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Abstract

In this paper, we study the travelling gravity waves of velocity c¢ in
a system of two layers of perfect fluids, the bottom one being infinitely
deep, the upper one having a finite thickness h. We assume that the flow
is potential, and the dimensionless parameters are the ratio between den-
sities p = p2 = 1 — A(1 — p) near 0", the existence of periodic travelling
waves of arbitrary small amplitude and the existence of generalized soli-
tary waves with ripples at infinity of size larger than % and polynomial
decay rate were established in [7]. In this paper we improve this former
result by showing the existence of generalized solitary waves with expo-
nentially small ripples at infinity (of order O(e™%)). We conjecture the
non existence of true solitary waves in this case. The proof is based on
a spatial dynamical formulation of the problem combined with a study
of the analytic continuation of the solutions in the complex field which
enables one to obtain exponentially small upper bounds of the oscillatory
integrals giving the size of the oscillations at infinity.



1 Introduction

Let us consider two layers of perfect fluids (densities p; (bottom layer), pa (upper
layer)), assuming that there is no surface tension, neither at the free surface nor
at the interface, and assuming that the flow is potential. The thickness at rest
of the upper layer is h while the bottom one has infinite thickness (see figure 1).
We are interested in travelling waves of horizontal velocity c¢. The dimensionless

parameters are p = pa/p1 < 1, and A = i—}; (inverse of (Froude number)?).

Figure 1: Two layers, the bottom one being of infinite depth

The existence of a family of periodic travelling waves, for generic values of
these parameters is known [6]. This paper is devoted to the problem of existence
of solitary waves for A\(1 — p) near 1. This problem can be formulated as a
spatial reversible dynamical system

W _ pp,AU), U) e, (1)

dz
where D is an appropriate infinite dimensional Banach space, and where U = 0
corresponds to a uniform state (velocity ¢ in a moving reference frame). Solitary
waves corresponds to homoclinic connections to 0 of (1) and generalized solitary
waves corresponds to homoclinic connections to periodic orbits. A survey of
the different results obtained for the water waves problems using a reversible
dynamical system approach can be found in [5].

i ik

—ik —ik
e=1-A(1-p) < 0 £ =1-2(1-p) 20
Figure 2: Spectrum of L.

Considering the linearized operator around 0
L. = DyF(p, X;0)

with e =1 — A(1 — p), it was shown in [7] that its spectrum contains the entire
real line (essential spectrum), with in addition a double eigenvalue in 0, a pair of



simple imaginary eigenvalues i\ at a distance O(1) from 0 when € is near 0, and
for € less than 0, another pair of simple imaginary eigenvalues tending towards
0 as e — 07. When ¢ > 0, this pair completely disappears into the essential
spectrum! (see figure 2). The rest of the spectrum consists of a discrete set of
eigenvalues situated at a distance at least O(1) from the imaginary axis.

For A\(1 — p) near 17, the existence of periodic travelling waves of arbitrary
small amplitude induced by the pair of simple purely imaginary eigenvalues 4\
like in the Lyapunov Devaney Theorem was proved [7] (despite the resonance
due to the 0 eigenvalue in the spectrum).

For the solitary waves the situation is more intricate. First we cannot expect
the existence of a solitary wave with an exponential decay at infinity because of
the lack of spectral gap induced by the existence of the continuous spectrum on
the whole real line. We can only expect solitary waves with polynomial decay
at infinity. Such solitary waves have been found for two superposed layers, the
bottom one being infinitely deep, and the upper one being bounded by a rigid
horizontal top, with no interfacial tension (see figure 3).
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Figure 3: (left) R00? resonance, and (right) shape of the internal solitary wave
in the two-layer system for p > p. (bottom layer infinitely deep).

A model equation was derived from the Euler equations thanks to a long-
wave approximation of the problem above, by Benjamin [3], Davis and Acrivos
[4], and Ono [11]. The now called Benjamin-Ono equation is non local and reads

H(u') +u—u? =0, (2)

where H is the Hilbert transform, and u is a scalar function. This equation
admits an homoclinic connection to 0, given explicitly by

2
:1+72' (3)

All the other solutions of equation (2) have been described by Amick and Toland
[2]. For the full Euler equations, the existence of the solitary waves, with poly-
nomial decay at infinity, has been obtained in this case, independently by Amick
[1] and Sun [14]. More precisely, they both proved that, for u > p. and close to
e (we can just play on the velocity ¢ of the wave), the form of the interface for
the solitary wave satisfies

up(T)

Z(z) = pup(pw) + puq (p)



where

sup(l + |7()

‘ djul
TE€R

dri (7)

<Kj;, j=01,2,.

Therefore, the solitary wave solution (3) of the Benjamin-Ono equation (2)
gives the first order approximation of a solitary wave solution of the full Euler
equations. Neither the approach of Amick, nor the one of Sun was based on
a dynamical system approach. However, we observe that the problem may
be formulated as a reversible dynamical system, for which the differential at
the origin (which corresponds to the rest state) admits the entire real line as
essential spectrum, a zero eigenvalue, and a pair of simple imaginary eigenvalues
for p < p. tending towards 0 as p — p_ . When p > . this pair completely
disappears in the essential spectrum (see figure 3).

Observe that for the problem studied in this paper (two layers, the bottom
one infinitely deep, no surface tension, no interfacial tension), the behavior of
the spectrum of the linearized operator L. is the same as the one of the previous
example, with in addition an extra pair of simple eigenvalues lying on the imagi-
nary axis, not close to 0 (compare figures 2 and 3). These additional eigenvalues
+iX lead to a competition between the oscillatory dynamics they induce, and
the Benjamin-Ono type of dynamics induced by the essential spectrum with the
0 eigenvalue. This competition causes the appearance of oscillations at infinity
for the solutions. Such a coexistence of an oscillatory dynamics and a hyperbolic
dynamics also occurs for one parameter families of reversible vector fields ad-
mitting a 0%iw resonance at the origin, i.e. vector fields admitting the origin as
a fixed point and such that the differential at the origin admits the bifurcation
of spectrum described on figure 4.
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Figure 4: (left) 0%iw resonance, and (right) shape of the generalized solitary
waves for b < 1/3,F > 1.

For such vector fields it is proved in [10] that there are generically no ho-
moclinic connections to 0, whereas there are always homoclinic connections to
periodic orbits, until they are exponentially small. Such a vector field occurs
after a center manifold reduction for one layer of finite depth in presence of
gravity and surface tension for a Froude number F close to 1, and a Bond num-
ber b less than 1/3. In this case, for F > 1 and b < 1/3 periodic travelling waves
and generalized solitary waves asymptotic at infinity to each of these periodic
waves, have been obtained provided that the amplitude of the ripples is larger
than an exponentially small quantity (as function of F—1) ([13] ,[9]), (see figure



4). The non existence of true solitary waves has also been proved by S.M.Sun
[15] for a Froude number F close to 17, and a Bond number b near 1/3™.

We expect a result of the same type here, i.e. non existence of true soli-
tary waves and existence of generalized solitary waves with exponentially small
ripples at infinity. In [7] a weaker result was obtained, i.e. the existence of ho-
moclinic connections to periodic solutions provided that the size of the limiting
periodic orbit is not too small (at least of order €%/2). In this paper we show
the existence of generalized solitary waves with exponentially small ripples at
infinity. The question of the (non)-existence of true solitary waves is still open
in this case. We should finally notice that the present problem is numerically
studied by Parau and Dias in [12], with lot of information on the shapes of the
free surface and interface.

Theorem 1 There exists § such that for any € €]0, 1] there exist ¢, g4 > 0, such

[2N
that for 0 < e < e, and cjee” e < Ay < 8, (1) has two homoclinic connections
Ung,e,p; (7 =1,2) of the form

3
c2
UAO,(Pj,E(x) = PAo,e (x + ©; arctan(saﬁ/p)) - Euh(Em/p)fO + 0O (m>

where &y is a fixed vector of D, uy, is the soliton of Benjamin-Ono given by (3)
and where pa,e s a periodic function of (1) which reads pa, () = Day,e(5)
with

ﬁAo,a(s) =cAp (eisca + efisze) + Z €r+1Ag+qei(p7q)squT
2<p+qg<r+1
and s = (A+7)z withy =Y 7y " AYY € R, where coefficients (., Yyqr

1<n+m+2p<r
lie in D and ~,, lie in R.

The physical shape of the corresponding generalized solitary waves is given
on figure 5.

Figure 5: shape of generalized solitary waves in the two layer system

In section 2 we explain how the problem can be formulated as a spatial
dynamical system of the form (1). We also recall the "normal form result”
obtained in [7] which states that the full Euler equations (1) are equivalent to



a Benjamin-Ono equation, coupled with a nonlinear oscillator equation, with
higher order terms.

As already explained the persistence of a pair of simple eigenvalues on the
imaginary axis after bifurcation for € > 0 causes the appearance of oscillations
at infinity for the solutions. The size of the oscillations is given by an oscillatory
integrals of the form

too IAS
I(e) :/ g(U(s),¢) e% ds

oo

where g is explicitly known whereas U is a solution of (1). In section 3 we
introduce appropriate algebras of holomorphic functions which enables to obtain
exponentially small upper bounds of such oscillatory integrals.

Finally, in section 4 studying the holomorphic continuation of the solutions
of (1) we prove theorem 1.

2 Formulation as a dynamical system and Nor-
mal form theory

2.1 Dynamical system Formulation and scaling

Travelling waves correspond to stationary solutions in a frame moving with
a constant speed c. In such a frame the two dimensional travelling waves of
Euler equations corresponding to an incompressible potential flow of velocity
(uj(&,m),vi(&,m)), in layer j = 1,2 satisfy

Ouj  Ovi _
o In
Ou: O (inside each domain : j = 1,2)
ouj oY _
on 9
“22/(5) —v2 =0 atn=1+ Z(«f) (free surface),
UZZ}(S) — V2 = U1Z}(§) —v1 =0 at n = Z7(¢) (interface).

1(u3 +03) + A =& at n =1+ Z(£) (free surface),
S(ui4vd) — 2(ud +03) + A1 — p)Z; = atn=Z;(¢) (interface),

where the parameters are p = pa/p; < 1, and A = i—Q, and ¢; and ¢ are
arbitrary constants.

In what follows we assume that p is fized and that A\(1—p) is close to 1~. So
we work with a unique bifurcation parameter € > 0 defined by A(1 — p) =1 —e¢.
We Define ) )

M= and A= ——u.
1—p 1—p




For formulating our problem into a dynamical system, we first transform
the unknown domain into a strip. There are different ways for such a change of
coordinates. We choose the one used by Levi-Civita [8]. For that purpose we
introduce the complex potential in layer j denoted by w;(£+in) and the complex
velocity (in dimensionless form) w’;(§ +in) = u; —iv;. The Euler equations are
expressed here by the fact that w; is analytic in ¢ = ¢ 4+ . The new unknown
are o; +13; , j = 1,2, which are analytic functions of w; = x; + iy, where x;
is the velocity potential in the layer j, and y the stream function, and where

wj(€ + i) = BT,
the free surface is given by y = 1, and the interface by y = 0. The region of the
flow is —oo < y < 0 for fluid 1, and 0 < y < 1 for fluid 2. Observe that the z
coordinate given by the Levi-Civita change of coordinate is not the same in each
strip. In fact we have % = eP20=B10 where Bo9 — P10 is the value of 8 — (1 taken
at the interface y = 0. So, we choose as the basic x coordinate the one given by

the bottom layer (x1) which then introduces a factor in the Cauchy-Riemann
equations of the upper layer. In such a formulation, the unknown is defined by

[U(‘T)] (y) = (/810(1')5521(1')5al(xvy)algl(xvy)5QQ(xvy)aIBQ(zay))t

and the system has the form

dU
with

,(1 _ 5)673ﬁ10 sin agg — p63(ﬁ20*ﬁ10)66;‘;2|y:0
_)\66—35214-[320—510 sin aoq

261

F(s;U) _a%aﬂ y € (—00,0) (5)
Yy

%eﬁzofﬁm

9y € (0,1)

_ Oag eB20—P1o
Oy

where we denote by s, S10 and fag the traces of (resp.) as, (1,82 at y =0,
and asq, J21 the traces of as and (5 at y = 1. Here we choose the basic space

H=R?x CY(R7) x Ciiy, 1 (R7) x {C°(0,1)}?
and the domain of the operator F' is:
D =R?x C}(R7) x Ciiy, (R7) x {C*(0,1)}?
N{a10 = a20, B0 = Bily=0, B21 = Baly=1},
where we define the Banach spaces

CoR™) ={f € CORT): [f()(1 + [y)” < o0}, v >0,

C,(RT) ={f € CUR7), f" € CYR7)},
Clim»(R7) = {f € C°RT); A € R, |£(y) — U1+ [y])” < oo},
Chm D(R ) = {f € Clim,u( )7f € CB( _)}a



and we take for (a,b, f1,91, f2,92)t =V € H, the norm
[V, = lal + (6] + [ fill1,00 + 1911115 + [l F2llo0 + |92l

with
def

[ llve = sup (£ +15DY), 1]l = sgplf(y)h

yeR™
f
gl sup [g(y)| + sup (lg(y) — 211+ [y])").
yER™ yER™
The definition of the norm in D is similar, in adding the norms of f]' and gé.
The system (4) is reversible, i.e. F anticommutes with the symmetry S which
reads
U= (610;621;7041561770‘2752)' (6)
Notice that the interface and free surface, expressed in the new coordinates
satisfy

dz
L — ePogin Qaqg,
dx
dz
— = PPro=Ba gy gy,
dr
For looking for homoclinic connections, we work with the rescaled system
au
— =F(&;U 7
= EEU) @
where
eU=U, er =g, ey =y fory €]0, —ool. (8)

The differential at the origin L, = DF (e, 0) admits for eigenvalues 0, ii’zs with
the corresponding eigenvectors given by

60:(07 1a070707 1)7 61:(1a0707 17070>> LE&O:LEEIZO; SEO:é-O’ 561251
ga B (1,€AE, _Z‘e)\ag/s,e)\aﬂ/s, _ie)\ay,e)\ay)7 LEQE — %ge’ § == SQ&’

Let us define some associated linear forms and projections : for V =
(a,b, f1,91, f2,92) € H we set

PO(V) = g2(1), pi(V) =a,
p. (V)= (V) VS, m(V)=Td—p (V)
= me — &0 PoTe

with

1
V)= d {a — pga0 + pe<b + pA. / [if2(y) — g2(y)]e ¥ dy+
0

+/\/O [ifi(eT) — gl(ET)]e/\TdT} .

— 00



These projections satisfies

po(&) =1, ps(&) =0, p5(C) =p5(C) = e,
pi(é) =0, pi(&) =1, pi(¢) =pri(()=1
p. (&) =p.(&)=0,p () =¢,p.(C)=C.

2.2 Nonlocal Normal Form Formulation

As already explained our aim is to look for generalized solitary waves with
polynomial decay at infinity. This waves appear as homoclinic connections of
the infinite dimensional dynamical system (4) or equivalently as homoclinic
connections of its rescaled form (7). For describing this expected decay rate in
z of the solutions we introduce the following Banach Spaces :

Definition 2 Let E be a Banach Space and « be in |0, 1[. Let us define

BY(E) = (f € C"(®) 7] 5, ) < )
d
By () = {1 < BBy L < B(®)}.
with
[f(x+0) — f()|
5y = S0+ )@+ s (1 o),

We also introduce the spaces By ,,, B]%H’:u and By, defined by
B]I?Lw = {V = (a’7ba f1,g1,f2,gz);V(CU) € H7
(a,6) € BS(R2), (f1.91) € (By)2, (far92) € (BY)* .
Bp., = {U = (P10, Ba1, a1, B1, a2, B2); U(x) € D,
(041561> S (B'L;)Qa (Oé2,62) S (B111;+>2}7
1a o av o
BH,'LU = {V S BH,w 3 @ S BH,M}’
o = {f(@); (w,y) ERXR™, fisC*inx, Ciny, ||f|lz. < oo},
Bf = B3[C°(0,1)], By = B3[C'(0,1)],

(14 |z]* + [y*)

Ifll,- = sup |f(z,y)|+
Bu  zery<o 1+ |y|
1 2 2 6 _
v UEBPEBR) i = Sy
z€R,y<0, |§|<1 1+ |y| |5|



For looking for homoclinic connections we first use the following ”Nonlocal
Normal Form Lemma” proved in [7] (see Lemma 18) which ensures that the full
Euler equations (7) can be reduced via an appropriate change of coordinates to
a Benjamin Ono equation coupled with the equation of a linear, high frequency
oscillator.

Lemma 3 (Nonlocal Normal Form Lemma) There exist 1 and an ana-
lytic change of coordinates close to identity

U="(A, A u,Y) with (A(z), A(z),u(z),Y(z)) € C* x R x x.D forz € R

such that for any do, € €]0,e0(d0)], and any function x
(Az), A(z), u(z), Y (z)) lying in

E® := (C*(R,C))? x By*(R) x B2

. D,w

and satisfying |A| < 01, |u| + € |Y|7r p <o, (7) is equivalent to

dA A —
A (2 i A7) = Rea(A Ao )
d _
oH [ﬁ} Fut B2 = Re oA L, Y]+ Ren(JAP) + o, 9)
Y — %[U] = RE,Y[AaZ7 u, Y]a
with
Rey[A A u,Y] =T [Tu(A,Z, U, Y)] + 75 [Ty(A,Z, u, Y)}

— d —
ReulA A, u,Y]:%H {é} +COTL+CP [Ty )+ Bu(A, A, u, Y).

where ¢y s an arbitrary constant; R.. s a real analytic function;
Re 4, Ty, Ty, B, are nonlinear analytic function of (A, A,u,Y) and Ty, Ty, T2,
Cél), C§2), are linear nonlocal operators, H being the Hilbert transform. More-
over 7y is explicitly given by

1 (u,v,|AP? €) = Z 'ynmpru”vm|A|2p€T71 € R.
1<n+m+2p<r

and Ty maps By*(R) to BY . and satisfies

,w

ITolull g < Ml

||BHC;,’(U
For any function z +— (A(z), A(z),u(z),Y (z)) lying in (C*(R,C))? x
By*(R) x B® and satisfying |Al < b1, Ju| + €lY] = < o, for any

. Dw
e €]0,¢e9], the two nonlocal, nonlinear perturbations terms ngu[A,Z, u,Y] and

Rey|A, A u,Y] lie respectively in B§(R) and B ., and satisfy

10



IRewld A Y] o < MelY e (Hull e+ 1Y e + 14l )

Bg(R)_ m D,w 27 mDw

+Me [l e g (14 4l 4llco ).
[Rey A DY), < Mel¥lp, (Ml ey eV +l4lee).
IRl A A0 Y1 g ey S ME(U+ Wl gy + 1Y e+ A

|DRAA A WYY e S M (Ll gy + IV e+ Al
B Dw 2 . D,w

™

Finally the local nonlinear perturbation term R. o satisfies
|Re a(A,A,u,Y)| < Me Y] (jul +[V],)
Jor Al <61, |ul +elY] <o, and £ €]0, o).
This system is still rev;;sible, which now reads
Rea(A, Au,SY) = —Re a(A, A u,Y)

for the local perturbation term and

S0 RewlA, AU, Y] =Reu[SoA,50A,50u,50Y]

SoRey[A, A u,Y]=R.y[SoA 50A,50u,50Y]
for the nonlocal perturbations terms where (so f)(x) = f(—x) for real or complex

valued functions f and (§o Y)(x) = SY (=) for function Y mapping R in H
or D.

Observe that the full system (9) admits a family of reversible periodic orbits
of arbitrary small size explicitly given by

_ . A
Pag.e(x) = (Age™ @) Age @) 0,0) with s(z) = -+ 71(0,0, A%, ¢)| z and A € R,

whereas the truncated system corresponding to R4 = Rew = Reyy = 0 s
partially decoupled and admits for ¢y = —R. ., (|A4o]?) a family of homoclinic
connections to the previously found periodic orbits p 4, given by

hag,pe = (AZ’ Af;, ug, YOh)v hagee(2) oo PAg,e(Z £ Yoo + )
with
*4p2
h 1, . .
=——> €By"(R ,
ug(z) 307+ 27) 5 (R) is even in z
Yy = To[uf] € BE p,is reversible,

Yoo = fo* (m(ul(7),epi (Y{(7)), A3, €) — 11(0,0, A, €)) dr
AZ@) = Ayet¥(@)+ip

11



and

X

¥(@) = (Z +m0.0.43.0)z+ [ nb(r)eni (7). ) ar

where ¢ is arbitrary and ul satisfies the Benjamin Ono equation (9-b) with
Rew =0.

Among this two parameters family there are two one parameter families of
reversible homoclinic connections corresponding to appropriate choices of the
phase shift ¢,

ha,,0, and hag,m.e;

and a unique homoclinic connection to 0, hg . given by
ho.e = (0,0,ul, Y. (10)

The question is then the persistence of this family of homoclinic connections
for the full system (9) seen as a perturbation of the truncated system by the
perturbation terms Re 4o, Reu, Rey-

The system (9) clearly shows the competition between the oscillatory dy-
namics induced by equation (9-a) which generates periodic solutions, and the
Benjamin -Ono like dynamics induced by equations (9-b), (9-¢) which generate
homoclinic connections to 0 with polynomial decay. For the truncated system
these two dynamics are decoupled, and there is no competition, so there exist
homoclinic connections to periodic orbits of arbitrary small size. Such a coex-
istence of an oscillatory dynamics and a hyperbolic dynamics also occurs for
one parameter families of reversible vector fields admitting a 0%iw resonance at
the origin, i.e. vector fields admitting the origin as a fixed point and such that
the differential at the origin admits the bifurcation of spectrum described in
figure 4. For such vector fields it is proved in [10] that there is generically no
homoclinic connection to 0, whereas there are always homoclinic connections to
exponentially small periodic orbits.

In [7], the persistence of the homoclinic connections h 4, ¢, is proved pro-
vided that the size of the limiting periodic orbits Aq satisfies Ag > 5. In this

paper we improve this result by showing the persistence for Ag > c(ﬁ)e_¥
for 0 < £ < p. As for the 0%iw resonance we expect a generic non existence of
homoclinic connections to 0, however the proof remains to be done in this case.

The competition between the oscillatory dynamics and the Benjamin-Ono
like dynamics causes the appearance of oscillations at infinity for the solutions.
The size of the oscillations is given by an oscillatory integral of the form

+oo iXgs
I(e) :[ g(U(s),e) 6)\7 ds (11)

where g is explicitly known whereas U = (A, A,u,Y) is a solution of (9). In the
next section we introduce appropriate algebras of holomorphic functions which
allow to obtain exponentially small upper bounds of such oscillatory integrals.

12



3 Exponentially small estimates of oscillatory
integrals and complexification

Lemma 4 (Exponential Lemma) Let {,w be two positive real numbers and
let p > 1. We denote by By the strip in the complex field: B, = {z €
C/|IZm (z)| < €} and by Hy, the set of functions f : Byx]0,1] — C satis-
fying

(a) £ f(& €) is holomorphic in By,

() Ifll, = sup ([f(ze)[(1+]2) < +oc.
P £€]0,1],2€B,
+o0 )
Then for every f € Hy, and e €]0,1], I*(f,e) = f(t,e) eX™t/= dt satisfies
+ —wt) , e
A< e, e it =2 [ o

Proof. We only do the proof for I™. For I~, perform the change of time t' = —t
in the integral. So, let f € Hyp, €, £/ < ¢ be fixed. Since f is holomorphic in
By, the integral of fe™?!/c along the path I'; given in figure 6, is equal to zero.

A

i

Y

-R R
Figure 6: Path I';.

Pushing R to 400, we get
+oo o
It(f,e) = f@il +t,e) et/ gp,
The estimate then follows, where the exponential comes from the oscillating
term computed on the line Im (z) = ¢'. O

Lemma 4 gives a very efficient way to obtain exponential upper bounds be-
cause the membership to H,,, is stable by addition, multiplication, and “com-
position”, which can be summed up as follows

Lemma 5 Hy,, is an algebra and if f € Hyp, and g is holomorphic in a domain
containing the range of f and satisfies g(0) =0, then go f € Hyp.

For using the exponential lemma 4 to compute an exponentially small upper
bound of oscillatory integral of the form (11) we need to complexify the prob-
lem and to look for solutions of (9) in spaces of type H¢ . For that purpose
we introduce the complexified spaces corresponding to the real ones given in
definition 2.

13



Definition 6 Let E be a real Banach space and « be in ]0,1[. Denote by £ the
complezxified of E, i.e. E=E +iE.

For any ¢ > 0, any function f : B, — E and any n €] — £, L], we denote by
flo:R—=E, fl, = f(-+in).
Then, let us define the Banach spaces

HZP(E) :{f : By — K, holomorphic; f(R) C E;

U €l =l Tl € @Sy 5y =500 Il e, < o},

ne]—¢
{1 emg, @Y e @),

Co (B, B)={ [ : Be — B f(R) CB; Wy €] - 4,4], [|, € C*(R, B);

HfHC“(%b]]i;) 7:]11122[ Hf'nHC“(]R,]E) < OO},

1, /15
Hl,p (E)

To shorten notations, we denote

Hp, = H7,(C), and H;j’; = HZ;‘((C)

We also introduce the Banach spaces Hyg ,, , H]}lﬂf‘u and Hf ,, defined by

Hg,, = {V : B, — H, holomorphic, V(R) C H,
v el — 4., V|, € Bg, == Bg,, +iBg.,;

IVl =sup [Vl — < oo}
Hiw “yel-eel B

Hp ., = {V : By — D, holomorphic, V(R) C D,
Vi €] — 6,4, V|, € Bg, = Bg, +iBg..;
V., =sup ||V . < oo}
Vs, =32 1Vl

av
Hy® = {VeHﬁw o eHﬁw}.

Observe that Hz‘p(fE) is continuously embedded in C? (B, [E) and that Hy s
Hg ,, are respectively continuously embedded in Cy (B, H) and C2(B,, D) where
CP(Q, E) is the set of the functions which are continuous and bounded from 2
to E.

The different local and nonlocal operators involved in equation (9) can be
extended to ”complex functions” U = (A, A,u,Y) lying in

BES (80, 81 ) = {u € E¢ V2 € By, |A(2)] < 61, |A(2)] < 61,

u(@)| +e Y ()] < do-f

14



where
Ef = (C%(B¢, )" x Hyy' x HE 1 {U/A(z) = A(z), for z € R}
is normed with

101y = 140 e+ 1 Allge + lell o + 10

Indeed they appear as finite sum of analytic functions of (4, Au,Y) e C?x
R x 7D which naturally extend to analytic functions of (A, A,u,Y) € C? x C x
. ID composed with nonlocal linear operators 7y, 77, 7z, él), §2), (see (9)) of
the form

+oo
K: f— K[f] with K[f](z) := p.w. K(s).f(x—s) ds

where f is any function from R to E and K (¢) is a linear bounded operator in
E. For instance, the Hilbert transform reads

+001

Hlu)(z) = p.v./ gu(g — s)ds.

— 00

Such operators can readily be extended to a function f : B, — [ with the same
integral formula where z lies in B, instead of R. Moreover we have

Lemma 7 LetE be a real Banach space and L(E) be the space of bounded linear
operators in E. Assume that K : R\{0} — L(E) is C! such that
D IO g, < Coflsl, 1K/(5) ) < Coflsl2 for |s] < 1.

g 1
i) ||K(s)||£(]E) < Ci/|s|* for|s| > 1, and po. [ K(s)ds e L(E).
Then, the linear map K defined by

f— K[f] :p.v./RK(s).f(~ — s)ds.

is bounded from H{',(E) into itself.

Proof. First observe that

—+oo

+oo
kG = [ K()-(fG—s) - F())ds + (p K(s)ds>.f<z>

— 00 — 00

where the first integral is a classical convergent integral without ”principal
value”. This formula combined with Lebegues’s theorem ensures that KC[f] is
holomorphic in B,. Moreover it is proved in [7] (see Lemma 30) that K is a

bounded linear operator from B$(E) to itself. Hence, since K[f|,] = (K[f])|;,

K is a bounded linear operator from Hf,(E) to itself. [J

15



So, to look for solutions of (9) which admit an holomorphic continuation in
E¢, we study the “complexified equation”

A ~ ~
— — 1A (?E +71(u,5p{(Y),AA,5)) =R:a(4,Au,Y),

— /A ~ ~
T (Z i) ain) - raadun,

d - -
PH {d—;&} +u + %uQ =Reu[A, A, u, Y]+ Re o (AA) + co,
Y — To[u] = Rey[A, A, u,Y],

where R_ ; is an analytic function of (4, A,u, Y) given by

RE,A(A’ Av) U, Y) = RE,A(Z7 Z, u, ?)

Remark 8 Observe that for any solution U of (12) lying in EY, the restriction
of U to R is a solution of (9) lying in (C*(R,C))2 x BY*(R) x BE b

The bounds for the linear operators 7y, 71, 7o, Cs(l), C5(2), which lead to
the estimates for R. ., R.,y stated for (9), are based on the structure of these
non local operators where nonlocal kernels occur. In [7] the estimates of these
operators were based on Lemma 30, here extended at lemma 7 for obtaining
the holomorphy in the strip %B,. It then results that 75 is a bounded linear
operator from HZIQO‘ to H;“ED@ and for any function U = (A4, A,«,Y) lying in
BE} (00, 01) and any € €]0,€¢], the two nonlocal, nonlinear perturbations terms
R&u[A,Z,u,Y] and RE,Y[A,g,u,Y] lie respectively in Hg, and H;“EDM and
satisfy

[Reviad v < dse i, | (el 211, Aol )
#Me fulyy 0 (1A H ) (Alpo H ). (1)

[Revia Awv] < Mo, | (uly etelY g Al on 1Al ).

HDREVU[A,/T,U,Y]H )+HDR€,y[A,/T,u,Y]H

L(EF,HE o L(EF,HZ p )

zeDw (14)
< Me (1t ul gy HIY le +Al et e

Finally the local nonlinear perturbation terms R, 4, R_ ; satisfy

|Rea(A, A, )| + R 5(A, A u,Y)| < Me Y5 (el + 1Y) (15)
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for |A| < 81, |A| < 81, [u] + Y|~ < do, and & €]0, &].
This system is still reversible, er_lisch now reads

Rea(A,Au,SY) = —R_;(A, A u,Y)
for the local perturbation term and

§oRulA, A u, Y] =R.u[f0A,50A4,50u,So0Y]
§ORg7y[A,g,u,Y] =Re.y[so A, 50A,50u,So Y]

for the nonlocal perturbations terms.

4 Homoclinic connections to exponentially small
periodic orbits

The purpose of the paper is to prove the existence of generalized solitary waves
with exponentially small ripples at infinity. As already explained in section
2.2, after change of coordinates, the full Euler equations reduces to system (12)
and generalized solitary waves appear as homoclinic connections to the periodic
orbits pa,.c(z). In this section we prove

Theorem 9 For any « €]0,1], ¢ €]0, p| there exist c.,e, such that for every
2 o

e €]0,e,] and every Ag € [cee 6_70,51_0‘ e_TO], system (9) has two reversible

homoclinic connections Ha, o, e, J = 1,2 of the form

X
Hag o (2) = Pty (g + e;parctan ;) fho(@) thio@)  (16)

El—a

here hg ¢ s gi by (10 dh =0(——).
where hg ¢ is given by (10) and hy ¢(z) (er |$|)

Corollary 10 There exists § > 0 such that for any ¢ €]0, p[ there exist co,ep
£

such that for every € €]0,e5] and every Ay € [cee 6770,(5], system (9) has

two reversible homoclinic connections Ha, »;.c, 7= 1,2 of the form (16) where

() = O(—Y5 ),

p+ |z|

Remark 11 Theorem 1 is a direct consequence of the above corollary perform-
ing back the change of coordinates given by the Normal Form Lemma 8 and the
scaling (8).

Proof of corollary 10. We first deduce corollary 10 from theorem 9. Looking
carefully at the proof of theorem 9 given in the next subsections, we check that
we can obtain a similar theorem which is valid uniformly for any ¢’ €]0, 4], i.e.

17



a theorem for which the constants c,, e, are the same for every ¢ €]0,¢]. So
grouping together the existence results obtained for o = 3 and each ¢/ €]0, ]
and observing that

_elko _é/)\o é/\()
U [cie e = ,\ee

o<er<e

we obtain that for any £ €)0, p[ there exist cg, ¢ such that for every e €]0,e¢] and

Y
every Ag € [cee e e /2], system (9) has two reversible homoclinic connections

Hag,.e0 J=1,2 of the form (16) where hy o (z) = O( -l\-/f |)
Ptz
Finally theorem 22 of [7] gives the existence of two reversible homoclinic con-

nections Hay e, j = 1,2 of the form (16) where hy(z) = O( -\i-/f |) for
p+ |z

Ag € [0053,5] which completes the proof of corollary 10. [

The rest of this section is devoted to the proof of theorem 9.

4.1 Complexified shifted system and choice of the param-
eters

In the rest of this paper let £ €]0, p[ and « €]0,1] be fized.

We look for homoclinic connections to the periodic orbit p,,. under the
form

x
Hao,p,c = PAag,e (g + epparctan ;) + h.(z) (17)

The unknown are ¢ € R, which is proportional to the phase shift at infinity, and
he which is required to be a reversible homoclinic connection to 0. As already
explained, to obtain exponentially small estimates of Ay, we need to show that
H4y,p,e admits a holomorphic continuation in B, still denoted by H 4, ., which
lies in BEJ (d0,01) where dg can be chosen arbitrarily. For that purpose we look
for Ha,,p, as a solution of (12). Moreover, we look for h.(z) with z € B, under
the form

he(2) = ((iql(z) +q2(2))ee ) (—igu(2) + g2(2))e ¢ u, Y) (18)

with

ds

A
Yo(2)= [?84-71(0,0,143,5)] [z4epp arctan(z/p)], with arctanz= /m
s

0,2]

observing that

T (a1,02) = (A, A) = ((01(2) + a2(2)e™ O, (=iqa (=) + qa(z))e ™)

18



is an isomorphism from C2? onto C2.
We need a priori estimates on ¢ and h to ensure that H 4, . - lies in BE} (6o, 01).
Moreover, we want to prove the existence of homoclinic connection to p 4, pro-

(2% 1 _tXo
,el™® e e ). So,

vided that its size Ay lies in an interval of the form [c,e €™ ¢
in what follows we set

Definition 12 Let us define

do:=  sup (|u8(z)| + e |Y§(2)] ,\) and o = £0(do),
2€PB4,£€]0,1] z.D

4
©, = sup .
066]0,50],A06[0,61[ (P[/\s +e71(0, U,Ag, €)] )

where go(do) is given by the Nonlocal Normal Form Lemma 3 and let us set

PNy
Ag = Aje™ "2 with Aj €] — 361,161
We also define

Definition 13 Let § = Hg, x Hi'y x H} 5 x HY

= Dw €quipped with the following
norm

1l = War, @2)ll g + el o + 1V

. Dw

where b = (q1,q2,u,Y) and

_ 2ot
s @lgy =% (Il + el ) +

.)\02

(iq1 + qo)e" e

o4
Hl,l

.AUZ

+ H(—iCh +aqa)e”" e

o4
Hl,l

Then, we define
B (do. d1)={0 € 98/ ull o + 1V o < don a1, <}

Observe that there is no € in front of ”Y”H“ in the definition of B$Hy (do, d1).
D

ehw

With this choice of parameters we check

Lemma 14

(a) There exists ¢ such that for every z € By, ¢ € [—¢,,¥,], € €]0,&0] and
every Ay €] — 161,561, [Im (v,(2))] < )‘T‘)e + ¢ holds.

(b) There exists 62 €]0, %51[ such that for every z € By, ¢ € [—¢,,¥,], € €
10,0 and every Af € [=02,6],  |Age¥¢F)| < 15y.
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(c) There exists 03 €]0, 01| such that for every z € By, ¢ € [—p,, ¥,], € €]0,€0]
and every h € BHT (o, d3)

. i z 1 . —i z 1
(g2 +iqu)e™* | < 551, (g2 — igqr)e™ Ve )] < 551-

(d) For every z € By, ¢ € [—p,,¥,], € €]0,e0], A5 € [—062,02] and every
h € BHY (00,93), the corresponding Ha, . given by (17) and (18) lies in
BEZ (80, 01).

So, we are looking for ¢ € [—¢,, ¢,] and for an homoclinic connection to 0
h=(q1,q2,u,Y) in BH7 (0o, d3) which is reversible, i.e.
Gh(Z) = b(—Z) where G(Q1, q2,u, Y) = (_qla qz,u, SY)
The new system satisfied by h = (¢1,¢2,u,Y) and ¢ reads

dq
dz

dgs
—V =—q [’}/1(’11,7 05 07 6) - QDIDO] + nga
dz 4 (19)

d
pH |:d_Z:| tut %u2 = Rls,u + R/s,u + co,

= (AO + q2) [’Yl (’LL, 07 Oa 5) - QDpo] + R:hv

Y —Tolu] = RIE,Y’

where ?
po(z) = (Ac +em(0,0,45,¢)) *p?’
o () s
Ry, =5 (BLae™e 4 R ;o) — A
with

Al = {fyl(u, epi(Y), AA, e) — 71 (u,0,0,¢) — 71(0, O,Agvs)}

where we put a prime when we need to replace A by (A + g2 + iq1)e™V+,
A by (Ap + q2 — iq1)e” ™+, and where we choose the constant ¢y such that
(q1,42,Y,u) = 0 cancels R, , + R, , + co, i.e

Co = —RE,U(A(%).
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4.2 Strategy of proof

We look for a reversible homoclinic connection h = (¢1, g2, u,Y") to 0 of the full
equation (19) under the form

h="ho:+bh

with
b07€ = (0’O7u(})L’YOh) € %ﬁ?(%5050)7 bl = (Chaq%wvz)v

More precisely, we look for ¢ € [—¢,,¢,] and h; € ‘Bﬁ?(%ég, d3), which satisfies

Ly (2)h1 = G(b1, Af, ¢, ¢) (20)

where dan

2, — [n(u6,0,0,€) = wpo] g2

% + [71(ug,0,0,¢) — vpo] @1

Ly(2)h1 = dw .

pH {E] +w + 3ugw

Z — Tow
e G=(Gy,GypyGu,G2)
with

Gy = Ao(vi(ul +w,0,0,¢) — ppo)+
+ q2(m (ug +w,0,0,¢) — 'yl(ug, 0,0,¢)) + th,
Gq2 =—q (’71 (Ug +w, 07 Ov 5) -MN (’U,g, 07 Oa 5)) + R;Qa
G = RLy + By — B (A3) — 507,
gZ = R/87Y'

Here the reversibility comes from the invariance of the system under the sym-

metry
(Zaqhq%wa Z) = (_Z7 —q1,42,W, SZ)

Moreover the map

(90,(]1#1271072) = (vaqugw,gz)

is analytic from | — @, @, [XBH7 (500,03) to Hfy x Hy's x Hf*y x HZ . For
finding homoclinic connection to 0 of (20) we proceed in several steps:

Step 1. In subsection 4.3 we consider the affine equation

L,(z)h = F.

21



More precisely we prove that for any antireversible F € Hy) x Hj's X Hj'y ¥

Hﬁ‘ pw there exists a reversible solution b in §7' if and only if F satisfies the

solvablhty condition
/ <r_(z),Flz)>dx=0 (21)
0
where r_ is given by
= (cosT, —sinT, 0, 0),
with

r(z) = /[ ({5 71.0.0.9) ~ opu(r)) .

So, a necessary condition for the existence of a solution b1 of (20) in B$H7 (300, J3)
is that

J(bla ®, Aaa 5) = Oa
where

J:/ <r_,G(h1, A5, 0,€) > dz.
0

Step 2. For studying J and (20), we need precise estimates of G, , Gg,, Guw, Gz.
They are given in subsection 4.4

Step 3. In subsection 4.5, we study the solvability function J and we compute
its principal part. J happens to be an oscillatory integral and its study is based
on the Exponential Lemma 4. This is why, we had to complexify the problem.

Step 4. In subsection 4.6.1, we introduce the modified equation

LLP(Z)hl = GL(hlaASawve) (22)

where 5
1 _ = —22
G =G ﬁJe r_(z).

The term G has been designed so that, for every e, A%, ¢, by

/ <r_,G*(by, AS, ¢, €) > dz = 0.
0

Then, using the implicit function theorem, we prove that for any ¢ and any suf-
ficiently small | A, ¢ the system (20) admits a solution by ¢ ax o, in BHT (500, d3)
satisfying

[01.0..ell, < el + 1450

Step 5. Finally, in subsection 4.6.2, using the study of J made in 4.5, we

prove that for 0 < a < %, there exist ¢4, €, such that for every 0 < € < &4,

A} € [exe, €17 there exists (e, Af) such that

J[bl,Aa,ap(a,Aa),Ev 90(57 Aa)v Aaa 5] =
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Hence, b1 a5 o(c,A5),c 18 a reversible solution of (20) in ‘BY)?(%&), 03) which gives
the existence of an homoclinic connection to 0 for (19) under the form

b =00+ b1,a5.0(.45)e

At this last step we have only considered positive values of Af since the
solution obtained for Af < 0 are the same as the one found for Aj > 0 thanks
to the undetermination on the form of the parametrization of the bifurcating
solution given by (16).

4.3 Linearized system around the homoclinic connection
of the truncated system

This subsection is devoted to the study of the affine equation

L, (2)h = F, (23)

for any given ¥ = (F,,, F,,,Fz,F,) € HZ2 X Hé3 X HZ2 X H7r D Which is
antireversible, i.e. such that Fj,, and F,, are even, Fy, is odd, while Fy is

reversible (i.e. SFz(—z) = Fz(z)). Equation (20) reads

dq

—d; — (m(uf,0,0,¢) — @po) g2 = Fy,

dgs

Tz 0,0 —F

-+ (71 (uf,0,0,2) — @po) @1 = Fy, (24)

pH[ ]+w+3u0wF
Z*%[w]:FZ

Let us first show the inversion for the two first coordinates. Let us consider
a basis of solutions of the homogeneous system in (¢1, ¢2)

ry(z) = (sinl'(z),cosT'(2),0,0), (25)
r_(z) = (cosT'(z), —sinI'(2),0,0), (26)

I(z) = / (1 (uh(7),0,0,2) — ppo(r)) dr (27)
[0,2]

then ry is reversible, while r_ is antireversible, and I' is odd and may be also
written as

I'(z) :/ 71(%( ),0,0,e)dr — @p[Ae +71(0,0, AO, e)] arctan(z/p).
[0,

Let us denote (-, -) the canonical scalar product in C?: for ¢ = (q1,¢2) and ¢’ =
(d5.43), (¢:4') = Tds + Tagh. We identify (C?)* with C? by ¢ — (q,-), := (q,)-
We then show
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Lemma 15 Let consider the affine system

dgq
d_l =42 (’)’1(1148,0,0,8) *QDPO) +Fq1a
: (28)

dgz
E =—q (71(U8a070a5)_@P0) +qua

with Fy = (Fy,, Fy,) € HfYy x H'y, antireversible (Fy, even, Iy, odd). This
system has a unique reversible, holomorphic solution (q1,q2) = Fq(Fy), (q1 odd,
g2 even) tending towards 0 at infinity, if and only if (we identify r— with its two
first components)

| @ mw)dz =0 (29)
We have

FolF)(2) = —ra(2) / (4 (7). Fy(r)),dr —r_(2) / (r_(r), Fy(r)),dr.

er]RJr
Moreover, there exists ¢ such that for every ¢ € [—¢,,p,], € €]0,e0] and every
F, = (F,.,F,,) € H{y x Hfy satisfying (29), Fq(Fy) lies in Hf < HYy and
satisfy

O 1F Dy, + 1 < (Il + 1Pl ).

. fpee
(iFq, (Fy) + Foy (Fy))e' < <clFallgo +I11Fzl .
He HE,Z HLQ

(i)

(i) H(ifql(Fqu%(Fq))e—i%

<cl||F + || F'5 .
eIl 17 )

. Aoz Moz
where Fp = (iFy, + Fp,)e' s and Fy = (=iFy, + Fp)e ™" ¢ .

Proof.
Step 1. Explicit formula. Variation of constants method leads to

Fo(F)(z) = <C+ +/[O ]<7"+(7')7Fq(7)>*d7> 74 (2)

+ (c + /[O’Z]<7’(7'),Fq(7')>*d7'> r_(z).

We check that Fy(F,) is reversible if and only if ¢~ = 0 and that if
Fq(Fy)(2) - 0, then necessarily

(30)



Hence, we deduce the compatibility condition (29), and the explicit form of
Fq4(Fy) using the holomorphy of the solutions and the integral path I', drawn
on figure 7.

z z+r

Y

Re(z)+r

Figure 7: Path I',.

So, we assume now that Iy is an antireversible function lying in H'y x HJ'5
and satisfying the compatibility condition (29).

Step 2. Estimates in Hf;. The two explicit formulas (30), (31) ensure
that Fy(F,) is holomorphic in B,. Moreover, using (28), and the reversibility
of F,(F,) we get that there exists ¢ such that for every ¢ € [—p,, ¢,] and every
e €]0, g

IFaEly, + 17 EDl e < (Il + 1l )

Step 3. Estimates of Fg,(Fq) in Hy,. Since Fy, (Fy)(2)  — 0, we

Re(z)——+o0
have
+oo d
FalF)@) == [ L FulF) G+ ) i (32)
d F,
Moreover, Fq, (Fy) is even, lies in Hj'; and satisfies (28). Hence, % lies

in Hy's; Fy, (Fy) lies in Hf, and there exists ¢ such that for every ¢ € [~¢,, ¢,],
e €]0, g,

1FaEDly, < ¢ (1Pl + 1Pl )-

. Aoz
Step 4. Estimates of Fa (Fq) = (iFq, (Fq) + Fqs (Fq))el% and Fx (Fq) =

. \oZ
(~iFq, (Fq) + Faa(Fq))e ™= We check that Fa(F) satisfies
dF 4 (F, . A
# = ’L]:A(Fq) |:?O +71(ug,070a5) - L)DPO:| + FA'

Since F4(Fy)(z — 0, we get
AF)E) | = Dwes

too A ) )
Fa(Fy)(z) = —/ ¢ie TG+ =il (z) Fa(z 4+ 7)dr.
0
and

0 Do, ‘
fA(Fq)(Z) :/ e_(l?o‘r""r(_z""”')_lr(—z)) FA(*ZJFT)dT.
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because of reversibility. Hence, there exists ¢ such that for every ¢ € [—¢,, ¢,],
€ 6]07 60] )

Fa(F, <c(|F F; :
IFalF)ll o < (1Fally + 174l )

s,
Similarly we prove that there exists ¢ such that for every ¢ € [—¢,,p,], € €
]0550]3

IF2(F)l o = (1Fallyo + 17l )- O

It remains to invert the second part of system (20) with respect to (w, Z).
This is given by the following

Lemma 16 Let consider the affine system in Hi'y X HZ

dw
H|— | +w+ 3ulw = F,
’ [ dz} 0 (33)

Z—%[w] ZFZ

where Fyz 1s reversible, and F,, is even. Then, there is a unique reversible
solution (w, Z) such that (Fy, Fz) — (w,Z) is a bounded linear map:
H'y x HS ., — Hys' < HY

w m Dw

with an estimate

lwll .0+ 1121)

1«
H} HS

0, meDw

< cllFull ., + 12l e )

. Dw

Proof. Since 7 is a bounded linear operator from Hélg to HY ., it is sufficient
. n.D,

to solve the equation for w, which is the linearized Benjamin-Ono equation. It

is shown in [1] that if F, € B$(R), then the solution w of the linearized B-O
. .. 1.« .

equation lies in By'*(R), with

0l 5.0y < 1Pl

Let us show that this estimate holds when we replace (By®(R), BS(R)) by
l,a a
(Hpy' Hio)-
Step 1. Let us define the linear operator A defined on H ;20‘ by
dw
Alw] = pH [E] + w.

To show that it is an isomorphism of Banach spaces from H, él 5 onto H{Y, we

first check that is is a bounded linear operator from H, él 5 to Hp,. For that
purpose we introduce ¢ € C*°(R) such that ¢(s) =1 for |s| < 1, and ¢(s) =0
for |s| > 2, then we have

dw

Al(e) = | 52| )+ 0) = 0@ +p0L [ D) K()T (e = o)

B — S S /’LUZ*S S.
+2 [ (1= oK), 0 - s)d
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where K (s) = 1/s.We now observe that both ¢K and ([1 — ¢(s)] K (s))’, satisfy
the hypothesis on the kernel K in lemma 7, hence A is a bounded linear operator
from Hely’; to HYy.

Moreover we can compute explicitly the inverse of .4 which is given by

A*mwkzékﬂﬁﬂzf$%

where N /
1 [ eT/r
Ki(s) = — T _ar
o Jo  $2+ 72
Then observing that
d(A w
A6 - [ K01 - sjas

and that K7 and K satisfy the assumptions of Lemma 7 with E = R, we finally
obtain that A is an isomorphism of Banach space from H el 5 onto H, ro

Step2. Let us now define the linear operator K & E(Heon) by
Kw = 3ufw.

Then, the operator A + K : H 612& — Hj; is injective since it reduces to an
injective operator when reduced on the real line (see [1]). So, to show that
A + K is an isomorphism of Banach spaces from H 4120‘ onto Hf"y, it is sufficient
to show that A~1K is a compact operator in H o~ To obtain this compactness
it is sufficient to replace in the proof of Amick in [1] the interval of the real line
by products of intervals with | — ¢, £[, observing that our norm is a sup norm in
the strip. The essential argument here is that uf converges uniformly to 0 when
|Re (z)| — oo in the strip By, so the proof of Amick works on every horizontal
line. O

4.4 Estimates of the nonlinear terms

In this subsection we give estimates of the different terms involved in the four
components of the nonlinear operator G.

Lemma 17 There exists ¢ such that for e €]0,e¢], A§ € [—02,02], © € [—¢,, ©,]
and for every b1 = (q1,92,w, Z) in %Y)?(%ég,%), G(h1, A}, p, ) lies in Hy
Hpy x Hi'y x H ,,, and salisfies

Aol
- P L 1-a 2 .
O (16l +1Gul, )€ < ol 4 2, + 1430

.)\02
<mW%ﬁwmw?

o
Hf,

(i) [Gullyy < (1= + 1451) + a]%, + 1451 o],

(V) NGzl <™ + 45D

. Dw

.)\02
’(Gq2qu1)ezT

_ 2
<l A
Hf,
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Proof. This Lemma readily follows from the following one observing that
for b € %.‘7)?(%50,53), h = [’)075 + by lies in %.6?(50,53) since H’U,SHHLQ +
2,2

HYOhHHa < %50 because of our choice of dg made in definition 12. [J
D

m Dw

Lemma 18 There exists ¢ such that for e €]0, 9], Af € [—0d2,02], ¢ € [—¢,, ¢,]
and for every b = (q1,q2,u,Y) in BHF (do, I3)

8, <

Aol
@ (Il + IR, ) e

(iii)

Aoz

Aoz
(inh + R;Z)ez €

.AUZ

" H(iR:h + Ry )e" <

S Cslfoz

Hf,
. 2 *
) [|1Be = Rea( D) 1. < (@ allg, + 20431 @, @2)l)

O IRy, + IRy, < e+ 4g)

x D,w

o
Hyo

Proof. (i) : First observe that for every ¢ € [—¢,,¥,], € €]0,¢0], A§ € [—I2, d2],
z € B, and every (¢1,q2,u,Y) in BH7 (5o, 03),

U]+ Y (), < Nl + IV < o
A = (4o + a2(2) + iar ()| < b, (34)

[A(2)] = (Ao + ga(2) — iqu(2))e ™| < 6,

and
Aot
. Aol . e €
e TP B
C7(%,,0) C*(%B,,C) ex
Filvo—24) <e
C*(B,,C)
145 (35)
4l = ¢ (4@l ).
. 145
Bl ey < (22l )
A 2 2 *
1A o ) < A3+ w021 + 21451 (a1, a2),
and also
lullye, <00 1Bl <Y1, <o

AA — A2 < 2 Ax (36)
— Aol _II(thz)IIQ?HI olll(ql,qz)IIQ?,
2,2
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since

.)\oz P4

~ Aoz
AA - A% = <(q2 + iql)ezT> ((qz - iql)ez%) + 2A6q267%.
Estimate (i) follows from the above estimates combined with
171 (U, €0, Au Ay, €)=71(0,0, A2, €) =71 (s, 0,0, )| < ce(|vs He|us | AZHAL A —A2))

which holds for every A,, ﬁ*, Uy, v, € C* satisfying |A,| < 61, |A*| <01, |uxl <
50, |’U*| < do.

(ii) : Estimates (34), (35-c,d), (36-a) combined with (15) ensures that

/ /
1R All o g, ) S S MW e | Ul e HIY Iy ) <, -
IRl S eIVl (o 1Y Ny )+ A5e™) < et

This two last estimates coupled with (i), (35-a) finally gives (ii).

(iii): The estimate (iii) can be deduced from the following explicit formulas

T R ;o i(R2E g, NP EA LR Moz
(Rq2+’Lqu)€ € :R&Ae € ¥ +(QQ+’Lq1>e € A7+AO€ € A’Y’
.)\oz

PRNES

/ oY 71'M / i( 7M) . 71'M / - 1
(Ry, — iR, )e” " = =R zett e +(g2 —igqr)e”" e Al + Age”" e AL

combined with (i), (37-b) and (35-a,b).

(iv): Estimate (iv) directly follows from (34), (35-e), (36-b) and from the ana-
lyticity of R. ..

(v): We deduce (v) from (13) and from (34), (35-c,d), (36-a) O.
We will also need estimates of the derivatives of G with respect to bj.

Lemma 19 There exists ¢ such that for e €]0,e0] and every ¢ € [—p,, @, ]

Aol
: - 11—«
(1)(|DU1GQ1 (070awvg)llﬁ(ﬁzx’HZJ'“Dhlez(oa07(Pag)Hﬁ(ﬁ?,st)) e ¢ <ce

Aoz
(ii) HDhl(Gqﬁqul)(O,O,%6)61% <ce
L(HY,H5)
Aoz
HDhl(qu—qul)(QO,9075)6Z% <ce

L9 HE )

() 100,Gu0,0,.0) g e < 2

(1V) ||Dhng(0;07905 5)||£(ﬁ?1H:€D’w) S ce
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Proof. For iy = (¢1,q5,w', Z") € 7 let us denote
U = (g5 +iqy)e™, (g5 + iqy)e™ e, w', Z')
and observe that

1 .
DhlGlh (Oa 0, v, 5)'[)/ = Ze_lw‘pDURE,A(Oa 0, Ug, YOh)'UI

L 38
— e DuR, (0,0, ul, Y{).U (38)
+a5 (71 (uf, ep (Yd"), 0,€) — 1 (ug, 0,0,¢))
1
Dy, Gy,(0,0,0,e).4 = §€_w)V’DuRE,A(0,O,ug,th).Ul
1
+§ew«>DURaA(o,o,ug,yoh).u' (39)
—q (71(%,5171(% 0,¢) — 71(u0,0 0 5))
Dhlgw(ovoawvg)-b/ = DyR., u( 0, Uovyo) 40
Dy, G2(0,0,0.6).0 = DyRey (0,0, Y).U (40)

Then observing that (35-b) and our choice of dy ensure respectively that

Uy < ey b+l < ]+ 0, <o ()

estimates (iii) and (iv) directly follows from (40) and (14).
To get (i), we first check that :
a) the analyticity of R. a, R_ ; combined with (15) ensures that

| Dy Rz A(0,0,ull, Y] + ’DURE,A(O,O,u’g,YO")‘ <ee;  (42)

L(EZHia) L(ES HE,)

b) the explicit formula giving v, at lemma 3 combined with (36-a) ensure
that

[[71.(ug ep1 (Y5"), 0,€) = 1 (ug,0,0,€)| , <ee (43)
2,2
We deduce estimate (i) from (35-a) and the two above estimates.
Finally, (ii) follows from the above estimates, (35-b) and from the explicit for-
mulas
2oz (202 _y,)
€' Dy, (G, +iGg,)(0,0,9,6).U" = " ~¥¢) Dy R, 4(0,0,uf, Y.V’
Aoz
+igy +igh)e’ e (i (ug, epi(¥g"), 0,€) — 7 (uf,0,0,¢)),

. Aoz
_’_Dhl(G 02— iGg,)(0,0,0,6).U" = VeI DGR 5(0,0,ul), Y.V
Aoz

+i(gh —ig)e” e (vi(uf,epi(Y)),0,6) — 71 (u,0,0,¢)).
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4.5 Splitting of the solvability condition

This subsection is devoted to the computation of an equivalent of the solvability
condition J. On one hand, the leading part of J is given by an explicit com-
putation involving only ho.. On the other hand, the perturbation term of J
which involves the perturbation part of the homoclinic happens to be an oscil-
latory integral which admits an exponentially small upper bound given by the
Exponential Lemma 4. We have complexified the problem to be able to obtain
this exponentially small upper bound.

Lemma 20 There exists ¢ such that for every ¢ € [—p,,¢,], € €]0,e0], Af €
[—d2,02] and every reversible h1 = (q1, g2, w, Z) € %5?(%60,63),

—OI\
J(b1, 0, A% e) = e = Afsin(I(c0)) + J1 (b1, 0, AL, )

with
+oo pm )
D(oc) = [ (0 (@),0.0,£)dz — ¢ (A +£32(0,0,43,2))
0

and -

' N o ) 5
() A Ag o)l <ce e (1451 Il + I0112,)

.. —4 o
(11) ||Dh1J1(O’QP’O’E)HL(E?’R) <cee ¢

Proof. (i): Using the reversibility of h; and the antireversiblity of G we get

oo 1 +oo ) ) .
J = /<7’77 G(hl,Aa,@,€)>*d£ = 5 e_ZF(ZGQI + G%)(hlaAOv(PaE)d&'
0

2 J_
Moreover,
iGq, +Gq, =iR + R, +i(iqy + q2) Al +iAo(y1(uf +w,0,0,¢) — @po)

Aoz
— i Ao(y1(uh,0,0,2) — ppo) + iAg(Al + ALY+ e e Ay

where
A()Z

j(20Z ) ) i
Aca =R, 070 i(AL + AL (g +ga)e” <
A,}; = (Wl(ug +w,0,0,¢) — 1 (ul, 0, 0,5)).
So we split J in three parts. The first one gives the leading part of J :

—+00
Jo = 2%/ e MiAg(n(ug,0,0,€) — ppo)da

= AO/O+OO COS(F)% dz (44)
= Ag sin(T'(00)).
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The second one can be bounded using lemma 18-(i). We get that

Ji0l = < c|A .+
1ol <cldollwlyyg +2) o

< el Aol (llbal . +e).

+oo
%/ e‘iFiAO(AfY‘ + Afy)dg

— 00

The third part of J happens to be an oscillatory integral given by

L[t e
JH:Z/ e e e A adx

— 00

Observe that

sup |Zm (T'(2)) | + |Zm (222 — ¢, | < o0. (46)

zEBy
Af€[—02,62],£€[0,60]

and that for every ¢ € [—p,,¢,], € €]0,&0], A§ € [—02,02], z € B, and every
b1 € BHT (50, 03),
|ug (2) + w(z)] + & |¥5'(2) + Z(2)| ~ < do,
[A(z)] = I(
[A(z)] = I(

Ao + q2(2) +iqu(2))ee D] < by,
Ao+ g2(2) — iql(z))e_w“’(z” < 0.

Hence, using (46), (15) and lemma 18-(i), we get that there exists ¢ such that

Zsetg)l(lﬂzﬁ) lem TG AL A(2)] <es "YOh+ZHHggm,g’u8+w||H},’§_Hyoh+ZHH§Em,)w

te(lwlya +€) g e2)lly,

< £ (268 +cds) + ¢ ||h1||;a
£

for every ¢ € [—¢,, ¢,], € €]0,e0], A € [~02,82] and every by € BH7 (150, 53).

This last estimate combined with the Exponential Lemma 4 ensures that
there exists ¢ such that

ot )
[Tl < cem e (e +ballg,) (47)

holds for for every ¢ € [—p,,¢,], € €]0,e0], Af € [—d2,02] and every h; €
BH7 (580, 03)-

Gathering (44), (45), (47), we finally get the desired equivalent of J at lemma
20-(i).

(ii): For b’ = (¢1,¢5,w', Z’) € HY let us denote

U= ((qh +iq)e™, (b + iqy)e "o, w', Z')
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and observe that

DhlJl(O,(,O,O,E).hI DhlJH(O,(p,O,E).h’

1 [T _ oz
— e e e Dy, A 4(0,,0,2).0 dz

n/ .
with
P (R g, hoyhy
Dy, Ac 4(0,0,0,¢)./ =e" e "Y' DyR. 4(0,0,ug,Yy").U

Aoz

. . i=0 *
+i(gh +igi)e’ s (ni(ug,epi(¥y"),0,€) — 7 (uf},0,0,¢)).
Hence, using (46), (41), (42), (43) we get

sup (1+ |2[*)]e ™" Dy, A 4(0,,0,€).'(2)] < e '] .,
z€By e

This last estimate combined with the Exponential Lemma 4 ensures that there
exists ¢ such that

—{ o
|DU1J1(Oa907Oa€)'hI| Scee ¢ ||hlllﬁ? .

holds for for every ¢ € [—¢,, ¢,], € €]0,¢0] and every ' € H¢. O

4.6 Proof of Theorem 9
4.6.1 Homoclinic connections of the modified equations

As already explained in subsection 4.2, for finding homoclinic connections of
(20) we first study the modified equation (22)

sz(z)hl - GL(hl) A;jk)) (1075)

where
2

2
GJ— =G — ﬁjeiz rT—.

We first prove

Proposition 21 For every £ €]0, p[, 0 < a < 1, there exist d4, €1 and ¢ > 0 such
that for every ¢ €] — o, wol, € €]0,e1], and every Af €] — d4,04[, equation (22)
admits a reversible homoclinic connection h1 ax e to 0, lying in HF, analytic
with respect to (p, Af) and satisfying

61l < e~ + |43))

Proof. Our aim is to solve (22) by using analytic implicit function theorem.
For that purpose, we rewrite (22) under a more appropriate form.
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On one hand, Lemmas 15 and 16 ensure that for every ¢ € [—po, o] and
every € €0, gg], the operator L, is an isomorphism of Banach spaces from

97, =97 N{b/b is reversible, i.e. Gh(z) = h(—=z) for any z € By}
onto
Hy|L, = (Hpy x Hpyx Hyy x HE )0 {F//OO <r_(z),F() > dz =0}
N {F/F is antireversible, i.e. GF(2) :OfF(fz) for any z € B,}

normed with

_ ot
Pl = WPl + 1Pzl |+ % (Il + 17l )
) PRES . _; 20z
+ ||(iFy, + Fy,)e e +H(_qu1 + Fp)e " e

o4 1%
Hl,2 Hl,2

where F = (Fy,, Fy,, Fu, Fz).

On the other hand, lemma 17 and 20 ensure that Gt (1, A}, ¢, ) lies in
HY|- for every ¢ € [—p,.¢,), € €]0,e0], A5 € [—02,02] and every by €
BH7 (300,03)|, where BHF (do, d1)|, = BHF (do,dr) N {h/b is reversible}.

Hence, for every ¢ € [—¢,,p,], € €]0,e0], A§ € [—02,d2] and every by €
BH7 (300,63)|, equation (22) is equivalent to
hl :Nj(hl,AS,(P) = LglGL(blaAaa(pvg) (48)

where NZ is an analytic function from B9 (300, d3)|, x] — d2,02[x] — @0, o[
to H7|, which satisfies

Nz (b2, A5, @) < et + bl + 145D,

L 11—«
|| Dy, N2 (Ovﬂ,w)\lﬁ(ﬁ?,ﬁ?) < el

thanks to lemmas 15, 16, 17, 19, 20 and thanks to the estimate

Aol
<ce % e .

Hy

2
e " r_

Finally, we need a slight adaptation of the Implicit Function Theorem to solve
(48), since we fix € small enough, but non zero here. We replace NZ (b1, Af, ¢)
by

Nj(hla AS? (P) - (1 - Mgail)Né_(Oa 0, (P)

and use the Analytic Implicit Function Theorem for (1, Af, 1) near 0, observing
that e~ 1IN2(0,0, ¢) is uniformly bounded in $¢|,, for (¢, ¢) €]0,e]x]po, wol.
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For any ¢ €|po, o[ and for g = 0 we have the trivial solution (h1, Af) =0
whereas (48) corresponds to p = ¢'~% which lies in the domain of existence of
the solution for £ and |Af| small enough.

Hence, there exist €1, d4 such that for every e €]0, 1], (22) admits a solution
B1,0.45.¢ lying in H¢|, which is analytic with respect to (¢, Ag) € | — o, po[ x
| — 04, 04[ and which satisfies

<ec(eT+43)). O

lovsell, <
£

4.6.2 Resolution of the solvability condition

To achieve the proof of theorem 9, we look for appropriate values of the phase
shift ¢ := p(Aj,€) €] — @o, po[ such that

J[bl,Aa,ap(a,Aa),Ev 90(57 Aa)v Aaa 5] =0.

For such values of the phase shift, b1 as ,(c,4z).c 18 a reversible homoclinic con-
nection to 0 of the equation (20) lying in BH7 (180, d3) which gives the existence
of an homoclinic connection to 0 for (19) under the form

b ="DHo.e +b1,45.0(,45) e

Denote &3 := min(e1,d3). Then proposition 21 and lemma 20 ensure that
there exists o > 0 such that for any o €]0, 1], every ¢ €]0,e2], ¢ €] — ¥o, @0l
and every A% € [0,e17%], we have ! 7% < §, and

Do .
J(hlaA&%E’ 2 AS’ 5) =€ ¢ AO Sln(rlﬂ(oo)) + Jl(hlaA67‘107E’ 2 AO’ 5)

and
—fXo

|J1(h1,146790765 907146’5)' < cgee e

Then observe that ¢ — I',(00) is affine since I'y,(00) = a(e, Af)y + b(e) where

+oo
a(e, Af) = —%()\E +e71(0,0, A2, ¢)) < 0, be) := / Y1 (ul(z),0,0,¢)dz
0

and that our choice of ¢g ensures that ¢ — I',(c0) is a monotonic bijection from
] — w0, @o| onto |b(e) — 2m,b(e) + 2x[. So there exist three consecutive values
Y < @ < @5 of pin] — o, and n* € Z such that

[ys(00) = g+n*7r, Lys(00) = g+(n*71)7r, Lys(o0) = g+(n*72)7r.

Then, denote ¢, = 2¢o and e, := min(da, m) and observe that for every

o €]0, 3], € €]0,¢,] and every A§ € [c.e,e' 7%, we have c,e < '™ and

2
—f o
J(bl,AS,kp’{,Ea 5041(5 ASv E)J(hl,AS,g@g,Ev 9057 Aaa 5) S - <C*€ € > < 07

2
—{ o
J(bl,Ag,%s,sa;,Aa,@J(m,AM,E,sog,Aa,@s<c*e - ) <0.
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Hence, the intermediate value theorem ensures that for every a €0, 1], £ €]0,&,]
and every A} € [c.e, 179 there are two distinct values of ¢ in | — o, ¢o[ denoted
by ¢;(e, Af), j = 1,2 such that

e1(e, A) €leT, w5, wale, AF) €lps, w3,
J(hl,A(*),ij (e,A%).er Pi (57 Aa)a AS? 5) =0,
0< 5(4,02(5,146) - @1(5,/15))%(% +791(0,0, 42,¢)) < 27.

This ensures that (9) admits two distinct reversible homoclinic connections
Hay,p, e satistying

™
Haowse(@) 3 Paoe (z +ep; %)

x—+oo

2

A2 4+ 41(0,0, 42,¢)
@ for which J vanishes lead to the same homoclinic connections. [

where p4, . is T-periodic with T" := . The other phase shifts
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