>1 , respectively on Eq, Es, ..., defined by

En, (¢(Xk) ngigk Wi(X:))
E”]o (H1§z‘§k ‘I’z(:{z)) ’

where 19 € P(Ep) and the index 19 means we start with X of law 1y . We will say that (7x)k>0
is a Feynman-Kac sequence on (Ej),>0 based on the transitions (Qg)r>1, the potentials (Uy)x>1
and the initial law 7. Suppose we have another law 7, we then set

By (0(Xk) [Th<icr Wi(Xi)) .

(3.6) Vk>1,Yp € Cf (Ek), me(f) =

Vk > 1, Ve € CFH(Ey), np(f) =

En{, (ngigk q’z(xz))
If the functions ¥;’s are likelihood associated to observations of a Markov chain with transitions
1, o, ... and initial law 79, then the measures 7 ’s are optimal filters. We fix n > 1. We would

like to express 7, as the marginal law of some Markov process. We will do so using ideas from
[DGO1]. We set, for all k € {1,...,n},

R (z,dx’) = Uy (2")Qp(x, dz’) .
We suppose that, for all k, Ry is ex-mixing.By a simple recursion, we have, for all n,
(3.7) Rin = RaRn1...R1 -
We set, for all k € {0,1,...,n— 1},
U (x) :/ / Rir1(x, drg1) H Ri(zi—1,dz;).
Trt1€ Bkt Tn€En k+2<i<n

If k =n, we set ¥,,,, to be constant equal to 1. For k € {1,2,...,n}, we set

Vo1 (27)

From [DGO1], we get the following result (a simple proof can also be found in [OR05], Proposition
3.1).

Gn\k(zadxl) = karl(SC,dl'/).

Proposition 3.1. The operators (& ,)o<k<n—1 are Markov kernels. For all k € {0,...,n — 1},
Gk s €xq1-mizing. We have
M = Gn\n—lgn\n—l s Gn\O(\Ij’MO i 770) )
77;1 = Gn\nflen\nfl cee Gn\O(\IIMO b 77(/)) )
and

e =l < TT (1= > [[Wnjo @ 110 — Wajo @ 5
1<k<n

Following the computations of [OR05]|, p. 434, we have, for all measurable ¥ : R? — R*,

vl

3.8 Teny— Ve <21nf<1, ! - ’>.
(3.8) (W e 70 noll < ) 10 — 1ol
For all z in Fy, as fR; is €;-mixing,

\Pn‘o(x) . fZeEl mQ n(zaEn Ey“‘1( d )

<770) \Iln\0> nyEo szEl mQ n(Z, E”l Ey{1( d ) O(dy)

f E an(ZaEn)i/)\l(dz) 1

3.9 f A1with =¢2 2 = =
(3.9) (for some €, €7, Awith eey =€) < szEl Roun (2, En)ef A1 (dz) 6%
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4. TRUNCATED FILTER

We introduce in this section a filter built with truncated likelihoods. We will call it truncated
filter or robust filter, the use of the adjective “robust” refers to the fact that it has stability
properties (it appears in the proof of Proposition 6.3 below).

4.1. Integrals of the potential . We are look here at 1Z(y0:77 x, z) for some z, z in R and a fixed
observation yg., between 0 and 7. All what will be said is also true for observations between k7
and (k + 1)7 (for any & in N). From equations (2.11), (2.14), (2.15), we see that AY>", BY*" are
polynomials of degree 1 in Aq, ..., A3 and that CY¥*" is a polynomial of degree 2 in Ay, ..., A4.
We fix z and z in R. Recall that, by Equation (2.8), Lemmas 2.1 and 2.2, A1, A2, A3 are functions
of yo.r and that they can be expressed as polynomials of degree 1 of integrals of deterministic
functions against dy,s (this requires some integrations by parts). Under the law ﬁ’, conditioned
to Xg =z, X; = 2z, we can write

X = (17 i)z+£z+§5—£§7,
T T T
where (Es)szo is a Brownian motion, independent of W. And we can write

(4.1) Ao = oy / "(Fu(s)dWi + fos)X).

for some constant oy, and some deterministic functions fi, fo (and the same goes for Bf o),
Let us set

A, - ]
4.2 K= 2 .
. 4w
If we take
2 \1/2

(4.3) p=|P 0l (1_—4&32) ,

P21 P22 _2%1
then

A 0
_ pT 2

(4.4) k=P [ 0 B2]P.
We have

1
-1 _ P1,1
P - _ P21

P1,1

From now on, we suppose the following.

Hypothesis 2. We fix a parameter v € (1/2,1). The parameters T, h, A are such that

h h h 1 1
4. Ay > =, By > — <—-, — 6B 1= <2
(4.5) 227 2_4,01_8, [ 6Bap2,10 >0,p1,1>0,p2,1_2

This is possible since po; — 0, p1;1 — 1 by Lemma 2.4.
0—+o0 0—+oo
First, we have to rule out the case where AY*" and By*" are colinear.
Lemma 4.1. The quantities AY*" and B{*" are not colinear.

Proof. Suppose there exists A € R such that BY*™ = AAY*" for Ay -almost all yo.,. We have, for
all  in C; (R), using Lemma 1.3 (remember Equations (2.2), (2.3), (2.9), (2.12), (2.15))

@6) [ Al o 7,2 ()
c([0;7])
2 o~
< eQMIz—zI-i—r(M-i—%) /C([ ) 50(14'71!0")1/1(%:7,SC,Z)/\W(dyO;T)
057

= 0109 / o(t) exp(—Aga?® — Boz?® 4+ Crxz + to + M2) W/ (t)dt
RZ
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where

W'(t) = E (exp(Cy )| A7 = 1)
We know the integral over the whole domain is finite (because fC([O,l]) ¥(Yyo.r, x, z) = 1 and because
of Lemma 1.3). We introduce ¥} such that

' (t) = exp(—(t, \t)x 1 (t, M) )W, (t)
and

1
V(tl,tg) € RQ, Q(tl,tQ) = exp (Z(tl,tQ)fil(tLtQ)T> .

We have, for all ¢,
MIXo—xi|- gt o OB
~dP
(this can be deduced from the computations above Lemma 1.2). Thus, we have, for all ¢ (the first
equality being a consequence of Lemma 1.3)

< eMIXi—Xo|+45t

Fi

/ QD(AY{O:T )Y (Yo:r, , 2)Aw (dyo.r) = EP(SD(AYO:T”XO =z,X, =2)
c([o;1])
EF (@(AYO:T) %‘E‘XO — 2, X, = z)
P dP
B < dﬁ’f,

(4.7) ( by Equation (4.1)) > 6_2M‘I_z‘_T(M+%) / o(t)Qy (t)dt

on,XTz)

for some Gaussian density QY ..

)

From Equations (4.6), (4.7), we deduce that, for (z, z) fixed, we have for almost all ¢,

(48) e 2Mle—zl-r(M+2) Q! (t) < M (M) Ot M) — 2(, 2)k) W (1)

In the same way, for (z,z) fixed, we have for almost all ¢,

2 2
(19) M) o gy 5 P (VEE) o M) — 2, 2)m) U (1)
The density Q; ,(t) is of the form

1 1
ngt: ex (—ta:chbz 2>,
,() \/ﬁ p 20_8( (0 0))

with og, ag, b independent of (z,z). So, looking at the above inequalities in (x,z) = (0,0), we
see there exists e > 0 and a constant C., such that, for almost all ¢ in (—e¢, €),

(4.10) (Cealag)_le_T(QM"’Mz) < Vi(t) < CealageT(QMJrMQ) )

For any ¢, the quantities log(Q} .(t)), log(Q((¢, \t) — 2(x, 2)x) are polynomials in x, z. Using
the above remarks and studying adequate sequences (,, 2, )n>0 (for example, with z,, —+> ~+00,
- n—-+0oo

2, 2% and 2z in these

2z, remaining in a neighborhood of 0), one can show that the coefficients in x
two polynomials the same. We then have

2 2

aO _ bO _ aObO_O
552 ~ A2 53 = P2 5 =L
204 204 og

By Hypothesis 2, we have
aob h h
3 =2\ AsBy > = >
0§ 8
and C < h/8, which is not possible, hence the result. [l

\}
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We can now write for any test function ¢ in C; ([0, 7]) (remember Equations (2.2), (2.3), (2.9),
(2.12), (2.15))

(4.11) /c({o ])(p(AZfO”aBi’(”T)?Z(?JO:nwaz))\w(dyo:f)=

0‘10‘2/ (p(tl, tg) exp [—A2$2 — 3222 + Cixz + t1x +t22] X \I/(tl, tg)dtldtg s
Rk
where

U(ty,t1) = EF (exp(Cy o) |AYO™ = t1, Bo7 =t,).
We know the integral over the whole domain is finite (because fC([O 1) (Yo, T, 2)Aw (dyo.r) = 1
and because of Lemma 1.3). Let us define ¥y by the formula

1
\I/(tl,tg) = exp (Z(tl,t2>ﬂl(t1,t2)T> \Pl(tl,t2> .

The next result tells us that, somehow, log(¥1(t1,t2)) is negligible before t2 + t3 (when (t1,t3) —
+00).
Lemma 4.2. There exists a constant C1(h,T) and € > 0 such that for all (z,z) and for almost

all (t1,t2) in B(2(x, 2)k,€) (the ball of center 2(x, z)k and radius €),

1
(4.12) AUES) exp (—4M|z — z| — 7 (2M + M?)) < Uy (t1,t2)

< Ci(h,7)exp (AM |z — z| + 7 (2M + M?)) .
Proof. We fix (x,z) in R2. Similarly as (4.6), we get, for all p € Cgr (R?),

/ (AT B )by, ) Aw (dyosr)
c([o,7])

o~

2
= /c([ D (At Brer) Mt (M) B o (dyone)
0,7

_ M2
:0‘10’262M|I Z|+T(M+ 2 )/ (p(tl’t2)efAQIZ7B2z2+C1mz+t1z+t2z\I](t1’t2)dt1dt2

R2
2M a2+ (M+242)
= 0102€

1
ot ta)exp (4 ((1,12) — 20 (01, 0)" = 20,7
RQ
X \Ifl(tl, tg)dtldtQ .
Similarly as (4.7), we get, for all p,

2
/ (AP BT )y 2, 2) A (dyony) < €M7 (M) / (1, 12)Q, (1, o)t
c(lo,7]) R2

- z—x|—T a2 : :
¢ MImel=r (257) / (1, 12)Q, (b, o) dtydty < / (AT B (your 2, 2D (dyors)
R2 c([o,7])

for some Gaussian density Q;’z with covariance matrix which does not depend on z, z (see Equation
(4.1)). We then have, a.s. in (t1,t2) (for the Lebesgue measure),

2

(4.13) Q, .(t1,t2) < 109 MIE =T 2MEM) 0 (1) 15) — 2z, 2)k) Wy (£, 12) .

Using the lower bound in the inequality in Lemma 1.3, we get in the same way, a.s. in (¢1,t2),
2

(4.14) Q;ﬁz(tl, tg) Z 0‘10’26_4]M|I_Z|_T(2M+M )Q((tl, tg) — 2(.%', Z)H)‘I’l(tl, tg) .

So, we deduce from Equation (4.14), that there exists e; > 0 such that, for all (z, z) and for almost
all (t1,t2) in B(2(z, 2)k, €1)

Uy (ty, 1) < Oy (7, h)e*Mlr—2lt7(2M+M7)
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for some function C (7, h) of the parameters 7, h. One can also see that Q;J reaches it maximum
at (z,z)k’, where £’ is fixed in My 2(R) (the set of 2 x 2 matrices with coefficients in R). From
Equation (4.13), we get that there exists e3 > 0 such that, for all x, z and for almost all (¢1,t2) in
B((z, ), ),

Q(t1,t2) — 2(w, 2)k) = Q. ((, 2))(o1072) ~ e BMIP===r (ME2ME) (4 (1, 7)) =2
and so, by continuity,

Q(w, 2)K' — 2, 2)r) = Ql((w, 2)K')(0102) " e SMIr=21 =T (M+2M2) (1 (7))~

If k' # 2K, we can find a sequence (1, 2,) such that x2 + 22 o, +oo and
n—-+0oo

1Og(Q(($na zn)HI - 2(‘Tna Zn)H)) = _(‘ng + Zi) )
whereas
tog (4 (2 20)8')1072) e SMImn =l =r (V) (0, (1)1 oy
which is not possible. So k' = 2k. So, we get from Equation (4.13) that there exists e5 > 0 such
that for all z, z, and for almost all (¢1,¢2) in B(2(z, 2)k, €3),
e—4M|z—z|—T(2M+M?)
Ch (ha T)
(with, possibly, a new Cy(h,T)). O

Uy (t1,t2) >

Lemma 4.3. If we have a set A = {yo. € C([0;7]) : (A¥",BY*") € B} for some subset B of R,
then

/ {p\(y():‘r; Z, Z))\W(dyOT) S 010201 (ha T)
A

/ o
X exp§ ———
(ta,t2)EB 4

B—l
— =2 ([t = 2Ba(p212 + 2)| — 4M)2}

o p2ate
P11 P11

1
—AM|— + P21

P11 P11

— 2A2p1,1$

),

x exp (|16M3(1, =1~ (1, =1)"| + 7 (2M + M?) + 4M |z — z|) dt1dts

and

/ {p\(y():‘r; Z, Z))\W(dyOT) Z 010201 (ha T)_l
A

T
X expq ———
(ta2,t2)EB 4

Byt

;

x exp (— |16M*(1, —-1)s~'(1,=1)"| — 7 (2M + M?) — AM|x — 2|) dt1dts .

i p2ats
P11 P11

1
L P
P11 P11

— 2A2p171$ + 4M

([t2 — 2Ba(pa1x + 2)| + 4M)2}

Proof. We have
/ O (Yoirs , 2)Aw (dyo:r )

A
T 1 -1 T

= 0102/ exp (—(x, 2)k(z, 2)" + t1z + t22) exp (Z(thb)’f (t1,t2) > Uy (t1,t2)dtdts

B
1
= 0102/ exp (—Z[(tl,tg)T — 2k(x, z)T]TFfl[(tl,tg)T — 2k(x, z)T])
B

1
x Uy (2/£§I€_1(t1,t2)T) dt1dts
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(by Lemma 4.2)

1 -1
< Ulag/Bexp <Z[(t1,t2)T — 2k(x, Z)T]Tfi [(tl,tg)T — 2k(x, z)T])

x Cy(h,7)exp (AM x |(1, —1)k~*(t1,t2)"| + 7 (2M + M?)) dt1dts,
and we can bound by below by

1
0102/ exp (Z[(tl’ ty) — 2k(x, 2)| T kY (t1, t2) — 25(x, z)])
B
1
X i) &P (=AM x |(1, =)™ (t1,t2)T| — 7 (2M + M?)) dtydt»
For (t1,t2) € R%, we have, for any § € {—1,1}

exp (i[(tl,tz)T = 2n(2, 2) ] R (b1, t2)" — 26(x, 2)T] 4+ 20M x (1, 1)“_1(t17t2)T>

—_

= exp (—[(tl, to)T = 2k(z, 2)T —46M (1, —1)T1T k=Y (t1, t2)T — 26(x, 2)T — 46M (1, —1)7]

S

+4M?(1, -1~ N1, —1)T + 46M (2, 2)(1, —1)T)
—oxp (P T -2 | @ g | Pl - asar(e L )T
4 0 By
A2_1 0 _INT T Ay O T —1\T T
| e | -2 | R D] P - asM T -1
x exp(4M*(1, 1)k~ 11, —1)T 4406 M (z, 2) (1, —1)T).
From there, we get the result. O

4.2. Truncation. In the following, the parameter A > 0 is to be understood as a truncation level.
For k > 0 and A > 0, we set (for all a, b)

(415) CkJrl(A,b) == {Z : |232(1 +p271)2 — b| S A}
(which indeed does not depend on k),
Cr1(A) = Crga (A, By 07)

and

(4.16) Y () P —
2B5(1 + p2,1)

(which indeed does not depend on k) and

Yir:(k+1)
Mi+1 = Mg (B ")

We suppose that myg is a point in the support of 7y (the law of X) and we set

[ A n A
my——— , Mg+ ————————
0 2B5(1 4 p21) 0 2By(1 4+ p21)

From Hypothesis 2 and Lemma 2.7, we see that there exists a universal constant C' such that

Co(A) =

C(MTQ + V(k72)7',k'r + W(k72)'r,k‘r) if k > 23

4.17 —mp—1] <
(4.17) e = 1|_{mo+C(MT2+Vo,T+W0,T) fk=1.

For the simplicity of the proofs, we add here an assumption. We set

(4.18) d(A)

and

= — 6B 01 A —AM
14 p2s 2P2.1 ’
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Cﬁexp (% (égé\;%)Q)

(4.19) T(A) = —
(1+p21) /By e LM T+ 25 412812 1 .
T (M PL1 + VA2 ) Ci(h,T)o102p11 aA) exp 15, d(A) ) .

Hypothesis 3. We suppose that mq is chosen such that
mo(Co(A)°) < T(A),
for A bigger than some Ag > 0. We assume A > Ag.
We define, for all k > 1, z and 2’ in R (recall that 1y is defined in Equation 3.5)

(4.20) Ve (2,2') = Yr(z,2") 1o, (a) (@),
(4.21) Dy = |my — mp—1],
and for D > 0,
(4.22)
2
A
1 (D + Bz (1+p2 1)) A T 7_2

D,A) = - : M(D+—— ) (2+1 )\
GD A= e 2r eXp( ( +Bz(1+p2,1)> <z+ 2) >
(4.23)

2
A
DA 1 <(D 32(1+P2,1))+> v(ip A TM

N o oo (4 (0 B ) 5
and,
(4.24) RA(:L' do') = ka(x,:c')Q(ac,dx’) if x € Cr—1(A),

BT Y2 (z, )6 (Di, A)da!  if © ¢ Cr_1(A).

We define (75'),>0 by the following

& = mo
{wkﬁ —ReRe ... R (my) forallk>1.
The next lemma tells us that the measures 7, are concentrated on the compacts Ci(A).
Lemma 4.4. If
(4.25) 0'"A > 3mg + 3CM7*, d(A) >0,
then have, for all k > 0,
E(rir (Cr(A)8) 2 T(A).

Proof. We suppose k > 1. For a measure p in MT(R), we define

Qu(dz, dx’) = p(dz)Q(z, dx') , Va,a' € R,

(recall @ has been defined as a Markov kernel on R?, so the above is an extension of the definition
of Q). We have

me(Cr(A)) x Vg —my_r|<a61—0 =
1|mk—mk,1\<A917L/ Mle(A)G(‘r)(lck71(2A)(‘T)+1Ck 1(2A)0($))@ﬂ-k—1(d$;d$/)-
- (z,2)eR? (QTk—1, %) -

and (using the same computations as in [LO03], proof of Proposition 5.3, [Oud00], p. 66)
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YO:(k—l)T>

Yy, z,2') , - /
= 1 my(BY)—mp_1|<AHL—¢ / "'710 A.BY G(SC )]'C L (2A (x)Qﬂ_kfl(dl',d.fC )
/yEC([O,T]) (B == w2 (Qmp_y,y,) OB K-1(20)

(4.26)

Y (z, 2’ ~
E ].|mk_mk71‘SA917L/ ,vk(i)].ck(A)c(1")1Ck71(2A)($)Q7Tk,1(d:C,d:L'I)
R2 (QTg—1, k)

X </ @Wkl(u,du')ﬂl(y,u,ul)) Aw (dy)
(u,u’)ER?

(by Fubini’s theorem)

= / 1|mk(Bly)—mk,1\gA9H/ 7/1(31,96,z')lck(A,Bf)ﬂ(xl)lck,l(m)(x)@mq(dfc,dz')AW(dy)
y€C([0,1]) R2
(using Lemma 1.3 and Lemma 4.3)

’ 2 2 —1 T
< 0105Cy(h, T) oOM|z—a' |+ (4M+2M?)+16M |1, -1)r (1,17

(w,2")ER? /(tlﬂfz)ERz Hmg(t2)—me—1|<AGT

_ 1 ( t] _P2.1t2 54 |_4M‘1+P2,1|)2 i , 2
2P1,1% — == —2B —4M
x e M \[Pri TP Pt 1)y« o 5 (ltz 2(p2 1742 )| )+

By a similar computation, we get

X 1ey (atn)e (7)o, 2a)(2)dt1 Qi1 (do, dar’) .
Y (x,2") - /
E / —_1 U(-T)l G(fE)Qﬂ'k—_l(dx,d:L- ) YO; 1)y
( R2 <Q7Tk—1awk> Ck(A) Ck—l(QA) ( )

:/ eqop Jr2 1/’(%$a$I)1ck(A,B§')G(xl)lck,l(m)ﬂ(x)éﬂk—l(dxadm'))\W(d?J)
yec([o,

< / 1ck71(2A)c($)@7Tk—1(d$,diEl) < mp_1(Cr_1(2A0)0) .
RZ
For z € Ci_1(24), ' € Cr(A, )8,

(4.27)  |ta — 2Ba(paz + 2')|

ta D21
p21+1  pa1+1

= }2B21'/ + tog — 2Bapo 1

> T pos 2Bopa 1|mi(t2) — mi—1| — 2Bap21|mi—1 — x|

=1 +pa1 6B2p2,10' " A if [mi(t2) — my—1| < 0'T'A.

So
E(mi (Cr(A))) < P(jmg — my—1| > 07" A) + E(me—1(Cr—1(24)%))

+0’10'201(h,7') /
(z,x")ER? J (t1,t2)ER? : [ta—2B2 (p2,1z+x’)|> 1+§2 I —6A0'~*Bapa 1

66M|z—z/|+r(4M+2MZ)+16M2|(1,—1),-f1(1,—1)T|

1 B P21t2 54 a0r| P2 2
_W< o1 1 a4 2P1,1l - Y
X e 2 \|P1,1 P1,1 P1,1 +

X e_ﬁ(|t2_232(p2'1l+1/)|_4M)+dt1dt2@7rk71(dw da’).
We have, for all x > 0,

PWVoor>xz) = P( sup Vo— inf V,>uzx)
s€[0,27] s€[0,27]
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< P(sup Vi>x/2)+P(— inf V,>x/2)
s€[0,27] s€[0,27]
= AP(Var > 2/2)
= 2P(2|Va,| > ).
And so, we can bound (for all z)

(4.28) P(Vk—2),rer > ) < 2P(2[Wa,| > ),

(429) IED()/\}(1672)+'r,k'r > :C) < 2p(2|W27-| > ZC) .
So (with the constant C' defined in Equation (4.17)), using the inequality

+o00 exp (f%) o exp (f%)
4.30 Vz >0, dt < ,
(4:30) z V2ro? 2V/2m

and using Equation (4.17), as 0'=*A > 3mg + 3CM 72, we get

17L
P(|mk — mk,1| > 91’LA) < 4P <C X |W27—| > A)

]P<|W1| = 5C A>6
(i

UCVT
(4.31) < P AVE exp (

<l

2)).

l\3|>—

For all z, 2/, we have

(4.32) /
(t1,t2)ERZ: [t2—2B2(p2,12+2’)|> 1+§2,1

ks ([P -z Lirey
TA, <|P1,1 P1,1 —2Aop1, 195‘ 4]M|

—6A01~¢Bapa 1

+

w o~ 15 ([t2=2B2 e pnata)|—aM)* gy 0y

!
(change of variables : ( t} ) —(P~HT ( tq ))
ty to

1+p2 1
-5 (Jti—242p1 10| - 4M|—D+

e

/(t’l,t’Q)GRZ :|[th—2Ba(p2,1z+a’) —6A01~*Bapa1

A
>y

« 674é2(|t2 2Bs(p2,1742")|— 4M)+p11dt dt,

(by (4.30)) < <8Mw + 2\/7TA2>

P11
228, 1 )
————d(A .
SrTIN eXp( 5" ))pl’l

We have, by Lemma 1.2,

(4.33) / 66M\m—m/|+T(4M+2]V12)+16M2(1,—1)n71(1,—1)Téﬁkil(dz,dx/)
(z,z")ER?

1 (z —2')? (9 )
< exp | ———— + M|z —2'| + 7 =M +2M? ) + 128M? | da'7p—1 (dz
_/(m')esz%T p( 2T | | 2 )

9
< 2exp <49M27- + 7 <§M + 2M2> + 128M2> .

So we have
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E(m(Cr(A)®)) < E(mp—1(Cr1(24)%)) + 24C\/T (_% ( RN ) )

oA /x P 6027

1 4+/2B

+ (SMM + 2\/71'142) Cl(h,T)0102p1,1 2
P11 d(A)

1
X exp (——d(A)2 + 51 M?7 + gTM + 128M2) .

4By
B(mu(C(A)%) < B(ra(Col2*A)%) + Y | 5ty = exp (—% Ev) )

1 AN/DBreS I M2+ 5T M+128M° 1 )
+ <8MM + 24/ WAQ) Cy(h,T)o102p1.1 2¢ exp (—d(QlA)2)

Then, by recurrence,

k—1

p171 d(QZA) 432
We have
1 n 1 n 1 n < 1 n 1 n 1
ISR e Y VTN WYY (T
1
+ +..
A(A) +4A (5 — 4Bapa 101
< 2 n 1 < 3
- d(A) A (T}I721 _ 4B2p2,191—b) - d(A) '
So
1— 2
C < k [ 240\/7_' _1 T A
E(ﬂ.k(ck(A) )) = E(TFO(CO(Q A) )) + TlibAﬁ exp 9 60\/?

1 2 2
+ <8M| + P21 4 2\/7T—AQ) Cl(h,7)0'10'2p1714\/E651M T+ ST M+128M

P11
3 1 ,
X D) exp (_—4B2 d(A) )
(I

Corollary 4.5. We suppose that 7}y € P(R) is such that mo and 7w}, are comparable. We suppose
that (m;)i>0 is defined by Equation (1.8). Under the assumption of the previous Lemma, we have,
for allk >0,

E(m}- (Ck(A)°) < T(A)eromd).

Proof. By Equations (3.1), (3.2), we have, for all k,

(4.34) h(Thrs Ther ) < (7, 7o) -

So, by Equation (3.3),

B0 ™) me (C (8)°))
T(A)eh(moma)

E(m}, (Co(A)F) <
=

O

_ The next result tells us that Ry, and EkA (k > 1) are close in some sense (recall that m, =
Ri(m(k-1)r))

Proposition 4.6. We suppose that A satisfies the assumption of the previous Lemma (Equation
(4.25)). We suppose that (), )n>0 satisfies the assumptions of the above Corollary. For all k > 1,
we have

_A uy 7T/
E(he — Ry (mfs_1y)ll) < T(A)ehmom)
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Proof. We define measures on RZ:
n= Qﬂ-ék—l)‘r )

p (dz, da’) = 1, (a)(2)Q(le,_ (a)T{_1),) (dz, d)
+ 1) (Cr1(A A)OYe1 (Dr, A) 1, (a) (@) doda
where (by a slight abuse of notation)

@(]‘Ck—l(A)ﬂ-Ek—l)‘r>(dz5 d:C/> = ]‘Ck—l(A)(x)ﬂ-Ek—l)T (d:C)Q(:L‘, d:C/) .

By the definition of R® (Equation (4.24)) and computing as in [ORO05], p.433 (or as in [Oud00],
p.66), we get

—A
1Thr — Ry, (ﬂ-gkfl)'r)H = |k op—t e
. . Yr(z,2") NA ’ ’
using Equation (3.8)) < 2/ — %1 e(2)Q(lo, (A T(h_1),)(dz, dx")
( (3.8)) - <Q7T§C,1,1/Jk> [Ck(A) ( ( k—1(A) T (k—1) (

"'@(101671(&“‘”@—1)7)(65% da’)
+7TE’€*1)T (Ce (A)C)‘fl (D, A)lck(A) (2')dzdx'] .
We have

YO:(kl)'r)

1/% .’L',.’L'/ ~
E (1[0,91LA](|mk — mg—1) /]R2 @77’(71&)) X 1o are (@)Q(Ley_ (a)T(k—1)-)(dz, da’)
k—1> ¥k

: Yk—2)r:(k—1)r
:/ Lio,01-ca)(Imi(BY*7) = mp_1 (B, *27¢707))
Your €C([0,7]

1#(2/0:7,56,30') N~ / /
< = Lo a0 e (0o, ()T, (e, da')
w2 (Ql_ (Yo, ) AP ST

X (/]R? @W(k—l)r(duv du,)"/’(yo:n U, u/)) Aw (dyO:'r)
(using Equations (3.3), (4.34))

o : Yk—2)r:i(k—1)r
< th(ﬂ'o,ﬂ'o)/ 1[0,917LA](|mk(Blll0‘T) _mk‘—l(Bl(k 2)7:(k—1) )
yo:7€C([0,7])

></ Y(oirs 7,2 ) o e (7)1, (a) (@) Qr—1 (d, da’ ) Awy (dyo:r )
]RQ
(using (4.26), (4.27), (4.32), (4.33) and the fact that Cr_1(A) C Cr—1(24))
< T(A)SQh(WU,W(’)) ]
’L/Jk(l',l'/) A / ’
E / OEET) By ooy )(dasdr)| Yoy, | =
( v (Qry ey T e
/ ¢(yoT,:E ?) e, () () Qg1 (da, da’)Aw (dyor) = (1), (Cro1(A)E)
yo: €C([0,7])
/ elm,T) T 1yr (Cro1 (B)D)61 (D, A) gy a, oy (&) dxda’ | Yo(imn)r
R2 Qﬂ-k 17’¢)k

/ o e P07 055l G (IO (Ds A)1e s, (o) o ()
yo:+ €C([0,T

< 1y (Crmr (A)F).

We have
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So, using (4.31) and Corollary 4.5, we get the result. O

5. NEW FORMULA FOR THE OPTIMAL FILTER

We have reduced the problem to a discrete-time problem. For all n, 7, , is the marginal of a
Feynman-Kac sequence based on the transition @ and the potentials (1 )r>1. We wish to apply the
same method as [OR05]. We restrict the state space to the compacts (Ck(A))k>0. But, even when
restricted to compacts, @ cannot be mixing, so we cannot apply [OR05] directly. The purpose of
this Section is to find another representation of the sequence (7, )n>0 as a Feynman-Kac sequence,
in such a way that the underlying Markov operators would be mixing, when restricted to compacts.
Looking at Equation (3.6), we see that a Feynman-Kac sequence is a result of the deformation of a
measure on trajectories (we weight the trajectories with potentials (15 )r>1). The main idea of the
following is to incorporate the deformations delicately (in two steps), in order to retain something
of the mixing property of the operator Q.

In this Section, we work with a fixed observation (Y5)s>0 = (¥s)s>0-

5.1. Filter based on partial information. We define, for all z = (21, 2), 2’ = (2, 7)) in R?,
kin N* nin N*, n > k,

. 1 I\ h A () ()2 / if (A
(G.0)  fork>2, B (rde') = § MO @DV (F)Q(ndr) e € Cuoa(A),
Loy i (ay (@) (2')&1(Dr—1,A)  otherwise |

R5,RS, .. RS, ,(x,R?) ifk<n-—1,

A —

(remark that w2An|2k () does not depend on z(1)),

Yinparsa (@) BA N B
SQAH\Qk(za d.CC/) = w?n\Qk( ) R2k+2(z’ dx ) it k S n 1 y

da’ ifk=n-1.

These notations come from [DGO1|. As @ has a density with respect to the Lebesgue measure on R,
so has S 21, (with respect to the Lebesgue measure on R?). We write (z,2') € E? — S;‘nl%(ac x')

for this density. We fix n in N* in the rest of this subsection. We define S2n|2k’ 1/)2n|(§lz, for

0 < k < n, with the same formulas used above to define S’2n‘2k, anl%, except we replace 1/’271 by
1. For all D > 0, we set (recall the definitions of &, & in (4.22), (4.23))

_ 51 (Da A)
(5.3) e(D,A) = 7&2(D, A) ,
and, for all k,
€ — E(Dk, A) .

Lemma 5.1. For k < n —1, SQAH‘% is a Markov operator and S2A|2k is (1 — €3;,,,)-contracting

A, (p)

for the total variation norm, S%‘Qk

the total variation norm

18 a Markov operator and 8’2"‘% is (1— e§k+1)—contracting for

Proof. We write the proof only for the kernels S2, it would be very similar for the kernels S é*(p)
By Proposition 3.1, S2An‘2k is a Markov operator. We set, for all £ > 1, 1, 3 in R,

)\k (dl‘l,dl‘g) = 1C;€,1(A)($1)1C;¢(A) (.Tg)’t/]k(l'l, .Tg)d.%‘ldl'g .

By Lemma 1.2, we have, for all 1, xa, 21, 20 in R, & > 2 (we use here the second line of Equation

(5.1))
(5.4) &1 (D=1, M)\ (dz1, dzo) < R (w1, 2, dz1, dzo) < &o(Dy—1, A)Ne(dz1, dzo) .
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So ]%,CA is \/€x_1-mixing. So, for all z in R?, all k such that 0 < k <n —1 (the convention being
that, if k =n — 1, (RS, ... R5,,4)(y, dz) = 6,(dz))

%Anpk (x) = / (§2An te §2Ak+4)(y’ dz)égk—ia (xa dy)
R2 xR2

< /]R . (EQAn'-'E@c+4)(yvd'z)§2(D2k+1vA)/\2k+2(dy)7
2>< 2

and, for 2’ in R?, B
RSy, o (2, d2’) > & (Dags1, A)Aagi2(da’)
S0

S &P, 4) R2An3k+4 (@', R?)Agiera(da’) -
~ &(Dar1, A) Joz B804 (Y R)Aogy2(dy)
In the same way as above, we can also obtain

< §2(Dakt1,A) o §2E2k+4($/aR2))\2k+2(d$') _
~ (D21, 8) [ Ronaoera(y, R2) Aora (dy)

This implies that S2An 2% is (1 — €3, 41)-contracting for the total variation norm (see Subsection

(5.5) S;‘nl%(x,da}')

(5.6) Sonox (@, da’)

3.1). One can also use Proposition 3.1 to prove this result. We did it this way because we will
re-use Equations (5.5), (5.6). O

We set Zj to be of the form Zy = (0, ZSQ))7 with ZSQ) a random variable. We set (Zag)o<k<n t0
be a non-homogeneous Markov chain with kernels S2An‘0, SQAle, cee S2An|2n_2 (for kin {1,2,...,n},
the law of Z5, knowing Zog_o is SQA,,l‘Qk72(Z2k72, .)). For Zsi being a element of this chain, we
denote by Z2(,1€) and Zéi) its first and second component respectively. Recalling Proposition 3.1 (or
Proposition 3.1, p. 428 in [OR05], or similar results in [DGO1]), if the law of Z is chosen properly,
then Z2(i) has the same law as Xy, knowing Y7.2-, ..., Y(2,—1)r:2ns, henceforth the title of this
Subsection.

Remark 5.2. We have that, for all £ > 1, Zéi) takes values in Ca(A) and Zéi) takes values in
Car—1(A).

We set (ZF))o<ken to be a non-homogeneous Markov chain with Z{") = Z; and with kernel
g2 () gA.(p) g2 (@)

2n|0 7 P22 7 0 P2n|2n—2

5.2. New Markov chains. We set Us,11 = (ZQ(?, Zé?w) for k € {0,1,...,n— 1} and U2(711)+1 =
7. We set UP) | = (Zéi)(z), ZPWY for k€ {0,1,2,...,n— 1}.

2k+1 2k+2
Lemma 5.3. The sequence (Uy,Us, ..., Usp_1, UQ(}})H) is a non-homogeneous Markov chain. The
sequence (Ul(p), Uép), ceey Uéfllg, Uéﬁ)g)) is a non-homogeneous Markov chain.

If Z{?) is of law p1, then the law of Uy is given by, for all (z,z’) in R2,

(5.7) P(U; € (dz,d2")) = / Sonio((0, 2), (d2', dz))pu(dz) .
zER
We write Sgn|2k+1 for the transition kernel between Usi—1 and Uggqq (for k =1,2,...,n —1)
and SglenH for the transition between Us,—; and U2('r11)+1' We write Séfz)|[2jk+1 for the transition
kernel between U2(2)|2k71 and UQ(Z)‘%H (for k=1,2,...,n—1)

Proof. We write the proof only for (Ui, Us,...,Us,-1, U2(711)+1)7 it would be very similar for the

sequence (U™, UP ... UP_). Let ¢ be a test function (in Cf(R?)). For k€ {1,...,n—1}, we

have (for 282), zél), ,zéi) in R)
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E(p(Uaksn)IUr = (267, 25). - Uzior = (53, 5¢))) =
E(p(Zst  Zsian)| 267 = 267, Zan = 2, Za) = 7)) =
E(o(Z5t + Zsiyo)| Zai 2 = 22 Zax) = 731))
as S@l‘%_Q(zéi)ﬁQ, Zéi)72’ ., .) does not depend on zéilQ So the quantity above is equal to, for any
z € Cop—1(A),

2 1 2
2 (1) S2An\2k—2((z7zék)—2)7(Zék)’zék)))
e(2a1 2k+2)

Jr SzAn\zk—z((Z’ Zéilg)a (Zéi), 2'))dz’!

1 2 1 2 2 2 1
([ SR, (D) ) et

A similar computation can be made for E(@(UQ(?_HMUl, oo Usp1). O
We set, for all k,

1 A 2 A
5.8) €(D,A)=exp |—=DByp3 <7+D) - BA <7+D)
(5.8) €[ ) Xp 5 2P21 32(1_“)271) 20P2,1 32(1_“)271)

‘QM(Bx%Mw)”(WMTQﬂ’

eoy, = € (Imap — map_1],A).

Proposition 5.4. For anyk = 1,2,...,n, the Markov kernel S2Unl2k+1 is (€2),_1 (€h),)%)-contracting.
For any k=1,2,...,n—1, the Markov kernel Séfl)‘QUkJrl is is (€351 (€hy.)?)-contracting.

Before going into the proof of the above Proposition, we need the following technical results.
We are interested in the bounds appearing in Lemma 4.3. We suppose that t1, 2, x, z in R are
fixed. To simplify the computations, we introduce the following notations:

t N ARG
= (P
(4)=er(3)
_ 2M (|1 + p2.al)
P11 -

M,

Lemma 5.5. Suppose that, for some D > 0,
|z — 2| < D,

[2Ba(p12+ 1)z — th] < A
then

1
exp (E(té — 2By(pa,1 + 1)2)* — Bopi 1 D* — p2,1DA>
1
< exp (E(té - 232(]72,1:0 + Z))2)

1
< oxp (04 2Balpns + 12"+ paaDA)

Proof. We have
exp —L(t’ — 2By (pa.1 + 2))?
1B, 2 2(P2,1

1
= exp (—E(té — 232(p2,1 + 1)2:) + 232])271(2 — $))2>



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 31

1
<exp (E(té —2Bs(pa,1 + 1)2)* — Bapi 1 (2 — 2)% + p21(z — x)| X [ty — 2Ba(p21 + 1>Z|>

1
< exp (E(té — 2Bs(p2,1 + 1)2)? +p2,1DA)

and
1 / 2
exp fE(tQ — 2B3(p2,17 + 2))
1
> exp (E(té —2Bs(pa,1 + 1)2)* — Bapi 1 (2 — 2)% — p21(z — x)| X [ty — 2Ba(p21 + 1>Z|>

1
Z exp (E(té — 2B2(p211 + 1)2’)2 — B2p§71D2 pgleA)
(]

Proof of Proposition 5.4. We write the proof in the case k € {1,2,...,n—1} and for Sgn|2k+1 (the

other cases being very similar). Let ¢ be a test function (in C;"(R)). By Remark 5.2, we have that

Uéill takes its values in Cqi—1(A). We write, for any zéi)d € R, zé? € Cak—1(A), z € R (like in

the proof of Lemma 5.3)

(5.9)  E(@(Unks1)|Usio1 = (25 5. 25))) =
2 1 2
/@(2(2) L) ) S§z|2k—2((z’zék)—2)’(Zék)vzék)))
2k ) “2k+2 2 1
Je S?mzkfz((z’ Zék)—2>’ (Zék)v z'))dz'
1 2 1 2 2 2 1
([ Sl G 8 )8 ) ) >

(by Equations (5.5), (5.6))

g 1 2 2 1 2
/<p(z(2> RO RS oo (25 250), R2) Loy () (25 oo (253, 252
R 2k “2k+2

2k—1 ~ 1 1
Ji Bncanepn (251 2. B Ly ) (2 bk (231 /)
1 2 1 2 2 2 1
([ S8 B )80 ) oS

From Lemma 1.3, we get, for all z9; such that zéi) € Cqi(A), using the same kind of computation
as in the proof of Lemma 4.3,
—2M|2§) —2) |- (M+242)

Yok (Zéi)v Zéi)) > 0102€

X exp (7142(25;))2 B BQ(Zéi.))Q + Clzéi)zéi) +A?(2k—1)r:(2k)r Zé? +Bf(2k—1)r:(2k)rzéi) + CZOU(Qk—l)T:(Zk)T)

Y(2k—1)7:(2k) Y(2k—1)7:(2k) 2
B —2M\z;}j—z§?|—r(zw+%) B 1 Aj i (2k)T 7p2,1B1 i (2k)T 4 "
o10%€ Xexp — 2A2p1,125;,
44, D11 D11
1 Y(2k—1)7:(2k)T (1) (2) 2 Y(2k—1)7:(2k)T
— —4B Bl — 232(p2,122k + 25y, ) + CO
2

1
Y@2k—-1)7:(2k)T Y(@2k—-1)7:(2k)T
+Z(A1 ) Bl )

—1 Y(©2k—1)7:(2k)T Y@r—-1)r:(2k)7\T
Kk (Al 7Bl ) :|

1 2 Y(2k—1)7:(2k _ M2
72M|z;k)fz;k)\+co( yri(2R)T X e T(]M"' 2 )

> (by Lemma 5.5) o109€

Y@2k—1)7:(2k)T Y(2k—1)7:(2k)T
B 1 (Al( )7:(2k) B p2,1Bl( )T:(2k)
44, D11 P11

2
X exp

— 2A2p1,12}§?)

1

2
T 1B, (311/(%71)7;(%)7 —2Bs(p21 + 1)'25?@)) - B2P§,1(Z§? - Zéi))Q - AP2,1|Z§? - Zéi)|
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+
o] =

(A?(Zk—l)r:(mc)r,Bf(Zk—l)T:(Qk)T)Kfl(A:g(Qkfl)T:(Zk)T,Bf(Zkfl)T:(Zk)T )T:| )

We set,

Y(2k—1)7:(2k) T Y(2k—1)7:(2k2) T 2
1) _ 1 <A1 P21 By >
x)=exp | — - — 245112 ,
21, (2) ( 44, D11 D11

1 . 2
éi) (:C) = exp (_4B (Bll/@k—l)r(Zk)ﬂ— _ 232(])271 i 1)x) )
2

In the same way as above:

1 M 28D — 2 |4 (M4 22 ) 4o FFmDmEDT gy () (@), (2
¢2k(zék)vz2k)) < 0102¢€ s (M) 7/’§k) (Zék)) ék) (Zék))

X exp (APQ,llzék . sz)l +Z (A?(Zkfl)r:@k)r’Blll(2k71)ﬂ-:(2k)ﬂ—)Kl—l(Alll@kfl)ﬂ—:(Zk)ﬂ-’Blll@kfl)ﬂ—:(zk)ﬂ' )T) )
Looking back at (5.9), we get

E(p(Uzs1)|Usim1 = (25, 250)) =
(1 _(2) (2),.(2)

(2) _(1) 2 /2 ézAnzszrz((sz ,z%) R2)102k(A)( N )) 2k (sz)
P(zy, ’22k+2)62k 1(€5) =A 6 5 N
2 Jr Boona (215 2), R?) 1y, A)( )w% (2")dz

1 (2 1) 2) 2) a
(/ 52n|2k ZQk)’Zék) (Z§k+2’zék+2)dzék+2> dZQk)dZQk)JrQ

As RQn:2k+2((Z£}€),Z/),.) and S@l‘%((zé?, "),.) do not depend on z( ) for any z', we get that
Sgn\QkJrl is (1 — €2;,_,(eh,)?)-contracting (remember Section 3.1).

O

5.3. New representation.
Proposition 5.6. Let n > 1. If we suppose that ZSQ) s of law ¢2An|0(0, .) ® u, then, for all test
function ¢ (in C; (R)),
1
E(e(Usn1) Mhcicn ¥5i-1 (Vai-1)
E(H1<i<n 1/@71([]21'—1))
If we suppose that Z( is of law an(p)( 0,.) ® p1, then, for all test function ¢ (in C;"(R)),
2
E(p(Usn ) Thcizn ¥5i1(Ust)1))
E(Micicn ¥5-1(U31))

Remark 5.7. Recall that we are working with a fixed observation (Ys)s>0 = (ys)s>0. The above

(5.10)

— (RonFons - R (1) ().

(5.11) = (B 1Fa - R () ().

. A=A —A .
Proposition tells that, for all n, R,, R,,_; ... R; (1) can be written as the n-th term of a Feynman-
Kac sequence based on mixing kernels (by Proposition 5.4). We can apply Proposition 3.1 to
this Feynman-Kac sequence. This representation and this result are also true for a measure

Eﬁﬁﬁ_l . .RkA(n) for any k < n, n probability measure on R.

Proof. We write the proof only for Equation (5.10). The computation leading to Equation (5.11)
would be very similar. It would simplify nicely because we replace z/;fn by 1 in the definition of

the SA(P)7 ,l/)A(P)

2n|. 2n|..."
We have, for any test function ¢ (in C; (R)),

E(p(Usy) T w5 1(Uzic1)) =

1<i<n
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/]R(]RQ) ez 11 {Sﬁnpk(z’?ka22k+2)w2Ak+1(Z§c)’Z2k+2):| (©3010(0,.) ® ) (dzo)d2s . .. dzop =
X

0<k<n—1

A
) w2n\2k+2 (Z%JFQ) ~=A A (2) (1)
©(23,) — v Ropa 22k, dzak2)Vor 1 (251 Zopsa)
/Rx(RZ)n 23 oggzq l 1/’?,1\2;@(2%) 2k+2 2k+1 %ok s Zopt2

X (Van0(0,.) @ p)(dzo)dzs . .. dzay =

(2) BA A 2) (1) 1
©(zs,) R (22K, dzok42)V (257, 2 )| ————u(dz0)dzs ... dzay, =
/]Rx(]RZ)n 2 ogzg_1 [ 242 +2)Y2r+1(For » Zopyo IU’(Q/JQAn‘O(O’ )

/}R(R% ‘P(Zéi)) H {¢2Ak+2(zgc)+2aZ§k+2)1/’2k+1(zéi)aZék)Jrz)Q2(Z2kadZ2k+2)}
X

0<k<n—1

1
>< e
which proves the desired result (recall Equation (3.7)). O

w(dzo)dzs . .. dzap, ,

6. STABILITY RESULTS
In this section, the observations are non longer fixed.

6.1. Stability of the truncated filter. We show here that a product of coefficients 7. decays
geometrically in expectation (see the Lemma below). These coefficients are the contraction coef-
ficients of the operators SY, S_Uv(p), which are related to the truncated filter through Proposition
5.6. This is why we say that the result below means the stability of the truncated filter.

We set, for all t in R, k > 1,

T(t, A) =1 — (¢'(t, A)e(t, A))?,

=1-— (eﬁcek,l)Q.
_ 96CVT 1 L \°
=T ( (evz) ) |

(6.1) L > 3my+3CM7* and a(L) <

We set, for L > 0,

We fix L > 0 such that

»PIH

We set

e (L, A) + /7(L, A)?2 + 4a(L)(1 — 7(L, A))
5 :

Lemma 6.1. For 0 < k <n—1, we have

e(L,A)2e' (L, A)2\"F?
E(Tont1Ton—1 - - Toks 3| Fo:2e41)r) < (1 _ ) 5 ( ) ) )

e(L,A)2e’(L,A)2)”k2 .

E(7onTan—2 - - - Tak+2| Fo:2kr) < (1 - 5

Proof. We write the proof oh the second Equation above. We take L > 0 and we set

0 _ T(L, A) if |7’I’L2]€ — mgk_1| < L and |m2k_1 - mgk_2| <L
2 1 otherwise.

For all k, we have 7o, < o5, For any k > 1, [my — my_1] is a function of Y(,_2), r.xr. So, for all
k, 2y is a function of Y(o_3), r.0n, We fix £ > 0 and we define, for n > 0,

e - E(@Qnogn,Q N 92k+2|f2k7> if k& S n—1 5
2n|2k+2 1 otherwise.
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We suppose now that n > k + 2. We then have
eanj2kt2 = E(E(O2n02n—2| Fan—3)r)02n—a ... 02| Forr)

and

E(02n021—2|F2n—3)r)

= E(02n—2(1 — 1j0,)(D2n)1jo,)(D2n—1)) + 7(L, A)02n—21(0,2)(D2n) Lo, ) (D2n—1)| F2n—3)r)

= E(02n—27(L, A) + (1 = 7(L, A))02n—2(1 — Lo,y (D2n)1j0,2)(D2n-1))| F2n—3)r)
< T(L; A)E(GQn—2|f(2n73)7) + (1 - T(La A))[P(|m2" - m2"—1| > L|]:(2n73)7')
+ P(|lman—1 — man—2| > LI Fan_3)-)] -

Using Equation (4.17), we get
E(02n02n—2|F2n—2)r) < T(L, A)E(O2n—2| F(2n—3)r)

L L
+ (1 - T(LaA)) (P (CV(2n2)T,2nT > §|]:(2n3)'r) +P (CW(2n2)T,2nT > §|]:(2n3)'r))

L L
+ (1 —=7(L,A)) (P (CV(2n3)T,(2n1)T > §|]:(2n3)‘r) +P (CW(2n3)r,(2n1)r > §|]:(2n3)'r))

< 7L VB2l Fan-a) +4(1 = 7(L, ADF (CVoar 2 )
(like in Equations (4.28), (4.29))
< 7(L, A)E(O2n 2| F(on—3)r) +8(1 — (L, A))P <20|W27| > g)
(using Equation (4.30))
<7(L, A)E(92n72|f(2n_2)7) + (1 =7(L,A)a(L).

The constant p is the positive root of the polynomial X? — 7(L, A)X — (1 — 7(L, A))a(L). So we
have

1> p=r(L,A) + %(1 = 7(L, A)a(L) = 7(L, A) + (1= 7(L, A)a(L).
So, we have

eanjzit2 < T(L, A)ean_gjaks2 + (1 — 7(L, A))a(L)egn—_aj2k+2 < p X SUP(€27 22612, C2n—a|2k+2) -

Suppose now that k is fixed. We have

€ant2)2k+2 < 1, €appajonie < 1.

So, by recurrence,

—k—2
€an|2k+2 < pl" ).

As a(L) < 1/4, we have

(LA +1 (L A?(LA)

p < =(r(L,A) + \/T(L, AP +1—-7(L,A)) < 5 - 5

N | —

Lemma 6.2. Forn >1 and k in {1,2,...,n— 1}, for all u, ¢/ in P(R),

—A—=A —A — A=A —A
BB B () = Ry Ry R ()

L("_k)/2j || o /||
< H (1 — €hpaim1(€hpas)?) x 4inf (17 #) .

2.4
i=1 €k+2) GkJrl
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Proof. We write the proof in the case where n — k is even, the case where n — k is odd being very
similar. By Proposition 5.6, Remark 5.7 and Equation (5.7), we have, for all 4 in P(R) and all
test function ¢ in C; (R),

(n—k)/2
— A=A —A
(BeF s T ) @ o [ | TT oo ()
=1

(n—k—2)/2
U
X H Sptkt2it1 (Ukt2i—1, dUkt2i41)
=1

X Sglnﬂ(un—b dug}ll) (/

where we integrate over z,(f) € R, Upy1, Upiz, ..., Un_1 € RZ, u(l)l € R and, for all z in R?,

n+
extending the definition in Equation (5.2),
Yalk(t) = RR Ry o Biyo (2, R?)

S0, (20 ) (0200, )07,

(this does not depend on 2(1)). By Proposition 5.4, we know that Sg\k+2i+1 is (€ i1 (€hyoi)?)-
mixing for all ¢ in {1,2,...,1+ (n—k)/2}. By Proposition 3.1 and Equations (3.8), (3.9), we then

have, for all g and ¢’ in P(R),

—A=A —A —A—=A —=A
HRn Rn—l e Rk-{-l(u) - Rn Rn—l e Rk-{-l(ul)

(n R)/2 19240, @ = 2, (0,.) o 1/
. n|k\" " K n|k\" " K H
< H (1 = €p2ip1(€hiay)?) x 2inf | 1, | SR |2 :
i 6k+1(€k+2)

By Equations (5.4), (3.8), (3.9), we have

[m(U][
[ (0,.) @ =i (0, ) o || < 2inf | 1, ="l — 4|
g i« IRENOS)
_ /
< 2inf (1%)
+1
From which we get the result. O

6.2. Approximation of the optimal filter by the truncated filter. We recall that “=<” is
A
defined in Definition 2.5.

Proposition 6.3. There exists 7o such that, if T > 7o, we have
A A?

(62) sup log(E(mar — 7)) = ~5-;

n>0 Ajc

and, if we suppose that (m});>0 is defined as in Corollary 4.5, then
/ JAVAN AQ

(6.3) sup log(E([|m,, — (7)) 2 ——.

n>0 Ae h

Proof. We write the proof only for Equation (6.2), the proof for Equation (6.3) being very similar.
We have
A —A

—A —A —
(64) 1m0 = 7| < e = By (i)l + D IRt (Mr) = Ropaa (B (i)
1<k<n—1
Let us fix k € {1,2,...,n—1}. From Lemma 6.2, we get

(6.5) E(|Rppsr (Thr) — Boosr B (T 1ye)))
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—=A
: 7 — By, (m(e—1)7)
<E|E H (1 = (€rs2im1(€hr2i))) | Froyr | x 2inf (17 (€ )2645 : J
a<i<|Bsk] k+2) €1

with the convention that a product over indexes in the null set is equal to one. From Lemma 6.1,
we get

_ _ _ c 2,/ 2y (1*2%1-3),
(6.6) B[Ry sy (mir) — Ry (B (1)) ) < (1_ (e(L, A) 2 (L,A)) )

—A
« 9F [inf [ 1 ||7Tk7' - Rk (ﬂ-(kfl)'r)H )
T Gl

A —A
nt R c —1)7 T A nr — R —1)r 2
(6.7) inf (17 I~ ( & (T D )”> <inf (17 (,%) + inf <1, I k (ﬁ(k )| ) .

1
€%+2)26k+1 6k+2) €r+1 (A)

As in [ORO05], p. 434, we can bound

We have, if A satisfies the assumption of Proposition 4.6,

. i — R (1)) |12
(6.8) ]E<1nf <1, ZE(A) ))
g (I =R )2 (e = B (eI
- T(A) (0.1 T(A)

—A
[7kr — Ry (m(r—1)-)|I?
+P < RN >1

2

s Bl — B (ma-y))
(using Prop. 4.6) < /T(A).

We look now at the term inf(l,T(A)(e%H)_Qe,ﬁl). Using Equations (2.23), (2.28), (2.29),
(2.31) and the remarks below Hypothesis 2, we have, for all k,

(6.9) )
11 1, (254 0mM 2
(INPLEELPY (ﬁ) (o) S T <—4%2d(m2) Cr(hr).
2 A 2
(DA = exp (D+_BQ2(71—$1)2,1)) B <<D 1322(1:p2,1))+) eQM(D+2}32O+W)+(T+§)]M
exp(#%‘Fin(Dﬁ‘Qm)-f—(Tﬁ-é)M) D>t
(6.10) = exp <M +2M (D + 2Bz(+1)2,1)) + (7‘ + %2) M) otherwise .

(6.11) (€'(D,A))™% = exp

B2 ( A +D)2+23A ( 2 +D)
2P3 1 Bo(1+ p21) 28P21 Ba(1+p21)

A M?
AM (D) r2r (M + )] .
<B2(1 + p2,1) > T< 2 ﬂ



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 37

We note that the above expressions are nondecreasing functions of D. From Equation (4.17), we
get, for j=k+1, k+ 2.

(6.12) D; < C(T*M + Vg—1yr,(k+2)r + Wi—1)r,(k+2)7) -

The variables V(_1)7 (k+3)r and W(x_1)7 (k43)r are independent and can be controlled as in Equa-
tions (4.28), (4.29). So we can bound

T
Ve € R, PVir—1)r,(kt3)r + Wik—1)7,(kt3)r = @) < 2PVo 47 > 5) <AP(2{Wyr | > ).
So

(6.13) E(inf (1,( T(A)

“+oo
ﬁ)) g/ inf {1, T(A)e(CT2M + Cz, A)~*
€hr2) i 0
8 exp —LT
( 2016 )) i

(CT2M + Oz, A)4) — 206D
xe(CT°M + Oz, A)™} J2r < 167

We have

8 exp (72&—;)) ;

/(Wm,l)”w)+€
0

6.14 CT?M + Cz,A) 78 (Cm*M + Cz,A) ™4
(6.14) (Or°M + Oz 8) (O M + Oz, A) " — e 42
A -8 A -4
cse B A <7A)
- <B2(1+P2,1) > By(1+p21)
o) o (e 5 ) wesmats (g
—Sexp|—(——" ) 4+48(—— ) 48(r+)M+8B -
P (32(1+p2,1)) (32(1+p2,1)) 2 2P21 By(1 4 pa1)

+8B>A ( A )+16M( A )+4 (M+M2):|
- S T — .
25021 Ba(1+p21) Ba(1+p21) 2

From Subsection 2.4, we get

1 h
=0|=-|,B — —.
P21 (9) ’ 2 f—+oco 2
So there exists 7y, such that, for 7 > 7,

(6.15) log T inf{1, T(A)e(CT*M + Cz,A) ™8 x € (CT°M + Cz,A)~*}

/(W—TZM)
0

8 exp (—Q(T—;))d A2

< =
Sorx16r | se h

We now want to bound

2
- inf{1, T(A)e(CT2M + Cz,0) ™ x ¢ (CT>M + Cz A)ﬁwdz
(emtmm—M), ’ ’ V2 % 167

Let us set, for z > 0,

16(CT2M + C2)A
TB2(1+p21)

®(z) = T(A)xexp ( +16M (cTQM +Cz+ %) +38 <T + %) M)

By(1+pan

2
A 2 4Aps A
2Bopi ([ ———— + CPPM + C ’ Cr*M +C
X exp 2031 (Bz(1+p2,1) +CT + Z) + Ba +CT + Cz

By 14+ p21)

M2
+8M | ———— + C 2M+Cz>+4T<M+—>} .
<B2(1 o) 2



STABILITY OF THE OPTIMAL FILTER IN CONTINUOUS TIME: BEYOND THE BENES FILTER 38

The function @ is increasing. Let us set
zo =inf{z : ®(z) > 1}.

We take € € (0,1/2). We want to show that zop > A7!7¢ (at least for A big enough). We look at
®(AT17¢). There exists 7 such that, for 7 > 7y,

1 2 2
1( =27 1 1
- >— (——— —60'B ,
2 ((acﬁ) 1B, <1 o 2”“)

and then

There exists 75 such that, for 7 > 75, we have

16(CT2M + Cr'=A)A
TBo(1 4 p2,1)

2A 72
+16M | CT2M + Cr'7°A + 7) 8 (T + —) M
( By(1+p2,1) 2

4Apy 1
By

( = +C’72M+C7'16A)

2
2Bsp? CT2M + Cr'7 A
Mt ( e i Ba(1+4p2.1)

By(1+p21)

2 2
+CmM + 0715A> +4r <M+ MT) =< A .

8M
" ( S

Bo(1+p21)
So, if 7 > sup(71, 72),
(A7) — 0,
A—+oo
and so, for all 7, h, there exists A1 (7, h) such that, if A > Aq(7, h).
20> A€

There exists 73 such that, for 7 > 73, fR D(z) exp (_2&—;7)) dz is finite. We can then compute

22
e~ 26T 16(CT2M)A ( 5 2A ) ( 7-2) )
P(z2)————=dz =T (A ) xexp| ————+16M(CM + ———— | +8 |7+ — | M
R ( )\/27r x 167 (4) P (732(1 +p2.1) By(1+p2,1) 2

A ? 4Ap; 1 A
2 2 5 2
2o, (Bz(l + p2,1) e M> - (Bz( o M>

X ex
P By 1+p21)
2 M?
+8M (= 4O M)+4T(M+—):|
(32(1+p2,1) 2
16CA
X ex — T 2+ 16MCz+ 4Boyp? (7—1—07‘2]\4)6%
/]R p(TBz(lerzl) P21\ By(1 + pay)

A
+232p§710222 + %.402)
2

exp (—2&—;))
. 27(167)

The integral above ([ ...dz) is equal to

1 1 ! 1/ 1 -
— (= —4Byp?,C? 5 | 7z —4Bap3 1 C?
167 <16T 221 > P (2 (167 2p21C

2
+ CT2M> C +2MC + 4%) )
2

16CA
— 4+ 16MC + 4Byp? (
<TB2(1 +p21) 2P2.1

From Equations (6.9), (4.18), we get

By(1+p21)

(6.16) log(T'(4)) < f% .

C
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So there exists 74 such that, 7 > 74,

1 /@( ) =i g | < A
0, Z)—F/————=az _— .
& R V2w X 167 A_,c h

So, if 7 > sup(ry, 12,73, T4), We get, using again Equation (4.30)

+oo
(6.17) inf{1, T(A)e(CT>M + Cz, A)" 2 x €(CT>M + Cz,A)~*}

Y\ N ]
CBo(1+p2,1) T ]M)Jr

8€Xp (-m)d
— 4z
V21 x 167

22 22
20 e~ 2(167) +00 e~ 2(167)
< / D)z +
0

z —dz
V21 x 167 2 V2m x 167

__z2 __%0
e~ 2(167) e 2(167)

< [ B —dr+ S x4,
—Jr ( )\/27r><167 20V 2T X V7
and
oo 6—2&—57) e—ﬁgﬁ = A2
6.18 lo P(2)———=dz+ ——— x4 < ——.
(6.18) 8 /_Oo G a1t i
In the remaining of the proof, we will suppose 7 > sup(7,...,74). Looking at Equation (6.4),

we see that we can now bound all the terms on its right-hand side. We have

A
E(lmnr — Ry (mn—1)7)[) 2 T(A),
by Proposition 4.6. For k in {1,...,n — 1}, we have bounded

—A —A —A
E(HRn:kJrl(ﬂ-kA) - Rn:kJrl(Rk (ﬂ.(kfl)A)H)

2./ 2 nTik _)+ ™ 7_A7T
B <16(L,A) ¢(L,A) )(L 9 <mf (1, || 8 By ( Wmn))_

V2.4
2 €k+2) €rr1

And the last expectation can be bounded by the sum of the following expectations :

. ke — Ry ((enyr)|12
E (mf <1, YE(A) )) =VT(4A),

A2
E <inf <1, %)) < exp <Bl%> for A > Ap(7),
k+2) €kt

for some constant By, where the bounds come from Equations (6.8), (6.13), (6.15), (6.17), (6.18)

(we also use Lemma 2.6). The constant By above is universal and A is continuous in 7. So we
get, for all A > Ay(7), using Equation (6.16),

E(7nr — 72 ) % exp (6%) 3 (1 A, A)Q)WT’“J?’L |

(for some universal constant 61) from which we get

AQ
sup 10gE(||7T7lT - Wr?r”) = - IOg(G(Aa L)G/(A’ L)) T
n>0 Ajc h
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Looking at Equations (6.10), (6.11), we see there exists 75, such that, for 7 > 7,

suplog B(||mnr — 720 [) < —=.
n>0 Ae h

6.3. Stability of the optimal filter.

Theorem 6.4. Suppose we are under the same assumptions as in Proposition 6.3. Then there
exists vg > 0 such that

I = mill = O(t™),
when t — 400.

Proof. We decompose, for all n,

A

A
Tnr — Tprll = 7n‘r*]z

—A
Ry (mo)l
—A =A
+R, .. Ry (m0) — ]
Let Too, A be the parameters defined in Proposition 6.3. Recall that the operators (R, )n>0,
(R2)n>0 depend on 7. Suppose that L is such that (as in Equation (6.1))
- 1

L > 3mg +3C(275)%, a(L) < 1

Then, as in Equation (6.6), we have, for all 7 € [7, 27s], for all n > 0,

—=A =A  =A —
Ry (mo) | + R, - By (mo) — R

n ¢ -

E(|R, ... Ry (m0) — Ry ... Ry (w))])
< <1 _db AV;’(LA)Q)““_”* « 9F (inf (1, Imo = mol ”6”)>

(€h)%et
2 s 2 (L31-3)
§2(1_6(L,A)6(L,A)) .
2
We have
A? P%JAQ p2,1A2

—log(e(L,A)é' (L, A)) = + .
B(el Jel ) AeTB3(1+p21)?  Ba(l4+p21)?  (1+p2)

We now take a sequence A, = \/vlog(n), for some v > 0. There exist a constants b; and an
integer ng such that, for all 7 € 740, 27 ], for n > nyg,

(e(L, An)e (L, Ay))? ) (L3)-3),

(6.19) (1 - 5
con [ (13]-9),

1 P% 1 P21
X ex —b Ai + ’ + ’
P < ' (TB§(1 +p21)?  B2(l+p21)*  (1+p21)
= exp 5 5 +7”L )

’ 1 p%,l P2,1
VvV =U 3 5 + 5
TB3 (1 + p2,1) Ba(1+p21) (1+p21)

By Proposition 6.3, we know there exists a constants b} and a integer nj, such that, for all 7 €
[Too, 2Too] and n > ny,

with

—A,  =A, —A,  —=A, A2 o
sup (B~ B T (o) LBl ~ R R ) < o (< 52) <0
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with v/ = bllT”. Let us set € € (0,1). We choose

-1
1 p%,1 P21

+
TB3(1+p21)?  Ba(l4p21)?  (1+p21)

which leads to ¥ = 1 —e. We set vy = v/, For any t > 7o, if we set n = |t/7w ], then t = nr
with 7 € [Teo, 2700], and so :

7 1 n /
o < —v - I —v
Bl — i) < 20" +exp (3 (| 2] 3) n)
E([|m — mi]) = O(™").

v=(1—¢)

O

Remark 6.5. One could seek to obtain a sharper bound in the above Theorem by choosing another
sequence (Ap)n>0. Up to some logarithmic terms, the bound would still be a power of ¢.

The authors would like to thank Frangois Delarue for referring them to [MYO08].
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