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Abstract

We consider a Boussinesq system which describes three-dimensional water waves in
a fluid layer with the depth being small with respect to the wave length. We prove
the existence of a large family of bifurcating bi-periodic patterns of traveling waves,
which are non-symmetric with respect to the direction of propagation. The existence
of such bifurcating asymmetric bi-periodic traveling waves is still an open problem
for the Euler equation (potential flow, without surface tension).

In this study, the lattice of wave vectors is spanned by two vectors ki and ko of
equal or different lengths and the direction of propagation ¢ of the waves is close
to the critical value ¢y which is a solution of the dispersion equation. The wave
pattern may be understood at leading order as the superposition of two planar
waves of equal or different amplitudes, respectively, with wave vectors ki and ko.

Our class of non-symmetric waves bifurcates from the rest state. The four com-
ponents of the two basic wave vectors are constrained by the dispersion equation,
forming a 3-dimensional set of free parameters. Here we are able to avoid the
small divisor problem by restricting the study to propagation directions ¢ such
that (k; - c)/(ks - ¢) is any rational number close to (k; - ¢g)/(ks - cg). However, we
need to solve a problem of weak differentiability with respect to the propagation
direction for the pseudo-inverse of the linear operator. It appears that the above ra-
tionality condition influences only mildly the domain of existence of the bifurcating
waves.

In the special case where the lattice is generated by wave vectors ki and ks of
equal length, the bisecting direction is the critical propagation direction ¢y, the
parameter set is two-dimensional and the rationality condition gives bifurcating
asymmetric waves which propagate in a direction c at a small angle with the bisector
of k1 and ks.

In the last section of the paper, we show examples of wave patterns for k; and ko
of equal or different lengths, with various amplitude ratios along the two basic wave
vectors and with various angles between the traveling direction ¢ and the critical
direction cg.

Preprint submitted to Elsevier Science 18 February 2008



Key words: Asymmetric periodic wave patterns, three-dimensional water waves,
Boussinesq systems, Lyapunov-Schmidt method, bifurcation.
PACS: 47.15.km,47.20.Ky,47.35.-1,47.35.Bb,52.35.Mw

1 Introduction

We consider the following Boussinesq system

m—i—V-v—%V-(nv)—%Am =0,
1 1 (1)

v+ Vn+ §V(V V) — éAvt =0,
proposed by Bona, Colin, Lannes [2], describing small-amplitude gravity waves
of an ideal, incompressible liquid layer, with small depth relative to a charac-
teristic wave length. Here, the horizontal coordinate x and time t are scaled
by ho and \/ho/g, with g being the acceleration of gravity and hy being the
average water depth. The elevation of waves 7n(x, t) and the horizontal velocity
v(x,t) at level 1/2/3hg of the depth of the undisturbed fluid, are scaled by hg

and \/ghg respectively. The derivation of (1) is similar to its one-dimensional
version, which is given in detail in [1].

We are interested in traveling waves of constant velocity ¢ which have a pe-
riodic horizontal pattern in x € R?. In the paper [6] we considered diamond
patterns I' spanned by wave vectors k; and ks having the same length and we
proved the existence of bifurcating symmetric solutions, where the amplitudes
€1 and €49 along the basic wave vectors are equal, propagating in the direction of
the bisector of the wave vectors. We managed to apply the Lyapunov-Schmidt
method to the system above, which is impossible for the full Euler equations
without surface tension, due to a small divisor problem (see [7]).

In the present work we consider asymmetric waves experimentally produced by
Hammack et al in [5]. Assuming the presence of surface tension, asymmetric
waves were theoretically predicted from the full Euler equation by Craig and
Nicholls in [3] (numerically sketched on page 631) using Lyapunov-Schmidt
reduction, and by Groves and Haragus in [4] with the theory of spatial dy-
namics. As in [3] and [4] these waves may result from a choice of pattern I'
spanned by two wave vectors k; and ks having different lengths. They may
also result from a pattern I' spanned by two wave vectors k; and ko having
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the same length, but with different amplitudes 1 and €5 along these basic
wave vectors. In absence of surface tension, the above methods cannot apply,
in particular because of a small divisor problem.

In the present model, we don’t need to add surface tension due to a fun-
damental factorization property of the dispersion relation of the Boussinesq
system (1). We are able to find a good estimate of the inverse operator (see
Lemma 8) provided that we restrict the study to propagation directions c
where the ratio (ki - ¢)/(ks - €) is any rational number r/s close to the ratio
(ky - co)/ (ks - ), where ¢ is the propagation velocity given by the disper-
sion relation A(k;, co) = 0. This allows us to avoid the small divisor problem
and use an adapted Lyapunov-Schmidt type method, despite of the lack of
regularity with respect to the angle parameter (between ¢ and cy) in the
pseudo-inverse of the linearized operator. This rationality condition influences
mildly the domain of existence of the bifurcating waves in allowing an exis-
tence domain of the order (Ins)~!. Our main result is Theorem 11, which can
be roughly summed up as follows:

Theorem 1. Choose basic wave vectors (ki, ko) in the form of (7) which
satisfy the non-degeneracy condition (40), such that the dispersion relation
A(k, co) = 0 defined in (18) with ¢y = ¢o(1,0) has £k;, j = 1,2 as the only
solutions k = £k;, j = 1,2, in I (i.e., we have now only 3 free parameters).
Then choose the bifurcation parameter ¢ such that the ratio

ki-c r
=_cQt 2
e 5@ (2)
15 close enough to 112—28 Fiz 0 € N large enough and assume 1 < s < o.

Then, there is a family of bifurcating bi-periodic traveling waves, U = (n,v)
which are solutions of (1), are in general non-symmetric with respect to the
propagation direction c, and are of the form

U= > AAB"B'Ujg+o((Al +|B)")
1<j+l+m+g<n
with ' .
A=ee®Y B =g,V
The bifurcation parameter ¢ = 1‘1)”(1, w) is linked with the amplitudes 1 and
g2 by

p= el + aoes + O(el + €3)%,
w = Bie} + fogs + O(eT + £3)°.

The “rational” restriction (2) implies a “rational type of” restriction on am-
plitudes (g1, €2) which are uniformly bounded by O{(|u|/In )2} with |u| <<
(Ino)~t.

Remark 2. In the phases of A and B,y corresponds to an arbitrary horizontal
shift for the solution.



Remark 3. The “rational” restriction (2) concerns only w (not ).
Remark 4. The Uj;q are bi-periodic functions of x —ct. For j+1+m +q
less than or equal to 2, the functions Uj;ng and the coefficients oy, (i, it = 1,2
are explicitly given in the Appendiz.

In the case when the waves propagate in the critical direction cg the rationality
restriction only concerns the ratio % The result also applies when the lattice
is built with wave vectors k; and ks of equal length, with the bisector direction
as the critical propagation direction cg. In such a case, the free parameter set
is two-dimensional and the rationality condition gives bifurcating asymmetric
waves which propagate in a direction making a small angle with the bisector
of k; and k. The factorization property of the dispersion relation mentioned
above is specific to the Boussinesq system (1), while the corresponding problem
for the free surface of a potential flow in absence of surface tension (Euler
equations) is still open.

We show in section 5 several patterns of traveling asymmetric waves computed
with the explicit expression of the free surface elevation for the terms of order
1 and 2 in amplitudes (g1, €3).

2 Formulation of the problem

We are looking for solutions of System (1) of the form of 2-dimensional trav-
eling waves, i.e., n and v are functions of X = x — ct, where x = (1, 73) € R?,
and c is the velocity of the traveling wave which plays the role of a two-
dimensional bifurcation parameter. For these solutions, system (1) reads

1
V-(V+nv)—c-V(n—6An):0,

1 1 (3)
V(n+ §(V v))—c-V(v-— éAV) =0,
where we assume the flow is potential, i.e.,
curl(v) =0, (4)

which is shown to be consistent with Euler equations in [6]. We consider the
periodic solutions with Fourier expansions of the form (for simplicity of nota-
tion, x is used for X)

n(x) = kZF e,
vix) =) vie KX, (5)

kel



where I is a lattice in the plane defined by two non-colinear vectors k; and
ky. This means that k € I, where

k= (k‘l, k‘g) =k, + 7’L2k2, ny,Ng € 7. (6)

Because of (4) we have
Vi X k=0.

For simplicity, we require vog = 0 and 719 = 0, so the averages of the elevation n
and of the horizontal velocity are set to be zero. One might treat the nonzero
case as in the case of the symmetric doubly periodic wave pattern (c.f. [6]).
This would introduce 3 additional parameters which do not change the results
qualitatively.

Let us define the basis {k;,ky} of the lattice I" by
ki=0L(1,7), ke=0(1,-mn), ;,7>0, j=1,2 (7)
where 7; = tan ;. We then have for k = (k1, k2) = nmiky + noks
ki = nily +ngly, ko = nimili — namsls. (8)

The lattice I' forms a diamond pattern if k; and ko are symmetric with respect
to the z1-axis, making an angle +6 with this axis. In such a case,
l1:l2 défl, T — T2 déf’T, 91:92 déf@.

Now we define the Sobolev space of bi-periodic functions which are square
integrable with their p first derivatives over a period parallelogram:

Hy {“ =Y upe™* € HP{RQ/F'}},
kel

where I" is the lattice of periods dual of I" defined by
IV = {n1>\1 + No Ay € R2; )‘j -k, = 27T(Sjn, J,n € {1, 2}, (nl,ng) c Z2} (9)

We equip Hy, with the classical Hermitian product (,-)m». Note that any
u € Hj, is invariant under the shift

TiX = X+ A

We notice that [; has to be chosen small enough for the consistency of the
Boussinesq model, in which the horizontal wave lengths |A;| should be large
with respect to 1 (which is the depth of the fluid layer at rest). Moreover, in
the final assumptions we also assume that the parallelogram built with the



vectors Ay and Ay is not too flat (see conditions on 7; and /; in Definition 7) .
The basic function space in our study is

G, “{U = (n.v) € HEY* n{cwl(v) = 0} 1 {0 = 0, vo = 0},

and System (3) can be reformulated in the form

LU +GN(U,U) =0, (10)
where
v—cC- — 1A
LU = Vv Vin=gan) : (11)
Vi —c-V(v—3;Av)

NU,U) = (3(v¥),v), Glg.F) = (V, V).

It is clear that the linear maps
Lo:Gp—Gps,p23; G:Gp— Gy, p2>1
are bounded and the quadratic map
N:G,— G, p>2

is bounded (p > 2 is necessary for having the product of two functions of H, ﬁ
in H}). Moreover we have, for any U; and U; € G,

(L Uy, Us)po = — (Ur, LUy o, p >3

12
(GUy, U)o = — (U1, GUs) o, p > 1, (12)

after integration by parts.

System (10) possesses important symmetries. We define their representations
by the following bounded linear operators 7, and Sy:

(LU)(x) =Ux+y), (SU)x) = (n(—x),v(—x)).
It is clear that the following commutation properties hold

TyLe = LTy, TN(UU)=N(LUTU), T,G = 6Ty,

SO,CC = —ﬁcg(], SON(U, U) = N(SoU, SOU), Sog = —QSO. (13)

The first set of properties results from the invariance of the original system
under the translations of the plane, while the second set comes from the re-
versibility of the original system.

If the lattice T' has a diamond structure, we have an additional symmetry.
Define S; by

(S:1U)(x) = (%), ¥(%)),



where X = (z1, —x3) is the symmetric vector of x with respect to the x;-axis.
It is clear that in the case when the velocity c of the wave is colinear to the
x1-axis, we have the following additional commutation properties

SiLe = LoS1, SIN(U,U) = N(SiU,8U), $iG = GS1. (14)

3 Study of the linearized operator
3.1 Inversion of the linear operator

To use the Lyapunov-Schmidt method, it is fundamental to study the linear
system

LU =P, (15)
where P = (¢,p) € G; (I > 0) is given and we are looking for U = (n,v) € G|.
For the periodic vector function p and the periodic scalar function ¢ with
Fourier series

p(X7 t) = Z pkeik-xu Po = 07 Pk X k = 07

kel
e (16)
Q(X, t) = Z qx€ K y qo = 07
kel

System (15) leads to
0+ kP e R+ K vic= —
kane — (14 2 [K)(e  Kpwic = = i
where k € I'. Define
A(k,c) = (1+ é|k|2)2(c k)2 — k% (18)
The linearized operator L. has a nontrivial kernel in G| if there exists a pair
(ko, co) satisfying

A(ko, Co) =0 and ko §£ 0. (19)

The solution of (17) can be written as follows.

e When A(k, c) # 0, the solution reads

(L k) (e Kae + K- pi

Tk = A(k, C) ) (20)
o s AE gk (e TP + ak
k- Ak, c) ’



where we notice that .
curl(vye™*) = 0.
e When k = 0,then vo =79 = 0.
e When A(k,c) =0, k # 0, and if (py, gk ) satisfies the compatibility condition

sgn(k - c)k - px + [k|g = 0, (21)
the solution reads
. dk
e = isgn(k - c)— + [k|83,
k| (22)

v = sgn(k - ¢)kg,

where (3 is an arbitrary constant in C.

3.2 Kernel of L,

To obtain bifurcating solutions we need to have a nontrivial kernel for the
operator L. for some critical values of the parameters. Hence we need to
study the set

{keT;A(k,c) =0}
for a given velocity c. Without loss of generality, we can assume that ¢ = cg =
co(1,0) and the basic wave vectors k; and ks are solutions of

A(kj,co) =0, j=1,2. (23)
This means that ) )
+ T

2 - i ji=1,2, (24)

= l 5
{1+ +717))
ie.,

1 2o\’ 2N
C—%:<00891+660861> =<COS(92+ ) , 0<;<7/2, (25)

which leads to the relationship (automatically satisfied when we choose a
diamond lattice I)

I3 i

cosfy cosb’

6(cos bty — cosby) = (26)
Therefore, for fixed angles 6y, 6y, the point (I1,ls) (close to 0) needs to be-
long to a hyperbola in the plane. The critical set in the 4-dimensional space
(11,72, l1,1l3) is a 3-dimensional hypersurface restricted to the quadrant
T1, T, U1, 1o > 0. When I' is a diamond lattice, we only have two parameters
(7,1) for the critical set.



Replacing k by n1ky + noks in the equation A(k, cg) = 0, we obtain
1
(1 -+ é\nlkl + n2k2\2> |C0 . (n1k1 + n2k2)| = |n1k1 + n2k2‘, (27)

or, more explicitly,

1 2
0= <1 + 6{(711[1 + n2l2)2 + (anlll — n27212)2}> cg(nlll + n2l2)2+
— {(nlll + n2l2)2 + (anlll — 7’L27’2l2)2}.

(28)

We already know that
(n1> n2) = (j:la 0)7 (Oa j:l),

are solutions of (27). Next we want to determine the number of solutions
(n1,n9) of (27).

When the equalities (24) hold, the critical set in the 4-dimensional space of
parameters (71, 72,1, l2) is a 3-dimensional hypersurface. When ¢q is consid-
ered as a function of 7y and [, then for a fixed pair (n;,ny), the equation
(28) represents a 2-dimensional submanifold: express for instance (71, 7) as a
function of (Iy,13). The set of relations (28) is countable for all (ny,ny) € Z2.
This yields a countable set of 2-dimensional submanifolds of the 3-dimensional
critical hypersurface. Therefore, there is a full measure set of choice of parame-
ters (71, T2, l1, l2) on the 3-dimensional hypersurface such that none of relations
(28) is satisfied, except for (ny,ny) = (£1,0) and (ny,ns) = (0,+1). Hence, a
general choice of parameters provides no solution of (27) except for +£k; and
+k,. The consequence is that the dimension of ker L., is 4, in general.
Remark 5. In case of resonance, which means that the dispersion equation
A(k, co) = 0 has more than the 4 solutions £k; and ko, the kernel of Le, is
finite dimensional as we shall see in the next two subsections. Hence for the
Boussinesq system (1), there is no possibility to have a “complete resonance”
(i.e. with an infinite - dimensional kernel) as it might occur in the correspond-
ing problem governed by the Euler equations (see [7]). In the present paper we
do not consider resonant situations.

3.3 Inverse of Le, when ly/ls is rational

Let us assume that the scalars I; and [, are such that

h_" g, (20)

ly S0



where 7y and sg € N are relatively prime. When ¢ - k # 0, this assumption
gives a lower bound for ¢ - k. Indeed, we have

C(]l2

Co - k = Co(nlll + nglg) = S—(?’Ll’l“() + 71280),
0
ie.,
[
‘CO . k| Z%
S0

for any (ny,ny) # 0 in Z* with ¢ - k #0. It is then clear that, for [k| > K

where
980

cols’
and for any (ny,ny) # 0 in Z? (even when ¢, - k = 0),

1 1
(14 ¢ [kl)leo - k| = [k]| > S[k], (30)

which provides a lower bound for |A(k, cg)|. Notice that when I' is a diamond
lattice, we have [y = [, = [ and sy = 1.

Let us now remark that
‘k|2 = (n1l1 + n2l2)2 + (anlll — n27'2l2)2

is a positive definite quadratic form of (ny, ns), hence the following inequality
(di > 0)
di(ni +n3) < |k|* < dg(nf +n3) (31)
holds, where
1 1
di =5 (A+m)+q +7§)z§2) — VA, @)
A=(A+m)E+ A +7)3) — 4B (m +7)*,

For a > 0, we have a — Va2 — b2 > b*/2a, hence

N Ly (11 + 72) _ ky X ko
(L+m2)B+1+m)B)"7  (k+k3)2

holds. This shows that for k € I, the condition |k| < K leads to the condition

(33)

(4 m) P < T
dy
where d; satisfies (33), which means that there is only a finite number of
“bad” (n1,n2). Hence, in general, the parameters (l;, 7;) are not among the
finite number of “bad” (resonant) curves defined by conditions (28) and (29)
on the 3-dimensional manifold given by (24). We are now able to prove the
following

10



Lemma 6. Let ¢ = ¢o(1,0), & = oe Q7, (co,ly,la, 11, m2) satisfy

) g

2 1+ 77 _ 1+73

0 — 2 - 2 ’
O+%0+my 0+20+7))

such that £k;, j = 1,2 are the only solutions of the dispersion relation A(k, cg) =
0 with k € I'. Then, for any given

P=(¢,p)eGy p=0,
satisfying the compatibility conditions
(P, &sx;)mo =0, j=1,2, (34)
the general solution U = (n,v) € G,y1 of the system
LU =P,

15 given by B B B
U=L,'P+ A&, + Al x, + Bé, + B¢ . (35)

Ei, = (/1 + 72,1, (1) gy)e™ o™, (36)
A, B are complex numbers, and Zgol is the bounded linear operator: G, —
Gpr1 N {ker Loy } 50 for p > 0. In addition there is a positive p such that

where

125Gl e, < p- (37)

Proof: Assume that (co,(;,7;), 7 = 1,2, are such that £k;, j = 1,2, are the
only nontrivial solutions in I' of (27) (this is the general case) and let us define
the eigenvectors &1y, of L, by (36), where ¢g = (co,0). Then we observe that
with the Hermitian scalar product in {H}}}* the compatibility condition (21)
is equivalent to (34). Moreover, using the symmetries, we have

,];’gzl:kj - €:|:kj eiikj.ya Sog:l:kj = E:I:kj = g:ij' (38)

In the case when the lattice I has a diamond structure, we have in addition
the following symmetry property

1€k = Eikey- (39)

The above calculations (the proof of the estimates is made in [6]) show that
we are able to define an operator ENC_Ol, which is the pseudo-inverse of L,
mapping G, into G4, for any p > 0, provided the compatibility condition
(21) is satisfied. The componentwise definition of

U=L,'P

11



reads B
{‘nglp}k =Ux = (77k>Vk)>
where

. {ZQOIP}k = (1, Vi) is given by (20) for A(k, cg) # 0, i.e. for k # +k;, +ko,
and 0,

o {L;'P}o=0, for k = (0,0),

o for k = +k; we set (see (22))

A KN ST
£ _:( Dy LR )
Ve Pl = (E 5001 72 TP )

so that £, P is orthogonal, in {H}®, to the four-dimensional space £ =
spanf{Es ) = 1,2}, e

<ZEOIP7 {ar)po =0, j=1,2.

Notice that our pseudo-inverse operator Egol is defined even if P = (q,p)
does not satisfy the compatibility condition (21).

3.4 Inverse of the perturbed operator Le, + wL™

In what follows we need to consider the perturbed operator L. 1,w) = Le, +
wLW for w close to 0, where

Oy - _o 21
LYU = C()ax2 (I 6A)U

Taking w # 0 (which plays the role of an angular bifurcation parameter) means
that we intend to find traveling waves moving not exactly in the direction of
the x,-axis. We shall see that this is linked with the ratio of amplitudes &,
and e, of the waves along the basic wave vectors k; and ky. The perturbation
wLM) appears to be singular as it leads to a small divisor problem when we
invert Ley(1,.), contrary to the inversion of L, with the assumption (29).
Indeed, the A(k,c) in the denominators of (20) may become very small for
large |k|. In what follows, we control the smallness of A(k,c) in assuming
again a rationality condition. Let us first define a non-flatness condition of the
parallelograms generated by the vectors k; and ks.

Definition 7. We say that (kyi,ks) satisfies the d-non-flatness condition if for
a fized 0 € (0,1),

S<m<ét j=1,2

l 40
(5<l—1<(5_1,lg<(5. (40)
2

12



This condition also insures that the parallelograms of the dual lattice IV built
with the vectors A\; and Ay are not flat and their size is large with respect to
1 (which is the scale of the depth of the fluid layer).

We now show the following
Lemma 8. Let ¢ = co(1,w), § € (0,1), and choose basic wave vectors (ki, ks)
which satisfy the d-non-flatness condition, such that the dispersion relation
A(k,co) = 0 has the only solutions k = £k;, j = 1,2, in I'. Then choose
lw| < ¢ and the ratio

k1 - C o T

= + 41
ky-c SEQ’ (41)

withr,s € N being relatively prime. Then, except for 5 in a small neighborhood
of a finite set To(71, 11, o) of cardinality at most O(In's), the linear operator L.
has a bounded inverse in the orthogonal complement of ker L, in Gy, with the
estimate

125G leqn < e(s), 120, (42)
where c(s) is bounded by v 1Ins. Moreover, for any ¢ > 0
ENC_l = 20—01 + > (—w)"(Z;;c(”)"Z;Ol + R, (w), (43)
1<n<q

‘ |Rq (w) | |£(G17Gz—2(q+1)+1) < |w‘q+17q+lc(5)v

where the linear operator L3 is computed in {ker Loy Y50 , (Lo L)L €
L(Gy,Gi_on11), and v > 0 is independent of s.

Remark 9. We notice that the operator ENC_IQ is bounded. This is just what is
needed to apply the Lyapunov-Schmidt method, since the nonlinear terms take
the form GN (U, U), where N is a bounded quadratic operator.

Remark 10. We observe that the operator L' in L(G), Gi1) is weakly dif-
ferentiable in w at 0. Formula (43) gives precisely the loss of reqularity of the
successive derivatives in w at the origin (the loss is 2 at each increasing or-
der). The difficulty introduced by this non-smoothness is in fact not a problem
for the 4-dimensional bifurcation equation.

Proof: First, for any k = ni1k; + noks , n; € Z, we have by (41)

ki-c  L(1+nw) :ieQJF.

ky-c Il —mw) s

Hence .
c- k= CQlQ(l — TQ'LU)(nlg + ng)

and if ¢ - k # 0, we have

where d satisfies



In choosing w such that |w| < ¢ we can take d = 2. Notice that if ¢ -k = 0,
(20) yields

] + [vae < == (\Qk\ + |px)- (45)

[K]
Now, if ¢ - k # 0, we have

1 2 |k|COd
- k|l — k| > k| {—— =1
(1+6Ik\>\c | \I_\I{ s

and for |k| > % we obtain

1 k|
1 —k2> k| — k| > —.
(14 5I02) fe -l = k] = 2

We then use the fundamental factorization of A(k,c) :
1 1
Afice) = {1+ ZlkPle K = K {1+ IkPle k| + k||
K| { Lo }
> —<q(1+ =]k k| + |k
> B0 e k4 k)
and (20) leads to the estimate

[he] + [vae < == (\Qk\ + |pxl)- (46)

k|
We observe that if |k||c- k| > 7, (46) holds.

It remains to study the region R of the plane (n,ns) where

K| < 7—2, K[jc- k| <7, A(k,c) #£0, and c-k 0. (47)
Using here the estimate (31), we observe that the region R is included in the
region A defined by

The area of A in the plane (n,ns) can be computed with polar coordinates.
We set

ny = pcosf, ng = psinb,
7 cos By 1/2 7s
< mi 0 — 0)| 2,
p = {< codd, ) [sin® = 00)l ™% 2o

tanfy = —r/s, Oy € (—7/2,0).

where
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Estimating 2 f;m p*(0)d0+2¢(05-)? for large s, for p*() = (l‘;‘il—sd(io) | sin ]!

and sin¢p = %, yields
14 cos b, 1 98s%2 . _, codd, cosby
A _ 1
rea(A) codd; . tan ¢/2) * (coddy)? sin”( 752 )
28 cos b I s
Codd1 )

We notice that, by construction, r/s is close to l; /Iy, hence cos 6y is close to
l2 . .

——=2— and the following estimate holds

\13+3

cos 8 < 5((1+7H)E+ (1+ 7'22)@)1/2
dd, = ALLE+B)R(r+n)

For 75 < 67! the estimate for ¢ (see (24)) is independent of 7, (but depends
on [ and §), which shows that Area(A) < vy(Ins) with v independent of s.
Hence the number of points (ng,ny) lying in A is of order In s.

In what follows, it is useful to notice that for

lod?
kP> 2
llcoddl
we have
ngk‘g < 0. (48)
To see this, we look at the intersection of the curve (in polar coordinates)
7 cos 0
2 0 .. 1
= 60— 0,
pt = (6 — b0)

which bounds the region A, with the n;-axis (¢ = 0). The points of this curve
with 6y < 6 < 0 are such that ny; > 0, no < 0. This shows that for points in
the region of A such that

S

2 2
ny+ny > ——-—
! 2 Coddl’l“’

ny and ny have opposite signs. Then in order to obtain (48) we use (31), and
observe that r/s is close to 11 /ls, and ks = nqlymy — nalam has the sign of n;.

Now, the equation
1
(1 4 6\k|2) e k| — k| =0

is equivalent to (28) with ¢ replaced by its expression (24) as a function of
7o and [y, which makes for every “bad” pair (n,ns) a polynomial equation of
degree 8 in 75. Hence we cannot have more than 8 roots 75 > 0 for every “bad”
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pair (n1,ng). This makes a finite set of “bad” values for 7, = Tg(p) (11,11, 12) of
cardinality O(Ins). We then need to exclude small neighborhoods of these
roots for controlling the size of the inverse of (1 + #|k|?)|c - k| — |k|. Let
us exclude O(Ins) neighborhoods of these specific values of 75. For having
still remaining good values for the (73)’s, we may choose, for each (ny,ns),
neighborhoods of exclusions of size O(v/ In s) around every such root 7o, with
v << 1. Let us show that outside these neighborhoods we have

Loz clk
— . _ > .
’(1+‘6|k\>|0 k| |kw._ s lor large s (49)
To show this, it is sufficient to show that the derivative of
Lo
g(r) = (1 + [k ) k| — [k|

with respect to 7o at any root 7y of (28) satisfies |¢'(79)| > c|k| for some ¢
independent of s. Indeed, an elementary computation gives

aTz|c-k|‘ o w 6Bt
e k| T 1—rw "1+ )6+ B(1+13)
hence
—naloks (k|2 — 6 w 6 - 5301 +7)
/ — |k _ 0 ]
A '{ e <|k\2+6 T—mw O+ )6+ B+

For

k| > M, M = max lady V6
’ N llcodd1’

the inequality (48) shows that the first term on the right hand side is positive.
Moreover, for 7, < 6!, and |w| < §/5, we have

ol
g

1 —nw
Taking Iy small enough, such that
lh<l, lhrg<1
and remarking that 7 < 6!, we see that this condition holds as soon as
lo <6< 1. (50)
We obtain 13(1 + 7¢) < 2, hence

6-B0+7) 1
6+3(1+73) 2
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and we conclude, (since 6 < 7 < 1/4), that

6 —12(1+72) §
(1 +78)(6+13(1+78) = 2(1+462)

which is independent of s. We notice that
4> 2(1+ 6%

hence

> {5 = 3} = ol

In the region R where

k| < M,
the number of corresponding points of the plane (ny,n3) is bounded by a
finite number independent of s. For avoiding the corresponding bad values of
To near the corresponding roots, we just need to avoid a fixed (independent
of s) small v neighborhood of this finite number of roots, since the minimal
value of |¢'(7p)| at these roots is independent of s.

This ends the proof of the fact that in choosing 7, outside a small open set
included in (6,07") and for |k| < -2 we obtain (49). Finally, we find a constant
~v > 0 independent of s such that

7| + |[vie| < | | (|Qk| + |pxl)- (51)

Now, collecting (45), (46) (,51) we obtain an estimate valid for all k such that

k £ +k;, +k,
1 k
(o g ek = 5

and the required estimate (42) follows for £;1G. Property (12) and

GE s, = Filj\ /1 + T2u, (52)

imply that the subspace {ker L, }70 is mapped into itself by G. Notice that
the dependency in s of the bound of the linear operator ENC_I(] is delicate to
control, since the dangerous values of (ny,ny) (for which we may have roots
of (28)) are large ones, and not so frequent in the set A.

For obtaining the precise loss of differentiability indicated by (43), we first ob-
serve that the subspace {ker L, } ;0 is stable under £ since we have property

(12) and
Sik _Ztl ]l T]\/l‘l"rg:tk (53)

Then, for F' € {ker ECO} 70, the equation

LU= (Ley +wlLNU =F
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leads to
U=LJF+U, LU =-wlLYLJ]FE,
which leads to (43) for ¢ = 0. Writing now
Up=—wl LOLIF + Uy, LU =w?LYLILYLIE,

leads to (43) for ¢ = 1. Then the result (43) follows for any ¢ and Lemma 8 is
proved.

4 Bifurcation equations

Let us introduce the set of two parameters (u, w):

Co
1+p

C =

(1, w)

and notice that

1
_ - (1)
LU = T+ 1 (ﬁcOU +wl\WU +u(]U) ,

which allows us to rewrite Equation (10) as
LeU 4 pGU + (14 p)GN (U, U) + wLYU = 0. (54)

Notice that this choice of parameters might be questionable. However it has
the benefit that all the bad (and interesting) singularities are concentrated
only in the linear term wL™MU. All other terms are very nice for a Lyapunov-
Schmidt method (thanks to Lemma 6) and may be treated in a standard way
as in [6], which immediately gives the result of the forthcoming theorem for
w = 0. Our purpose is to show the following more general result.

Theorem 11. Let § € (0,1) and choose basic wave vectors (kq, ko) which sat-
isfy the 6-non-flatness condition, such that the dispersion relation A(k, co) =0
has the only solutions k = +k;, j = 1,2, in I'. Then choose ¢ = (1, w)

1+p
such that [w| < ¢ and the ratio

kl - C r +
=-eQ7, 55
ky-c s Q (55)
where r,s € N are relatively prime, is close enough to 11:;—23 Fiz 0 € N large
enough and assume 1 < s < a. Choose values of 75 € (0,07Y), except in a

small neighborhood of a finite set Tg(m) (11,11, 1l2) of cardinality at most O(Ino).

Then, for any p > 5, there is a family of bifurcating bi-periodic traveling waves,
U = (n,v) which are solutions of (3) in G, are in general non-symmetric with
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respect to the propagation direction c, and are of the form

U= Y ATAB"B"Ujpm,+o((|A] +|B|)") (56)
1<j+l4+m+qg<n
with
A= 516ik1.y, B = 826ik2.y,

where y corresponds to an arbitrary horizontal shift,

p= et + ages + O(e7 + £3)?,

57
w = B} + fogs + O(e] + £3)°, (57)

where the “rational” restriction (55) on w implies a restriction on amplitudes
(1, €2) which are uniformly bounded by O{(|u|/Inc)*/?} with |u| << (Ino)~t.
Remark 12. If we forget about the translation invariance of the set of solu-
tions, we notice that we have a basic 3-dimensional set of free parameters with
(ky,ko) subjected to the dispersion relation, with the bifurcation parameters
(1, w) or equivalently the amplitudes (e1,¢e2). However, we should notice that
the rationality condition (55) only allows a reduced choice for w of measure
zero in R.

Remark 13. If we fix the order of regularity p, we need to stop the expan-
sion (56) at order n such that p — (2(n —2) > 2, i.e. n < 1+ p/2. This is
due to the loss of reqularity for increasing powers in w for the erpansion of
V(A, A, B, B, i, w) defined below.

Remark 14. With the calculations presented in the appendiz, the explicit
expression for the orders 1 and 2 in €1 and 5 of the solution U is

U =Abi, + Ak, + B, + BE i, + G A2e2kx 4 A7 2hux)
+ C072(B2e2ik2-x + E2e—2ik2~x) + CLl(ABei(kl—i-kg)-x + Ee—i(kl—i-kg)-x)_l_
+ C1 1 (ABelkimke)x  Apemilla=ke)x)y 4 p o1
where A, B € C, and {+x;, (1.0 are defined in (36), (71), (72). The coefficients
a; and 5; appearing in the expansions of i and w are given by (68). These ex-

plicit expressions allow us to make numerical computations and show pictures
at the end of the paper.

Proof of the theorem: First we decompose U € G, as
U=X+V

where

X = Aby, + Ak, + Bé, + Béx, € E,
(V,€sx,)mo =0, j=1,2.

Observe that £ C G, for all p > 0. The above decomposition is unique for
any p > 0, hence the mapping U — V defines a projection Q from G, to
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G, N {ker L, }30, which is orthogonal for p = 0. Now, we note that

QGX =0, QGV =6V, p>1,
orWx =0, ocMWv =Wy, p>3.

Assuming U € G, p > 3, it follows from (54) that

Ley1,u)V + pGV + (1 + ) QGN (X + V. X + V) =0, (58)
(MGX +wLYX + (1 + )N (X +V, X + V), ;) =0, j=1,2. (59

We notice that (58) may be solved by the implicit function theorem in G, N
{ker L, }30, for any p > 3, with respect to V. Indeed, Equation (58) is of the
form

Eco(l,w)v + f(X7 V, IU’) =0

in G,_3, where F is analytic in its arguments as a function from £'x (Gp N {ker Eco}ﬁo) X
R into G,_1 N {ker L¢, }70, and satisfies

F(0,0, 1) =0, DyF(0,0,0) = 0.

Due to Lemma 8, the operator L) has a bounded inverse from G,_; N
{ker L, 30 to GpN{ker L, }70, and this bound is uniform in w, provided that
w satisfies the rationality condition (41), (ki, ko) the non-flatness condition,
and s is bounded by some fized 0. Due to the bound of {Le 1.} " found in
Lemma 8 we need to assume that

lu|lne << 1, || X]||Ino << 1, (60)
which implies
VI, no and |p|[V]]e, Ino << |[V]]g,

and finally
VIl = O(|X[[*Ing). (61)

Therefore, for A, B close enough to 0, w satisfying (41), and (k;, ko) satisfying
the non-flatness condition and s < o, we obtain

V =V(A, A, B, B, u,w) € G, N {ker L¢, } 370

which is analytic in (A, 4, B, B, 1), the dependency in w being more subtle.
In fact V(A, A, B, B,pu,w) is in G, N {ker L¢,}30 with p > 3, and has an
asymptotic expansion in powers of w in the neighborhood of 0. To prove this,
let us define

VQZV(A,A,B,B,M,O), Vl :V(A,Z,B,E,,u,’w)—)}().
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Then V), satisfies

0 =Ley.mVi + wLOVy + uGV1 + 2(1 + 1) QGN (X + Vo, V1) (62)
+ (1 4+ p)QGN Vi, V1).

Since wLDV, € Gp_3 N {ker Le, 70, with a small enough norm, we can solve
Equation (62) with respect to V; in G,_s N {ker L, }370, provided that p > 5.
Denoting by Vio the value of the solution V; when one replaces Le,(1,u) by Le,,
we can set Vi = Vi + V» and obtain Vs, by the implicit function theorem in
Gp—s N {ker L¢, } 70, and so on. Now we have estimates of the form

Wolle, < ve(o)]| X%
Millg,-. < ve(o)wl]|X]]%,
Wallg,-. < ve(o)lwl*l|X]J7,

and so on. This proves the assertion on the asymptotic expansion in powers
of w (not converging in general) for V(A, A, B, B, u,w) in any space G, N
{ker Ly }30, p > 3 (the choice of p is arbitrary, but we need to stop the
expansion at some order to insure the existence of the solution in some space
Gy, as indicated in the Remark 13.

Now, using the symmetry properties (13) of the basic equation (54), (38), and
also

1,Q = QTy, SQ = QSo,

we show that the uniqueness of V leads to the following properties:

TV (A, A, B, B, i, w) =V(Ae™ Y Ae™™Y pBekey Be~kay ) qp),

_ - 63

SoV(A, A, B, B, u,w) =V(A, A, B, B, i, w). (63)
More precisely, we have in any G, N {ker L, } 70, p > 3

V(A,Z,B,F,M,w) :_ZC_OIQQN(X7X) (64)

+O((|p] + [wD I X2+ [1X]).
Now replacing V by V(A, A, B, B, u,w) in (59) which consists of four equa-

tions, we obtain in fact 2 complex equations, with their complex conjugates,
of the form

hl(A,A,B,B,u,w):O, hg(A,Z,B,E,M,w):O,
where hy is obtained by replacing k; in (59) and he by ko, and hj, j = 1,2,

is analytic in (A, A, B, B, 1) and in C! at the origin with respect to w (I is
arbitrary). The symmetry properties (13), (38), and (63) lead, for any y € R?
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to the following relationships

hi(Ae™Y Ae~®1y Belkey Bemikey y qp) =™ Yh (A A B, B, u,w),
ho(Ae™Y Ae®1y Belkzy Be=ikey ) qp) =e™*2Yh,y(A A, B, B, u,w),
hi(A, A, B, B, p,w) = — hy(A, A, B, B, i, w).

It results that

hl(AaZ> B,E,,u, w) = ZAgl(|A|2> |B|2>:U“a w)>
h2(AaZ> B,E,,u, w) = ZBgQ(|A|2> |B|2>:U“a w)>

where g; and g are real valued smooth functions of their arguments, since the
h; are smooth. When B = 0 (or A = 0) one obtains plane waves with basic
wave vector ky (or ki), and the direction of propagation being somewhat
arbitrarily provided it is not orthogonal to k; (or ks). When AB # 0, one
obtains the bi-periodic traveling waves, which are the main object of our study.
To conclude their existence, we need to solve the real system of two equations:

A%, |BJ? =0
gl(‘ | 7‘ | 71"’L7w) _07 (65)

g2(|A|2a|B|2au>w) .

In the case when the lattice I' has a diamond structure and the z;-axis is
chosen such that k; and ks are symmetric with respect to this axis, we have the
additional symmetry properties (14) and (39) which, thanks to the uniqueness
of V and for w = 0 (i.e. when c is in the z;-direction), leads to

SIV(A, A, B, B, 11,0) =V(B,B,A, A, 11,0).

This implies

hl(B7§7A7z7/~L7O> = h2(A7A7 B7P7M70)7
hence
gi(IBP |AP, 1, 0) = ga2(|AP, | BJ, 1, 0). (66)

The computations in the general case, detailed in the Appendix, lead to
g; = 2L;(1+ 7772 + (1w + ;| AP + 4| B + hot.},  (67)
where the coefficients are explicitly given in the Appendix. This leads to

Wt . b +b252+0(52 +3)?
2 1 2) >

2 1T (68)
w(T + 7o) =(a1 — ag)el + (by — be)es + O(e5 +£3)°.
From the bounds (60) and (61), one has
e1+ex=O0(|ul*(lno) '), (69)
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which finishes the proof of Theorem 11.
Remark 15. A particular case of Theorem 11 is when f—; =€ Q Ths
corresponds to w = 0, i.e., waves traveling in the x1 direction.

5 Plotting the free surface

We can now plot the traveling surfaces in the (21, z2) plane, where z; is the
traveling direction and points downward, i.e.,

Wz + 22 —21 + W2y
I =

——— Iy = ———".
Vitw? T Vit
In all figures the crests are light and troughs are dark.

By choosing the waves of the bifurcating family with
A=c¢ 1, B = £a,

the elevation 7 of the waves indicated in the pictures is computed with terms
up to degree 2 in (g1,¢€9) :

n = 2e1\/1 4 78 cos(ky - x) + 2691/ 1 + 74 cos(ks - X)
+ 26%(Ca,0)1 cos(2ky - x) + 225(Co.2)1 cos(2ks - )
+ 28182(C171)1 COS((kl + k2) : X) + 28182(§1,_1)1 COS((k1 — kg) . X).

For fixed values of Iy, 11, 72, we compute [y with formula (24) and once &; and
g9 are fixed, we compute w with (68). When 4 = 7 = 7 and [; = [y, the
lattice I' is symmetric. Figure 1 shows the influence of the ratio €1/, when
the lattice I' is symmetric. When e5/¢; = 1, the wave pattern is symmetric
with respect to the propagation direction (here the vertical direction). Figures
2, 3 and 4 also show cases with a symmetric lattice I' for different values of
7 and compare the asymmetric pattern with e5/e; = 0.5 with the symmetric
one with €5/e7 = 1. Figures 5 and 6 show cases with a non-symmetric lattice
I'. Figure 7 provides two examples of waves where w = 0 i.e., once ¢; is fixed,
we compute g5 with (68) in such a way that w = 0 at leading order. Notice
that in view of Theorem 11, these solutions exist for [; /I rational. But in our
computed examples this ratio may not be rational, so we take r/s to be a
rational approximation of l; /I in such a way that w is very close to 0.
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1=05,¢, =0.1,¢,/e =0.1 1=0.5,¢, =0.1,¢,/¢ <05

= ==
= =

1=05,¢ 0.1, ¢,/¢,=0.7 1=05,¢, 0.1, ¢,/ =1

Fig. 1. T symmetric, 7 = 0.5, I3 = ly = 0.25, e1 = 0.1, i) e9/e7 = 0.1, ii) e9/e1 = 0.5,
iii) e9/e1 = 0.7 (asymmetric waves), iv) ea/e; = 1 (symmetric waves). The direction
of propagation of the waves is the vertical axis, point downward. Crests are light
and troughs are dark.

1=07,¢, 0.1, ¢,/¢, <05 1=07,¢, 0.1, ¢,/ =1

A

Fig. 2. T symmetric, 7 = 0.7, Iy = l; = 0.25, &1 = 0.1, i) e2/e; = 0.5 (asymmetric
waves), ii) €9/e1 = 1 (symmetric waves).

6 Appendix - Computation of the coefficients

This Appendix is devoted to the computation of the principal part of the
system (67), leading to the existence of non-symmetric traveling waves for
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t=1,¢,=0.1,¢,/¢ <05 =18 =01, ¢, /e =

Fig. 3. T symmetric, 7 = 1, I3 = ly = 0.25, &1 = 0.1, i) e2/e; = 0.5 (asymmetric
waves), ii) e2/e1 = 1 (symmetric waves).

1=15,¢ =0.1,¢,/¢,<05 =15, 0.1, ¢ /e =

Fig. 4. T symmetric, 7 = 1.5, Iy =l = 0.25, &1 = 0.1, i) e2/e; = 0.5 (asymmetric
waves), ii) e2/e1 = 1 (symmetric waves).

‘r‘=0.5,1:2 =0.7, € =0.1.£2/£‘=0.5 T =0.5, T, =0.7, €, =0.1, €, /g

Fig. 5. T" asymmetric, 3 = 0.5, 7o = 0.7, I; = 0.25, e; = 0.1, i) ea/e; = 0.5, ii)
62/61 =1.

(1). First, Equation (64) with the symmetry properties (63) lead to

|74 _<2 (A2 2tk -x +Zg _2ik1.x) +< (BQ 2iko-x +§26_2ik2.x)+
+ (11 (ABe'Mtke)x g Remillatia)x) (70)
+ ¢ 1 (ABelkamka)x  Apemilkaizka)x) 1 p ¢
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1:1=0.5. T, =1, €, =0.1, €, I£1=0.5 ‘[1=0.5, 1, =1, € =0.1, €, /£‘=1

Fig. 6. I’ asymmetric, 13 = 0.5, 72 = 1, I; = 0.25, &1 = 0.1, i) e2/e; = 0.5, ii)
62/61 =1.

T =0.5, T, =0.53, € =0.1, €, =0.17 1:1-0.5, T, =06, € =0.05, €, =0.2

Y17,

- .
-_ -
- -
- -

- .

- -
-y,
- .
- - -

|

Fig. 7. T asymmetric, here w = 0, I; = 0.25, &1 = 0.1, i) ;4 = 0.5, 72 = 0.53,
€9 = 0.15, ii) T1 = 0.5,7’2 = 0.6,61 = 0.05,62 =0.2.

where

(o 0”1 = —EEOIQN(ﬁkUﬁkl)’
Co26™* = —LAGN (bxy és),
(p etttk — —25(?019/\/(51(1, €ks),
Cl’_lei(kl—kg)x — _QZc_()lgN(é-klvé—IQ)'

The suppression of the projection Q comes from the non-resonance of 2ky, 2k,, k1 +
ko with +k; and we also used the fact

gN(gkpg—kj) = Oa ] = 172
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Straightforward calculations show that

2ily (1 + 72)3/2
ON (b &) = | ili(1+72) |e¥™™
it (1+72)
2ily(1 4 72)3/2
ON (i, i) = | ilo(1+72) | ¥,
—imola(1 + 73)
W1+ +by1+73
26N (&), b)) = i(1 — T72) ) i) x

(Tlll - 127'2)

L1+ 718+ o1+ 73
0

+iy1+ 721473 pillka)x.

0
ll\/1+7'12 — Iy /1 + 73
26N (&, £ry) = i(1 — T172) =1y ik —ka)x

(Tilh + lams)

ll\/1+712—l2\/1+’7'22
0

0

+iy1+ 721+ 13 gilli—ka)x

Y

and therefore, we find by using (20) that

) ) 200\/1“—7'12D170+1—|—7‘12
C20 = M C D + 2 1 + 7_2

) D2,0 01,0 \/ 1 )
1i(coD1o +2¢/1+ 7%)
’ ) 2c0\/1+73Dg1 + 1+ 73

205(1 + 75

(oo ="2—2 Doi+2/1+72 |,
0,2 D072 ColJp1 (D)

_TQ(CODOJ +24/1+ 7’22)
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D+Co(l1 + lg) 6D+ -1

L+ 1-— T1T2
Cl,l = D—l,l ll + l2 + D171 D+Co(ll —+ lg)2 )
7'1l1 — 7'2[2 D+Co(l1 + lg)(’Tlll — Tglg)
D_Co(ll - lg)
¢ = L —1 (72)
1,-1 — Dl,—l 1 — b2
Tlll + TQZQ
6D_ —1
1 — T172 9
Dl,_l D_Co(ll — lg) 5
D_Co(ll — lg)(ﬁll + 7'2l2)
where

L= (1 —nmy 41+ Ryl +7§) <l1\/1 +7i 4o/ +T§) :
L= (1-mm e T3 (/T - by 14 ),
2

D1’0:1+?(1+Tl), DOl

Dy = 4lF[(D1)*cg — (1 +71)]
Doz = 413[(Do)*ch — (1 + 73)]

l2
=1+ 22 (1+7),

1
D, =1+ 6[“1 +15)? + (b — lam)?],

1
D_ =1+ 6[([1 — l2)2 + (i + l27-2)2]>

Dl,l = Cg(ll + lg)zD_z,’_ — (ll + 12)2 — (117’1 — lng)z,
D17_1 = Cg(ll — l2)2Dz — (ll — l2)2 — (l17'1 + l2’7‘2)2.

Let us now calculate the leading terms in (65). Let us notice that
<£k]‘7 gk]‘> = 2(1 + Tj2)Q7

where
472

Q=—.
lllg(’Tl + ’7‘2)

is the area of the parallelogram formed with A; and Ay (see the definition of
the lattice of periods IV in (9)). Now, from (52) and (53) we have the following
identities

M(ggkj7€kj> = 27’#[](1 + 7—]'2)3/2Q7
(wLWe,, &) = 2i(=1Ywr;l;(1 4 77)°/%Q
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and it is clear that with our non-resonance assumption we have
<gN(X7 X)vé-kj> =0

For deriving the principal parts of g; and g, in (65), we obtain (67) with

22[1(1 + 712)3/290'1 :<2gN(§—k1> C2,062ik1.x)7 §k1>> (73)
22[2(1 + 722)3/2Qb2 :<2gN(§—k2> C0,2e2ik2.x)a §k2>>
2il; (1 + 1)32Qb, =

<2g { (§k2> Cl —16 il —ez)x ) + N(€ |33 Cl 162(k1+k2 )} §k1> (74>

27,12(1 + To )3/2Qa2 =
<2g {N(gku Cl,—le_Z(kl ~ka)x ) +N(§ ki Cl 16 k1 Fka)-x )} €k2>
Solving (67) with respect to x and w and denoting |A| = e1, |B| = &2 leads to
(68).
Notice that the value w = 0 leads to asymmetric waves provided that

(0,1 — &2)(61 — bg) <0

This particular case gives (the propagation direction is the x;-axis)

a1 — G2
5% = b2 _bl %_I_O(gl)
2

H= _ﬁ{(m +ag)(by — by) + (a1 — az)(by + b2)} + 0(5‘11)-

If the lattice T' has a diamond structure and we choose the z;-axis such that
k; and ky are symmetric with respect to this axis, the additional symmetry
(66) implies

ap = by, as = by,
and

_a1+a2
2

wr = - {15 o+ ),

(el +€3) + O(el + &3)°,

where only rational values of the small parameter wr = (r—s)/(r+s), s <o
are allowed, which leads to a restricted choice for the amplitudes ¢; and es.
The special choice €; = ¢, gives the symmetrical waves propagating in the
x1-direction as described in [6].
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It remains to compute the coefficients a; and b;. Since

203(1 + 72)%Q

<2gN(€—k1a <2,062ik1.x)7 €k1> = (4COD1,O + oy/1 + 7_12)7

Dy
- 23 (1 + 72)3Q
(26N (€_1y, C02€7™ ™), 1y) = ihy( D ™) (4coDo 1 + 54/ 1+ 73),
0,2
s — ko) il (1 + 72)Y2Q
<2gN(€k2>C1,—16Z(k1 ka) )>€k1> = 1( Dl _11> {L2—+

+2L_(1 —mme)D_co(ly — lo) + 6(1 — 7'17'2)2(D— -1}

] . (1 + 2 1/2Q
<2gN(€—k2a <1716z(k1+k2) x)>€k1> :Z 1( Dz—ll) {L?i—‘l‘

—|—2L+(1 — ’7'17'2)D+C()(l1 + l2) + 6(]. — 7'17'2)2(D+ — 1)},

: 1o (1 + 73)12Q)
<2g/\/‘(£k1’ C17_1€2(k2—k1)-x>’£k2> :Z 2( . T2) {L2_+
1.—1

—|—2L_(]_ — Tng)D_C()(ll — l2) + 6(1 — 7'1’7'2)2(D_ — ]_)},

: 1o (14 73)12Q)

(20N (€ a7, ) =124 DT2> {3+
1.1

+2L1 (1 = mm) Dyco(l + 1) + 6(1 — 1) (Dy — 1)},

we obtain
12(1 2\3/2
aq :M(4COD170+5 1+712),
Dy
12(1 3/2
bg ( ;Tz) 4COD01+5\/1—|—7'2
0,2
1 L% L2 L.D.
- ~ 1 92(1— I, +1
as 21+ 72) {Dl,l + Dy, + 2( T1T2)Co( Diy (I + o)+
L_D_ D.—-1 D_-1
h—1ly)) +6(1 — 7172)*(—
52— ) 6 - (T B >},
1 L2 L2 L.D
b, = + - 1 2(1— Ry Y
1 21+ ) {Dl,l + Dy, + 2( T1T2)Col( Diy (I + o)+
L_D_ D.—-1 D_-1
I, — 1 6(1 — 2t .
=) ol - Ot B2

In the case when the lattice I' has a diamond structure, and we choose the
xr1-axis such that k; and ks are symmetric with respect to this axis, these
formulas become
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(1 + %)%

aq :b2 = —(4COD1,0 + 5\/ 1 + 7—2)7

1 (1-7%) 5+2r24 74 (1 —7%)?
as bl - 212 4COD+ - )
2(AD3 —1) V14712 1472 2(1+72)

where

Dl,OIDO,l = 1 + ?(1 + T ),

Dg,o = D072 = 412(03D%70 — (1 + T2>),
212

D, =1+ —.
+ +3
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