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Standing Waves On An Infinitely Deep
Perfect Fluid Under Gravity

G. Iooss* P. I. Plotnikov’ J. F. Toland #

Abstract

The existence of two-dimensional standing waves on the surface of an
infinitely deep perfect fluid under gravity is established.

When formulated as a second order equation for a real-valued function
w on the 2-torus and a positive parameter u, the problem is fully nonlinear
(the highest order z-derivative appears in the nonlinear term but not in
the linearization at 0) and completely resonant (there are infinitely many
linearly independent eigenmodes of the linearization at 0 for all rational
values of the parameter p). Moreover, for any prescribed order of accuracy
there exists an explicit approximate solution of the nonlinear problem in
the form of a trigonometric polynomial.

Using a Nash-Moser method to seek solutions of the nonlinear problem
as perturbations of the approximate solutions, the existence question can
be reduced to one of estimating the inverses of linearized operators at non-
zero points. After changing coordinates these operators become first order
and non-local in space and second order in time. After further changes
of variables the main parts become diagonal with constant coefficients
and the remainder is regularizing, or quasi-one-dimensional in the sense
of [22]. The operator can then be inverted for two reasons. First, the
explicit formula for the approximate solution means that, restricted to
the infinite-dimensional kernel of the linearization at zero, the inverse
exists and can be estimated. Second, the small-divisor problems that
arise on the complement of this kernel can be overcome by considering
only particular parameter values selected according to their Diophantine
properties.

A parameter-dependent version of the Nash-Moser implicit function
theorem now yields the existence of a set of unimodal standing waves on
flows of infinite depth, corresponding to a set of values of the parameter
> 1 which is dense at 1. Unimodal means that the term of smallest
order in the amplitude is cos x cost, which is one of many eigenfunctions
of the completely resonant linearized problem.
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1 Introduction

This paper concerns the existence of non-trivial two-dimensional periodic stand-
ing waves on water of infinite depth. By a periodic standing wave we mean the
two-dimensional motion under gravity of a perfect fluid of infinite depth with
a free surface that is periodic in both space and time. The motion beneath
the surface is required to be irrotational and, with the position of the free sur-
face determined by the motion of its particles, the pressure there must be a
constant, independent of spatial location at all instances of time. We consider
only waves with a fixed line of spatial symmetry and motions that are even
in time. Such waves are truely-time dependent in the sense that they are not
stationary with respect to a moving reference frame. The particles on the sur-
face can be thought of as a continuum of nonlinear oscillators coupled through
the motion under gravity of the inviscid fluid below. At time ¢ they form the
graph {(z,n(z,t) : « € R} of a function which has period A in z and period T'
in t. A fluid at rest filling a half-space beneath any horizontal line is a trivial
solution of this classical problem. The conditions of symmetry in space and
time adopted here simplify the mathematical formulation by removing degen-
eracies due to translational invariance in = and ¢; they are not an intrinsic part
of the standing-wave problem and one could imagine more general solutions,
for example, ‘travelling-standing-wave’ solutions, of the free boundary problem.
The standing-wave problem may also be formulated for flows with finite depth,
where the water is contained above an impermeable horizontal bottom and, as
we will see, the technical issues involved there are somewhat different.

1.1 Linear Theory

When the standing water-wave problem is linearized about a trivial solution,
we find a linear boundary-value problem, first derived satisfactorily by Poisson
in 1818, although Laplace in 1776 came very close (see [10]):

%9  0%¢

@+87y2—0, Z, tGR, y<0, (11&)
o+ ANy t)=¢(z,y,t) =d(z,y,t+T), =z, teR, y<0,  (L1b)

¢(_J;ayvt) = (Z)(ajvyat) = ¢($7y7 _t)7 €, te Ra Yy < Oa (11C)

Vo(z,y,t) — (0,0), y — —o0, (1.1d)

¢ 99

ﬁ+ga§ =0, y=0. (1.1e)

The acceleration due to gravity is denoted by g, ¢ is the velocity potential of
a ‘linear standing wave’ and 7, the linear wave elevation, is given by gn(z,t) =
—(0¢/0t)(x,0,t) . When pu = gT? /27 is irrational there are no solutions except
for constants. But, when p is rational, this problem is highly degenerate because
every function of the form

2nmt 2 ) 2
(1) = cos ( 2? )cos( "”;”) exp (@) with % .




is a solution of (1.1). Thus the set of ‘eigenvalues’ p of the linearized problem is
Q™*, which is dense in [0, 0), and each eigenvalue has an infinite set of linearly
independent eigenfunctions. We refer to this latter property as complete reso-
nance, by analogy with the theory of nonlinear oscillators. In the case of finite
depth the boundary condition (1.1d) must be replaced by

0
—qs(ac, —h,t) =0, x, t €R. (1.11)
Ay

Then linear eigenvalues can have unique normalized eigenfunctions. In both
cases the linearized problem can be re-formulated as an equation of the form

uy + pAu =0, (1.2)

where A is non-negative, constant-coefficients, self-adjoint non-local pseudo-
differential operator acting on functions defined on S', u maps the torus T2
into R and p is a positive parameter.

For both finite and infinite depth, the nonlinear existence theory is made
difficult because of small-divisor problems that arise when linear operators of
hyperbolic type, similar to (1.2) but with non-constant coefficients, are to be
inverted at each step of the iteration. (Small divisor problems occur naturally in
questions about periodic solutions of hyperbolic equations.) The infinite depth
case which we deal with here has the combined problem of complete resonance
and small divisors.

1.2 Nonlinear theories

In 1847 Stokes gave a nonlinear theory of travelling waves [29]. It was, we
believe, Boussinesq in 1877 who was the first to deal with nonlinear standing-
waves. On pages 332-335 and 348-353 of [7] he refers to ‘le clapotis’, meaning
standing waves, and his treatment, which includes the cases of finite and infinite
depth, is a nonlinear theory taken to second order in the amplitude. Seemingly
unaware of this work, Lord Rayleigh [26] developed a third order theory that
included travelling and standing waves on infinite depth as special cases. (Much
later Tadjbaksh & Keller [31] used a different expansion to obtain a third-order
theory in the case of finite depth.) These theories deal with Eulerian descriptions
of the flow. In 1947 Sekerkh-Zenkovich took the theory to fourth order using
Lagrangian coordinates. (This paper cites works by E. Guyou and by M. Larras,
but says that they are not rigorous. It is our view also that they are flawed.) In
1952 Penney & Price took up the question of a highest standing wave (in 1880
Stokes had conjectured the existence of a highest travelling wave [30]) using a
fifth-order nonlinear theory. Although he was motivated by suspicions about
the basis of their theory, Taylor [32] reported on experiments which served to
confirm the conclusions of Penney & Price [21], and Okamura [20] has recently
extended numerically these investigations. See Wehausen [35, page 587 and the
references therein] for a literature survey up to 1965. Like Boussinesq, he refers
to standing waves as ‘clapotis’.



In 1981, Schwartz & Whitney considered the full nonlinear problem in Eu-
lerian coordinates and, using conformal mappings, developed an algorithm for
calculating the coefficients in a formal power-series expansion of a standing wave
to any order, provided that a resonance problem did not occur in executing the
n? step in the algorithm, for any integer n. Extensive numerical investigations
in which they successfully calculated standing waves to order twenty-five con-
vinced them of the validity of their approach. A proof [1] that problems with
resonances never arise confirmed that the algorithm always gives a formal power
series solution of the standing-wave problem on infinite depth. The question of
convergence of this power series remained open, but the observation, (subse-
quently generalized in [13, 14]) plays a significant rdle in our existence theory.

Here our treatment of the nonlinear problem on infinite depth is based on a
formulation derived from a general Hamiltonian description of two-dimensional
wave motion due to Dyachenko, Kuznetsov, Spector & Zakharov [11] (see also
[36] and [4, Appendix]). The standing-wave form of the theory is discussed in
detail in [16] and recalled here in Section 2. This formulation is neither Eulerian
nor Lagrangian, since the dependent variables are the y-coordinate (the wave
height) and the velocity potential at the surface. A complete description of
the underlying flow, in Eulerian or Lagrangian variables, can be inferred once a
solution of the Hamiltonian system has been found.

One obvious advantage of this formulation is that operators in the equation
appear explicitly. In Lagrangian variables the nonlinear operator which gives A
in (1.2) as its linearization is a non-local Dirichlet-Neumann operator defined
implicitly by an unknown domain and it is painful to contemplate the intricate
calculations that must be taken to high order because of complete resonance
in the infinite-depth problem. However a Lagrangian description was used in a
successful proof [22] of the existence of standing waves, for certain values of the
physical parameters in the problem of finite depth, when complete resonance is
absent.

1.3 Method

We do not yet know how to exploit the Hamiltonian structure of (K) and (D) in
Section 2 directly. So we adopt a ‘partial-differential-equations’ methods and,
by eliminating the velocity-potential variable, reduce the system to a nonlinear
integro-differential equation equation (4.1) for a periodic, real-valued function of
two real variables, with a view to applying a fixed-point argument for existence.
(In doing so we lose the variational structure.)
To explain the proof of existence, suppose that the equation for standing
waves is
F(w, ) =0, w not a constant, (1.3)

where w is in a neighbourhood of 0 in some Banach space (X, |- ]), x > 1
is a real parameter and F(-,p) : (X,||-]|) — (Y¥,]-]). The actual expression
for F is necessarily rather complicated and we will not identify X and Y at
this stage. We expect to need the Nash-Moser method, an abstract version of



a rapid-convergence iteration method proposed in [2, 19] for existence, because
small-divisor problems are known to arise in a study of linear problems of the
form (1.2). It has been realised for some time [1, 13, 14, 27] that there exists
a formal power series solution of the standing problem (see Section 4.2) which

gives approximate solutions (w, ) = (ng), 1+¢€2) of (1.3):

|F(w™) 1+ £?)| < const ||V, lw™|| < conste.

By seeking solutions of (1.3) for £ > 0 as perturbations u of ng), for any
prescribed order of accuracy, we obtain (see Section 4.3) an equation

®(u,e) =0, (1.4)

with an explicit closed-form approximate solution. More precisely, for N € N
with N > 2, equation (1.4) has an approximate solution u = ugN), which can
be expressed explicitly in terms of trigonometric functions and, for a constant
in suitable Banach spaces,

|ul™]|| < conste, |®(e,ul™)| < const ||V FL. (1.5)

It is known from [13, 14] that the complete resonance of the linear problem
leads, for any fixed order N > 2, to an infinite set of possible approximate
solutions of the nonlinear problem. So we specialize our study by focusing on
‘one-mode’ solutions, by which we mean solutions that have only one mode,
namely coszcost, in their leading term of order €. Then choosing N > 2
appears to be sufficient to solve the degeneracy of the linearized problem (and
de facto eliminates the other possible solutions).

The first step in a proof of existence is in Section 5, where the linearization
! (u,e) of @ at an arbitrary point (u, €) is calculated and simplified. In Section
6 we show that ®/,(u,e) can be decomposed as a sum of linear operators

P! (u,e) = A(u,€) + I'(u,e) where ®(u,e) = 0 implies that I'(u,e) = 0.

To apply the version of the Mash-Moser Theorem in Appendix N it is sufficient
to prove that A(u,e) is invertible and to estimate its inverse. At this stage we
encounter two difficulties.

The first is that A is a rather complicated linear operator of hyperbolic type
with non-constant coefficients (see equations (6.3) and (6.8)) and it is impossible
to say straight away whether it is invertible, with suitable estimates, or not. In
the remainder of Section 6, a change of coordinates is introduced to eliminate the
partial derivatives 8% /0z0t and 8% /92? in the expression for A. Then, in Section
7, a further change of coordinates is used to show that inverting A is equivalent
to inverting an operator (for now also called A) which is the sum of a ‘main
part’ and a ‘remainder’, where the main part is of the type (1.2) with constant
coefficients and the remainder is from the class of Q1D operators introduced
in [22] for a similar purpose when dealing with the finite-depth problem. The
constant coefficients in the main part are functions of the point of linearization.



If the main part can be inverted, then a method of descent [22, Section 9] can
be adapted to show that similar estimates hold when inverting the full operator
A(u,€) (see Section 8).

To calculate an inverse of the main part we first need to invert its restriction
to the kernel of the linearization about zero, which is infinite-dimensional be-
cause of complete resonance. This needs precise and very explicit calculations,
which here are humanly possible thanks to the choice of formulation (see the
remark in the last paragraph of Section 1.2). Then inverting the main part
on the complement of the kernel leads to small-divisor problems and produces
estimates of the inverse which depend on Diophantine properties of the coeffi-
cients. The outcome is that our estimates of inverses depend on the point of
linearization in a highly unstable way.

Appendix N is devoted to a version of the Nash-Moser method in an ab-
stract setting which was developed with these difficulties in mind. It deals the
convergence of sequences of parametrized families of approximate solutions to
a parametrized family of solutions of (1.4), rather than with the more usual
convergence to solutions of sequences of approximate solutions. The domains of
the parametrizations shrinks with each iteration, but their intersection is shown
to be a non-trivial set upon which convergence to solutions occurs.

Starting with parametrized family vo(e), € € [0, 0], of approximate solutions
of (1.4) in the sense of (1.5), the first step is to create a new parametrized
family 14 (¢), e € &; of approximate solutions, where & is the subset of [0, o] at
which the Diophantine properties of coefficients lead to useful estimates on the
inverses of the operators A(vy(g),e). The next step is to do this again, creating
a new family of approximate solutions vs(g), € € & C &1, and so on. For this
method to have any hope of yielding the existence of a solution of (1.4), it is
obviously necessary that the set Ngen&r should have 0 as a limit point. This
property is one of the abstract hypothesis of the Nash-Moser theorem (Theorem
N.2) which leads to an iteration that converges to a solution of (1.4).

Having adopted this strategy, the main part of the paper is devoted to
the long calculations needed to verify the hypotheses of Theorem N.2 which
yields the existence of standing waves for a set of parameter values p with
1 < p = gT?/2nx\ (T is the temporal period, \ is the spatial period and g is
the acceleration due to gravity) which contains 1 in its closure. Note that we
do not establish the existence of standing waves for all u > 1 close to 1, and the
significance of the formal power series found by Schwartz & Whitney remains
uncertain. All that we know for sure is that for all values of © > 1 in a set
FE which is dense at 1, there are solutions of the infinite-depth standing-wave
problem close to the approximate solutions given by the Schwartz & Whitney
algorithm. (Here F is dense at 1 means that lim,~ o 7! meas(EN[1,1+7]) = 1.)

Our main result on the existence of standing waves on deep water is stated
precisely in Theorem 9.1, and a consequence due to scaling is explained in
Remark 9.2.



1.4 Nonlinear wave equations

Rabinowitz’s classical paper [25] led to a huge explosion of interest in the global
variational theory of semilinear wave equations, and much of the early work is
nicely surveyed by Brezis [8], who simplifies many proofs and gives extensive
references to the original literature. But the standing-wave problem (K) and
(D) of Section 2 does not fit into such abstract theory for a variety of reasons
and there is currently no global theory of standing waves. First it is not a partial
differential equation. Even when linearised it has the form

W — pHw' =0,

where H is the Hilbert transform on 27-periodic functions and w — —Huw' is
non-negative and self-adjoint. Second and more important, it is quasi-linear, the
nonlinear term is non-local, and when reduced to a single equation in Section 4
the nonlinear term involves w”, the highest x derivative, which does not appear
in the linear term.

If, as in this paper, attention is restricted to the question of bifurcation from
the trivial solution we find that the preceding observations make it difficult to
see how to apply recent local variational methods, such as those developed by
Berti & Bolle [5, 6] for problems with complete resonance. Also the local theory
of Bambusi & Paleari [3], which is closer in spirit to our approach, is for semi-
linear problems. Close also to the spirit of the present work is that of Craig &
Wayne [9] and Wayne [33], which are nicely explained in [34].

1.5 Summary

Since the analysis which follows involves some delicate changes of variables with
consequent elaborate calculations and many estimates, it is worth bearing in
mind the robust features of this approach to the standing-wave problem that
lead to a satisfactory outcome.

1. An approximate solution is known in closed form to any required order of
accuracy.

2. The Nash-Moser theorem used

(a) requires that only a part of the linearization of the operator equa-
tion needs to be inverted at each step, provided the remaining part
vanishes at solutions of the equation;

(b) seeks convergence of parametrized families of approximate solutions
to parametrized families of solutions.

3. The problem linearized at an arbitrary point can be reduced, by change
of variables, to one which is a sum of a main part and a quasi-one-
dimesnsional (Q1D) operator.

4. The method of descent and Q1D theory [22] means that inverting the main
part is what matters.



5. The main part can be inverted in two steps:

(a) first, the restriction to the kernel of the linearization at zero can be
inverted because we have a good grasp of the form of the operators
involved;

(b) second, the small divisors problem on the complementary space can
be dealt with by analysing the size of the parameter set where ele-
mentary Diophantine analysis leads to estimates that ensure that the
Nash-Moser theory applies.

Acknowledgements. The results of this paper were announced in [15].
John Toland acknowledges the warm hospitality of INLN, Université de Nice,
where this work was begun and all three authors acknowledge the warm hospi-
tality of Professor Mariolina Padula during a visit to Dipartimento di Matem-
atica, University of Ferrara, where the work continued with many very fruitful
discussions.

2 Basic Formulation

Following [11], the standing-wave problem is formulated in [16] as a system of
two equations for functions w and ¢, and a positive parameter pu:

Hey' +w'Hw — w(1 + Hw') =0, (K)
H(w'¢ — iy’ — pww’) + (¢ — pw)(1 + Hw') — ¢"Hio =0, (D)

where dot means the partial time (¢) derivative and prime means a partial
space (z) derivative. Both w and ¢ are functions of (x,t) which are even and
2m-periodic in x, and w and ¢ are even and 27-periodic in ¢ as well. Here H is
the 27-periodic Hilbert transform, with respect to z, which is defined for locally
square integrable functions by

H(cosnz) = —sin|njz, H(1) =0,
H(sinnz) = sgn(n)cosnz (n #0),

A solution of these equations leads to the free surface of a standing wave given
parametrically in physical coordinates (§,7) by

(5777) = (x—l—Hw(m,t), —w(m,t)), (Z‘,t) € RZ,

where p(z,t) is the value of the velocity potential on the free surface and p, the
bifurcation parameter, is
9T
r= 21\
where T is the time period, A is the spatial period, and g is the acceleration due
to gravity. It is shown in [16] that the formulation (K) and (D) is equivalent to
the classical standing-wave formulation, see, for example, [1].

10



3 Notation and Identities

We begin with the two basic function spaces
L = L*(R/2nZ) and Lf, = L*{(R/27Z)*},

with scalar products (-,-), and ((-,-)), respectively. Let th and thh denote,
respectively, the spaces of functions which, with the components of their gra-
dients, are in Lg or in Lih. Note that H is a bounded linear operator on LE
with

H* = —-H,
where H* denotes the adjoint of H. In fact, for v € L2, H is given by the Cauchy
principle value integral

Ho(z) = _pv. [T w(s)ds

_Us)as 3.1
21 J_, tani(x — s) (3.1)

which exists almost everywhere if v is merely integrable. (However, while it is
defined almost everywhere, Hv is not necessarily integrable in this case.) This
formula leads to Privalov’s Theorem [37] which implies that H is continuous
from the space C*® of 27-periodic functions which, with their first k& derivatives,
are Holder continuous with exponent «, into itself. In particular, the Hilbert
transform of a smooth function is smooth. For f and g € LE or Lgh let

[figl = fHg—gHf and J(f,g9) = fHg+H(fg).

1 T
mof = 2—/ f(z)dz and IIf = f — 7o f.
™ —T
We then have immediately for any f, g in Lg

[Hf Hel = [f,1g), H*f=-11f, H{Lf) =M/,

and
H(fHg) + H(gH[f) — (Hf)(Hg) + fg = (7o f)(m0g)- (32)
Now suppose that w € Lih is sufficiently smooth and, for any f € Lﬁu, let
Lw’f = f+[f7w/]a
Mw’f = f+J(f,’LU/),
Lof = [+ fHo +uw'Hf,
My f = [+ fHw —HW'f).
Lemma 3.1. Suppose that w € L, is smooth and [Hw'| <1 on R x R. Let

D (14 Hw')? + ' # 0 on [0,27] x [0, 27).

11



Then the t-dependent bounded linear operators L., , M, Zw,, Mw/ on Li are
smooth functions of t. Moreover we have the following.
i) For any fized t,

=My, Ly =M, in£(L?) (3.3)

and for sufficiently smooth functions f, g, u
<[fag]7u> = <f7J(uag)>:7<gaJ(u7f)>a
HLwf = LyHf—wnof,
HMyf = MyHf —mo(w'f). (3.6)

i1) Ly has a bounded inverse in Lg which is given by

f

Lo f=Ly(= .
w f (5) (3.7)
and, for f € L?,
~ 1
Ly f = SLuwf,
1 1 w’
H(BLw/f) = BLw/Hf + 57T0f. (38)
i11) My has a bounded inverse on Li and
M= SN f ML= Mw,(i) (3.9)
w D ) w D ?

Mo (1) = M 5) =m0 (7).

In addition, for any (f,g) € L§ X th or th X LE

_ 1 1
MIf9) = 5 L) + 71 (5 urs) (3.10)
and, f in L,
-1 -1 1 f 1 / -1 ;=1
(Lab = M = wH) + SH() = Mot 1),
Proof. See Appendix A. O

Lemma 3.2. For any f, g € Hhk k>2,

9.1~ (Lwgy (L) + (L fyrcEd) <o

in other words,

[gaf] _ [Lw’g Lw’f]
D D’ D ¥

12



Proof. From (3.8) we know that

Ly 1 !
f *Lw’Hf + %WOJC

ML) = -

and hence

L gL (L B

D D
_ Lgf{u + Huw'YHg + g} — %{(1 +HW YHS + ! f)

1

= S((1+Hw)? + w?)[f,6) = g, f]

and the lemma is proved. O

4 Main Equation

In this notation the system (K) and (D) can be re-written

W+ [, w'] —He' = 0,
@ —pw+ J(p — pw,w') — J('w) = 0,
and then as
Lw/u'; - H(p/ = 0, (k)
Moy (¢ — pw) — J(¢', 1) = 0. (d)

As a consequence of Lemma 3.1 and (k), ¢ can be eliminated from (d) to yield
a single second order nonlocal PDE for the function w:

O (Luyrtd) — prHwW' + HOp M T (H Ly, ) = 0. (4.1)

To see that nothing has been lost in this manoeuvre, suppose w satisfies (4.1).
Then
70 (0¢ (L)) = 0,

and, since (L) is odd in ¢ and has zero derivative, we have
o (L) =0

and there exists ¢(x,t) (periodic in z, and defined up to an arbitrary function
of t) such that
Lw/u') = H(pl.

Substituting this into (4.1) yields

O(HY') — pHw' — HOL M (¢, 4d) = 0,

13



and hence
Op — pw — M (@' 1ir) =: ().

Define d(t) such that d = —¢, then
Qe +d) — pw = M I (9 + d)f 1) = 0,
which shows that 0;(¢ + d) is periodic in ¢ and z. Finally

My (01 + d) — pw) = J((p + ), ) = 0,
Lw/u'} — H((p + d)/ = O7
which shows that (k) and (d) are satisfied by (w, ¢ + d). Hence nothing is lost

in considering equation (4.1).

Remark 4.1. Care must be exercised because any constant can be added to
a solution of (4.1) to obtain another solution. In particular, any constant is a
solution. To find non-constant solutions we work in a subspace, to be deter-
mined later, and in a neighbourhood of the non-constant approximate solution
introduced in Section 4.2.

4.1 Linearization at the origin
When (4.1) is written as

F(w, p) = 0 where F(w, p) = L, (w) + N (w), (4.2)
the linearization of F(-, u) at the origin is given by

L™ D FO, pyu = i — pHu .

For j > 2 let N be given by

im(o)(,w ) = 1 6JN(O)(U’ 7u).

Tl o

Then the quadratic and cubic terms in the Taylor expansion of F(-,u) at 0
follow easily from (3.10) (see Appendix (B.1) for the terms of order four):

No(u,u)

Ol '] + %H&w{S(Hu)Q _i?)
= Oylu,u'] + 0, (H(4?) — 3uHu),
Ns(u,u,u) = HO{ — (Hu')((H)* — @ + (moi)®) — 2(HA)H (dH')
+3(Hu)Hw,u'] — uli, u'] }
= —HO {4(Hu)(H(uWHa)} + v (moi)?,

14



The following are suitable spaces in which to study our nonlinear system. For
any s € Ny we denote by Hy the Hilbert space of 2m-periodic functions u :
R? — R with norm

= {30 (1t m ) utm, w2},

(m,n)ez?

where the Fourier transform of u is

Su(m,n) = ﬁ /7; /: exp(—i(m,n) - (z,t))u(z, t)dzdt, (m,n) € Z*. (4.3)

For m > 0 let

Hy® = {we€ Hy; wis even in x and in t},

HiP® = {p € Hy; pisevenin z and odd in t},

and so on, depending on evenness or oddness with respect to x and to ¢t. Then,

m,ee

for m > 4, F is an analytic map from Hy;"® xR to Hggfzee, the linear operator
L,, is bounded from Hhﬂg’ee to th%z’ee, for m > 2, and the nonlinear operator

N is analytic from Hy"™ to Hy ~2€€ for m > 3. This last property comes from
the fact that Hgg is an algebra for m > 2 (we are working in two dimensions).
However, this choice of spaces is not optimal for the linear operator, since w”
appears in the nonlinear, but not in the linear term. Hence we cannot expect
that an inverse of £,,, applied to the nonlinear term, regains this loss of differen-
tiability. In fact the situation is even worse because of a small divisor problem:;
see Remark 4.4.
Consider (4.2) linearized at the origin:

Lyou=f for fe Hgg’ee, m > 0. (4.4)

Let u,, n > 0, denote the Fourier cosine coefficients with respect to = of wu.
Then (4.4) implies that

Uy + pni, = fn, (4.5)
where
1 ™
up(t) = 7/ u(z,t) cosnzdr, n > 1,
™ —T
1 ™
wlt) = (rw)(t) = o /_ (e 1) de.
Let

1 T
w9 = ;/ up(t)cosqtdt, ¢ > 1, (4.6)

—T
the Fourier cosine coefficients of u,, with respect to t. Then, after taking the
Fourier coefficients in t, we have

(np— ¢)ul® = fL9, (4.7)
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This leads to the following observation on the spectrum of the linearized prob-
lem.

Lemma 4.2. In Hh?’ee, the kernel of L,, consists of constants when p ¢ Q. On
the other hand, in Hgg’ee the kernel of L1 is Eg N Hhrg’ee, where

Ey = span{A,cosq*zcosqt : A, € R, qeNU{0}}.

For all other p € Q, the kernel of L, is infinite dimensional (and is easily
deduced from Ey).

Proof. Note that any element of Q can be written as ¢?/n. From (4.7) we find
that if 4 # ¢?/n, the kernel is trivial For u = 1, the kernel is obtained by
considering all n, ¢ with n = ¢2. (For rational values of y of the form ¢*/n, the
calculation of the kernel is left to the reader.) O

Now we focus on values of p where the kernel is non-trivial. In fact we
concentrate on the case p = 1, which is not a restriction since for general
p = ¢*/n it suffices to rescale space and time to modify p and replace ¢?/n by
1.

Note that n =0 and =1 in (4.5), leads to the compatibility condition

2m

fo(t)dt =0
0

2
and ug(t) with / uo(t) dt = 0 is then given by
0

uo(?) :/Ot /0 fo(r)drds — 217r/o2ﬂ (/Ot /0 folr)drds) dt.

For other values of n # ¢%, ¢ € NU{0} and u = 1,

1
2y/nsinmy/n J,

I ,
+ﬁ/o fn(s)sin/n(t — s)ds.

un (t) ’ fn(s)cosv/n(m +t— s)ds +

For n = ¢? # 0, the compatibility condition f;g) = 0 must be satisfied and we
have

1/t
ugpe(t) = — / fq2(s)sing(t — s)ds.
q.Jo
In Lﬁh the orthogonal projection P, onto the kernel of £; is defined by

Pyu = Z uflg) cos ¢>x cosqt for u(z,t) = Z ul? cos nx cos gt.
geNU{0} n, geNU{0}

16



Lemma 4.3. For any f € H;"* with Pyf = 0 there is a unique u which
satisfies

Liu = f, Pyu =0 (ue ker('cl)L in Lg), ue€ Hh?’ee'

Proof. We use the fact [13, Remark 4.2] that for any n € NU {0} with n # ¢?
for all q,

Valsinmy/n| > 71/2 —e,, 0<e,=0n"Y?) asn — .
It then follows from the above formulae that, for n # ¢2,

lunllz < CllfallL2,

. T
||tn (- + ﬁ) +Vnugllre < Ol fallze,

AN

and, for n = ¢2,

lalllugz[z2 + [[ugzlli < Cllfgellrz, a#0,
l[uoll2 < Cllfollzz, ¢=0,
and the result of the lemma follows. O

Remark 4.4. Observe that in this lemma we do not gain enough regularity to
compensate for the loss of regularity due to the nonlinear terms (second order
derivatives in z and in xt). As a consequence, we resort to the Nash-Moser
implicit function theorem in dealing with the bifurcation problem.

4.2 Approximate solutions

Solutions of the standing-wave problem as a formal power series in €, where
p = 1+ e2/4, are known to exist and all the coefficients can be calculated
in closed form by an explicit algorithm [1, 14]. Although the convergence of
the resulting power series is unknown, this observation leads to approximate
solutions of the standing-wave problem, formally accurate up to arbitrary power
of ¢ > 0 sufficiently small. Here we recall the details of this calculation in the
context of equation (4.1).

Lemma 4.5. An approximate solution w of (4.1) is given by

’LUé(:N) — Z Enw(n)7 M_1:52/4a
1<n<N

where all the w™ can be calculated explicitly,

1)

w") = cosx cos t,

1 1
w® = 708 2t — 5 cos 2x(1 + cos 2t)

37 11 3
w® = ~35 cosx cost — 35 COST COS 3t + g o0 3x(3 cost + cos 3t)
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and, if equation (4.1) is re-written as (4.2), then
Fw 14 &%/4) = eNQ.,
where Q. s bounded in Hm ¢, for all m, as € — 0.
Proof. Equation (4.1) may be written as
Liw — vHW' + Na(w, w) + N3(w, w,w) + ... = 0, (4.8)

where 1 = 1 + v. We know from [1] that there exists, for any N € N, an
approximate solution of the form

Z e"w™, v =¢%/4 with w) = coszcost.
0<n<N

The results is that there exists a formal expansion of a solution of (4.8) in the

form
w = Zs"w("), p=1+¢e?/4,
n>1
where
w®m™ = Z w(2m cos 2¢t cos 2pz, w(()25") 0,
0<p,g<m
w®m ) = Z w(2m+1 cos(2q + 1)t cos(2p + 1)z,
0<p,g<m

which gives the structure of approximate solutions up to any fixed order e/ .
The calculation of w®, w®), and a sketch calculation for w® and w®), are

given in Appendix B. O

Remark. The existence of an exact formal power series for a standing wave
was originally given for an equivalent formulation of the problem in [1], and for
a more general type of standing waves in [14]. It is worth noting that, for the
proofs in this paper, we need only the coefficients of the approximate solution

w of F(w, u) =0 with N = 2 and that the coefficient of cosz cost in w!” only
influences F at orders €* and above. Computations made in Appendix B are
sufficient for our purpose.

4.3 An equation for standing waves

Fixed Ny € N. Then define ® on H;"“ x R by

1 2
— F(w™No) 4 eNoy, 1 + %), e£0, w0 =0 (4.9

glNo

D(u,e) =

and seek solutions of

2w 2m
O (u,e) =0, / / u(z,t) dedt = 0. (4.10)
o Jo
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To do so we use the Nash-Moser theorem in Appendix N restricted to functions

with zero mean in H,;;“°, for some r. Note that w™ has zero mean and, for
N eN,

No+N

n=No+1
(this is the definition of ugN)),

[uP)|, < const || and [|®(u™),e)||m < const eV,
where the constants depend on m and N. This shows that ® satisfies hypothesis
(N.3) and (N.4) and (see Remark 4.1) solutions u # 0, ¢ # 0 sufficiently small,
give solutions of the standing-wave problem.

It is straightforward to see that when p and ||w||3 are bounded, by Mj say,
then, for all | € Ny (where Ny denotes the set of integers > 0), there is a constant
¢;(M3) such that

17w, )1 < (M) fwlls. (4.11)

This is enough to ensure that ® satisfies (N.1a) with p =7 —3 > 1.
In the notation of Appendix N the derivative of ® in the direction u at an
arbitrary point (u, ) is given by

2

P! (u,e)u = (“)w]:(ngo) +eNoy, 1+ EZ)Q (4.12)

and to apply the Nash-Moser implicit function theorem to (4.10) we need to

invert an operator A(u, e) that approximates the operator (4.12) at an arbitrary

point (u, ) in the sense of (N.1d) and (N.1e). In particular A(u,e) and @/, (u, &)

coincide when (u, €) satisfies (4.10). For more detail of how this is achieved, see
Sections 6.1 and 8.1.

5 Linearization at a Non-zero Point

The analysis of this section leads to an operator A, given explicitly by (6.3)
below, which coincides with ®/, at solutions of (4.10) and which we eventually
show has all the properties required in Appendix N. To find estimates on the
inverse of A(u,e) at arbitrary points we will see it is equivalent to estimate the
inverse of L(w, 1+ ¢2/4), given by (6.2), at any point w # 0.

So consider the linear problem for a function dw,

OwF (w, 1) ow = f, (5.1)

where F is defined when (4.1) is written as (4.2). Note that F maps Cy;"* to
Cip ™2 and Hj"* to H} ™2, m > 3.
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Lemma 5.1. In (5.1) suppose that w € H;"® \ {0}, m > 4, and [Hw'| < 1.
Let v = Ly (6w). Then

O — pwHY' + HO,(Q0 + Rv' + T,v) = f. (5.2)

Here Q, R, 7, are the bounded linear operators from Hhkh to itself, k < m — 2,
which depend smoothly on t, given by

J(a,g) + (ﬂo(g) = Wo(g)) 7o (Luy )

Qg D D

= aHg + H(ag) + (7701()9) — m(%)) /Ot o (F(w, p))(s)ds,
Rg = —aH(ag) + ( (%) o ag )(/Ot Wo(f(w,u))(s)ds)

2

f%m%wﬂwdHWMWMﬂa
0, HT,9 = 8,737-[{ —aH(d'g) + H(ag) — HF (w, u) H(g/D) +bg

1

_ BW[)(a/g)A 7o (F(w, p))(s)ds

t

- 51(() 9) ([ moFtwmeis) ).

where H(F(w, 1)) € Hh”h’”’oe,

1 1 1 )
a=J(=, L) = 2M " Hii = H(+ Lysi) + SH(Lyts) € H 1o,

D D
b= D Ya?Lyw" — 2aLyti" + Lyt + p(D — 1 —Huw')}
Lw/wu . m—2,ee
53 (moLuti)* € Hyy~ 7,

and
Q'=-0Q, R =-R

If |p] + ||lwlls < Ms, there exist constants ¢;(Ms), | € Ny, such that

lallipe < a(Ms)[wlligs, — Ibllire < co(Ms)]|w][i44. (5.3)
Moreover, if w is an approzimate solution of (4.1) (or equivalently (4.2)), at
order €2, and pn = 1+ €2/4, then for any integer m, | F(w, p)||m = O(e3) as

e — 0 and

= 2esinsint — e?sin 2z sin 2t + O(£%), (5.4)
b = —2eccosxcost +e*(—1+ cos2zx(1 + cos2t)) + O(e?). (5.5)
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Remark. Note that the linear operator Qv + Rv' — aH(a'v) + H(av) + bv is
symmetric in Lﬁh. In the expression for Quv, the term mo(v/D) f(f mo(F) ds is

independent of z and so is in the kernel of Hd,. Similarly in Rv’, the term
amo(v'/D) fot 7o(F) ds is zero since v'/D is odd in z. Thus

0, H{ Qb+ RV + T} = amH{aH{i; — 9, (av)} + HOy(av) + bv

1

+ = (mob) / 70 (F (w, 1)) ds — H(F (w, ) /H(v/ D)

_ L]')Hc’)m(v/D){/Ot mo(F(w, )ds} (5.6)
Therefore when w is a solution of (4.1), the linearised problem is simply
b — pHY + O, H{aH {0 — 0,(av)} + HOy(av) + bv} = f.
Proof. To simplify notation we introduce an intermediate variable ¢ defined by
¢ = —HLyw, ¢(0,t) =0,
and, denote by 1 the increment in ¢ due to an increment dw in w. Then
Y = —H(Ly 6w + i, 6w']). (5.7)
In (5.7) we make a change of variables
v = Ly (dw), 0=+ Hw,ow
which yields
Ho+60 =0, o =0+HL v,ab] and o' = —Ho + H,[L v, ).
Note, from the first identity, that
v =HO' + 0ymo (dw (14 2Hw')) (5.8)
and that L, = mg (Lw/u')) + H¢' where

. B 1 27 . . , , . B d 1 27 ,
7o (L) —%/0 (w+wHw —wHw) dx = £<%/0 w(1+Hw)dm>.

In this notation (4.1) can be written as
HOG(w, 1) + Oy (w(1 + Huw')) = 0
where the operator G is given by

Glw, ) = ¢ — pw — M' J(¢ ). (5.9)
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The linearization of 9y (w(l + Hw’)) at w in the direction dw is
o (Ow (1 + 2Hw")). (5.10)
The linearization, 9,,G(w, p) dw of G in the direction dw, is given by
W — pow — M (1) — My (¢ 0w) + My T (M (¢ 1), ow'),

where dw and dw’ denote derivatives of dw and we have used that

(8wa’[5ng = J(g,éw’),
Ow(MHow))g = =M, J(M,'g,duw'").

Thus in terms of the new variables (v, 6),
0w (w, p)dw = 6 — pL v + O H[L v, w) — M I (¢, 0n(Ltv))
+ M T (Ho,b) + M T (M (¢ 1), 0 (L, v))
— M T(HOL L, v, i), w) (5.11)

Now we identify the operators in the linearization that act on ¥, v’ and v. Define
bounded operators Q, R, 7, acting on a function g by

Qg = H[L Lgab] 4+ My I (Hg, i) — Myt (¢, w,g) (5.12)
Rg = My 'J(M,'J(¢ i), Ly, g) — My J(H[L, g, %), (5.13)
T.g = TonguT(l)g (5.14)
Tog = —QlLy'g,4') = R[Ly g, w"] +H[L, g,],
TWg = (9-Lylg).

Then (5.11) becomes
9wG(w, p)ow = 6 — pv + Qi + R’ + T,v, (5.15)
where we have used that
Ly (0L} )g = —[L, g,%') and Ly (9,L,) g = —[Ly} g, w"].

In the light of (5.8), (5.9), (5.10) and (5.15), the linearization of (4.1) leads to
a linear non-local second order PDE (5.2) for v :

— pHY' + HOL(Q0 + RV + T,v) = f.
Observe from the symmetry property in Lemma 3.1 (i) that
Q*=-Q and R*=-R.

The following two propositions complete the description of @ and R.

22



Proposition 5.2. For any w in Hy" and g € L,

Qg = J(Cb,g) + (W(Jég) - 770(%)) 7"-O(Lw’w)

= aHg + H(ag) + (L@ — Wo(i)) /Ot mo (F(w, p)) (7)dr,

D D
where
1 . —1qg,: m—1,00
a = J(B,Lw/w) =2M,, Hw € Hy ",
= H(%Lw/w) + %H(Lwrw) s odd in x and t.
Proof. The proof of this proposition is given in Appendix C. O

Proposition 5.3. For any w in Hy" and g € L,

Ry = —aM(ag) + (awo(%) B Tro(Dag)) (/Ot o (]—“(w,u))(T)dT)

2

_ ll)H(lg))(/ot o (F(w, ) (r)dr )

where a € Hu’gfl’oo is defined in the previous proposition.

Proof. The proof is in Appendix D. O

Proof of Lemma 5.1 concluded. Next we give an explicit formula for
0. H7,,(v). We have, from (5.14) and the above expressions for Q and R,

0. HT, (v) = am{ — aH[L 7 v, W) + aH(a[L v, w")) + ML v, )
—H(a[Ly v, ']) + p(v — Lt v)
1
+ B{Wo(a[L;,lv,w"]) — o[ Lyt v, | 3o (L)

oLy W)? 1.
%H(B[Lw}v,w”]) },

+
since

M (mo(D™ Ly, f, ') (L)) = 0 and mo(D ™' [L}v, w"])(mo L)) = 0.
The second observation follows because v and w are even in x, which implies
that D~[L, /v, w"] is odd in z. From (C.1) with u = ', w” we observe, after

integrations by parts, that

mo(a[Ly, v, w"]) — mo[L v, 1] = mo(ayv)
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where a; is defined in (5.17). Again from (C.1) with u = w” and (3.2)

1 1 "y 1 / D 1 / v 'ULw/’U}N
H(5Lto,w']) = -H{o(5) )+ 5 (5) Hp) + o

where, as noted at the beginning of Appendix E,

/ 2 Lwlw"
(5) =—pHEE)

and, from (A.1), 7o((Lww”)/D) = mo(w”) = 0.
From Lemma 3.2, it follows that

(5.16)

(L v,u] = oH(

H(H () L)

= 77‘((% HLw/u) + H(%)H(Lw/u) - %Lw/u + Wo(%)’fro(Lwlu).

Hence, from (3.7 ) and these observations with v = @', w”, @, we finally obtain

O, HT,v = OIH{aH(alv) + H(agv) + azH(v/D) + bv
(ToLwIU'})Q 1.
D H(”(E) )}
where, since mg (L") = mg(aLyw”) = 0 because L' and aLw” are odd,
and since

1 .
+5 (WoLw/w)’/To ((Zlﬂ) —

duH{mo(aLyth’ — Lyi)mo(v/D)} = 0,

ay aH(Lyw" /D) = H(Ly' /D) — D™ YH (L' — aLyw'),
as = H(Lyi/D) — aH(Lyw' /D) — D™ *H(aLy ' — L),
az = aH(Lyt' —aLlyw”) + H(aLytw' — L) — pw’ + (5.17)
1 /
Lw’ 0))? ( == )
(L)) (55
b = D Ya’Lyw” —2aLyi + Lyt + (D —1—Huw')} +
Lw’w” .
T(WO(LM/UJ))2'

The estimates (5.3) follow easily from the formulae for a and b and from the
general inequality, which is valid for any f and g in H éh’ 1>2

1fglle < allfllzllglle + 17 1llgll2)- (5.18)

It remains to calculate a1, as and ag.
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Proposition 5.4. For any w € H;;’ee, m > 4, we have a € Hgg_l’oo, F e
H7n—2,ee d
i an

a1 =-d, ax=a, az3=-H(F(w,p))

Proof. The proof is in Appendix E. O

This completes the first part of the proof of Lemma 5.1. Now assuming
that w is an approximate solution at order €2 of (4.1), where u = 1+ £2/4 (see
Section 4.2), we can then compute these coefficients up to order 2. This is done
in Appendix F, and Lemma 5.1 is proven. O

Lemma 5.5. The linear operator defined in (5.2) has the function
vo=1+Huw € Hy "
in its kernel and its range is orthogonal (in Lgh) to constants.
Proof. As was observed in Remark 4.1,
Fw+a,p) =F(w,p)

for any real constant a and sufficiently smooth function w, where F is defined
by (4.1) written as (4.2). Therefore

OwF(w, )a=0
for a sufficiently smooth w and any constant a. This means that 1 + Hw' =
L, (1) belongs to the kernel of the linear operator defined in (5.2). The orthog-
onality of the range to constant functions is trivial, since the operator is a sum
of derivatives 0, and 9;. This orthogonality holds when w € Hih’ee. O
6 Reduction of Linearized Operator

6.1 Strategy
Observe that (5.2) with v = L, (dw) may be written, using (5.6), as

Ot (0 — 0z (av)) + HOz{aH (0 — 05 (av))}
- Haﬂﬂ{(u - b)’l}} + I'(F(w, p),v) = f (6'1)

where, with F, v even in x,

[(F,v) = —HI{H(F)Hw/D)} + Hdu(1/D)mo(0) /O 7o(F)ds

“Ha, (éH@m(v/D)) ( /O t wo(]:)ds>2
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Note that the range of the linear operator I'(F,-) is orthogonal in Lﬁh to con-
stants. Now define a new operator £(w, u) by

L(w, p) = 0w F (w, p) = T(F(w, p), Lur (+)), (6.2)

and let A(u,e) be given by
2

Afu,€) = L(w™) 4+ eNow, 1 + %). (6.3)

The ranges of A(u,e) and L(u,€) are orthogonal to constants and, from (4.12),
2

&€
@ (u,e) — Au, ) = T(F(wNo) 4 eNoy, 1 + T Lo s engyy (- ),  (6.4)

which is zero when (4.10) is satisfied, and estimating the inverse of A(u,e) is
equivalent to estimating inverses of L(w, u).

This is a good place to record the obvious estimates that lead to the veri-
fication of (N.le) when r — p = 3 for p > 1. Suppose that || + [|w|r < My,
k = 3, 4. Then there exist constants ¢;(My), | € N, such that

| Loy (6w)[l1 < er(M3){ |lwlligr [[6wl]l2 + [|6w]li }
and hence
ID(F (w, ), 0) i1 < (M) {IF (w, ) |[2l|v]l143
+ | F (w, i) livallvlls + lwlliyall F(w, w)l2llvlls} (6.5)

Therefore

T (F (w, 1), Ly (0w)) 141 < er(Ma){[|F (w, p)ll2l|ow]li+s
HIIFw, wlli2lldwlls + llwllivall F(w, w)2ll6wlis ). (6.6)

To verify the hypotheses of the Nash-Moser theory we need to show that for
carefully chosen positive € which can be arbitrarily small, and for u sufficiently
close to 0, the equation

Au,e)u= f

has a unique solution u orthogonal to 1 in Lg, when f is orthogonal to 1 in Lf,,
and to establish bounds on u relative to f in Sobolev norms. It will suffice to
prove that for carefully chosen 1 > 1 with p close to 1, and w in a set determined
by the proposed asymptotic form of w close to zero, the equation

L(w, p)u = f

has a unique solution u orthogonal to 1 when f is orthogonal to 1, with suitable
bounds on u in terms of f.
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Note from (6.1) that

L(w, ) = A(w, ) o Ly where (6.7)
A(w, p)v = 04 (0 — 9z (av)) + HO{aH (0 — O (av))} — HO{(n — b)v}. (6.8)

The aim is to prove Theorem 8.5. In what follows we show that the operator
A(w, 1) has one-dimensional kernel, spanned by v*, say, where v* is close to 1,
that its range is the space orthogonal to 1, and establish good estimates on its
inverse restricted to these codimension-1 spaces. To see that this is sufficient,
suppose that f is orthogonal to 1 and that A(w, p)v = f where v is orthogonal

to v*. Let u = L} (v + av*). Then

L(w, p)u= f

and u is orthogonal to 1 if and only if

27 27
/ / L, v+ av*)dzdt = 0,
o Jo

which uniquely determines «, because v* is close to 1 and L, is close to the
identity. This solution is clearly unique in the class of functions orthogonal to
1, and estimates on u in terms of f follow once similar estimates of v in terms
of f have been established. B

6.2 Change of coordinates and smoothing operators

Thus we have reduced the problem to one of estimate the inverse of A(w, p).
To do so we seek a change of coordinates to remove terms which contain second
order derivatives in zz and in zt in A(w, p). Such a change of coordinates is
defined by

y=a+dat) < t(a), (6.9)
where d satisfies the linear PDE

od = a(l+8,d) (6.10)
dieg = 0.

It follows from the method of characteristics, because of the periodicity and
oddness of a(w,t), that there exists a solution d in C* when a € C*. In particular
if we Hy ™ then a € H;g_l’oo c ng_?”oo and the existence of a solution

de ng_?”oe C Hﬁ_?”oe follows. Moreover, equating of powers of € yields that

in ng_?”oe, as € — 0,
d(z,t) = 2¢(1 — cost)sinz + e?sin 22(1 — 2cost 4 cos 2t) + O(e®).  (6.11)

For the method of characteristics and estimates of d and d, see Appendix G.
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Remark 6.1. In principle, the initial value d|;—¢ might be chosen as an arbi-
trary odd periodic function of z. We choose zero initial data for the moment,
but a further change of variables will amount to re-introducing a non-zero initial

value for d(z,t) (see dy(z,t) in ( 7.12)).

From now on a tilde (7) will indicate a function of (z,t) expressed as a
function of (y,t) via the formula

a(ya t) = u(ut_l (y)v t)a

and a hat (7) will indicate a function of (y,t) expressed as a function of (z,t)
via the formula

v(z,t) = v(U(x),t),
Note that d € C;g”*?”oe and

Up(x) =z +d(z,t) =z + dUy (2), 1), (6.12)
U (y) =y —d(y.1), (6.13)

SR S
L+ 0,d(Uy ~(y),t) = Ty (6.14)

— av -1 = W
{00 = Da(a0)} U W) 1) = =575 (6.15)
where .

pnt) = oxp { = [ 0.0 0).5) ds). (6.16)

m—3,0e

Proposition 6.2. For any w € Hgg’ee and m >4, p € Hgg_3’ee7 de Cyy ,
and

p(y,t) =1 = 9yd(y, t).
Proof. By construction,

Oip(y,t)

— OaU _ _—9aly.t)
p(y,t) - aac (ut (y>7t)

11— 9,d(y,t)
Also, from the definition of d and (6.9),

(0ud) (Us (), 1) + (D d) Uy (), )y, 1) = Dydl(w, 1).
Therefore we obtain from (6.10) and (6.14) that d;d = @, and so that

0(1—0,d)  —d,a O
1-9,d 1-8,d P

Since pli=o = (1 — 0yd)|t=0 = 1, the result of the proposition follows from the
uniqueness theory of initial-value problems. O
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To continue the study of the linear operator (5.2), or equivalently of (6.1)
we examine the smoothing properties of two families of operators S, and S.

Lemma 6.3. For a smooth 2w-periodic function w, define the linear operator
S, on L? by
Swf = H(CUf) _waa f € L?

Then, for w € Hy, S, is bounded from Li into Hhm_2 with, for any m > 2,
1Sl cqaz -2, < emllolli

Proof. The proof is in Appendix H. O

Q1D Operators. In what follows the notion of a Q1D (quasi-1-dimensional)
operator is from [22, Definition 7.6]. Recall the notation of the Fourier transform
from (4.3). For any real a, § denote by G4 3 the operator on H*® defined by

F(Gapu)(m,n) = F(m,n) (1 + |n))~*(1 + m|)?, (m,n) € Z*.

Definition 6.4. For any non-negative exponents «, 3, a linear operator R is
quasi-one-dimensional (Q1D) of order («, 3) on H* if

Izl

aB,s = sup |[|GqpRuls < co.

ulls=1

It follows from this definition that if R is a Q1D operator of order (a,f3)
in H® then, for any o' > a and ' < 3, the operator R has order (¢, 3") and
1Rl e < 1Rlllaysr Note that [|DYDER s i-ge < [1Rlllas.00 for any
p, ¢ > 0. Roughly speaking, a Q1D operator of order («,3) can lose up to «
derivatives in ¢ while gaining (3 derivatives in z. Examples of Q1D operators are
the identity I and the Hilbert transform M, which are Q1D of order («,0) for
any « > 0. Also [22, Proposition 7.8] gives examples of Q1D integral operators.

Lemma 6.5. If w € Ch";, m > 0, then the linear operator S, defined by
Suf =H(wf) —wHf,
is a Q1D operator of order (0,03) on Hg, when 0 < f+s<m—1, and
1Go,8Su flls < cas(||wllsrstallfllo + llwllcas]lflls)-
Corollary 6.6. With w € Cgﬁ‘, m > 1,
Su(0cf) = 0(Suf) = Sof and Su,(02f) = 0:(Suf) — Sur f,
where

1Go,680 flls + 11Go,550 (0= )]s < cps[[wllcorsrallfllo + [lwllcst= [ f]]5)-
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Corollary 6.7. Letw € Hij', m >4, ||w||s < My and w € Céh be such that
l|wllct < a(Ma)l|lwlliyr, 1 >0, r>3.
Then
1G0.5(Su /)" lls < ep.s(Ma)([[w]|grstrsallfllo + [lwlgrsallf]]s)
for0<B+s<m-r—1and, for0<fB+s<m—r—2,

[1Go,5(Sw /)™ s
||G0,ﬁ(8wawf)w|‘s

c.s(Ma)(|[wlggssrrllfllo + [[wllprri2ll f1]5),

<
< cps(Ma)([lwllpstriallfllo + [[wllgrrr2ll f]]5)-

Note that r =3 when w = a and r =4 when w = q or w = a.
Proof. The proof is in Appendix H. O

Lemma 6.8. Suppose that w € H;;"*\{0}, m > 5 and |[wl|s < My sufficiently

small. Thend and d are in Ch"hk‘g’oe and the linear operator S defined for u € Lgh
by
Su(y,t) = (Ha) " (y,t) — (Hu)(y. )

satisfies the estimate

1Go,s8ulls < es,s(Ma) ([wll g+t llullo + [[wllg+5lulls)-
Hence S is a Q1D operator of order (0,3) on HE if 0<fB+s<m-—5.
Remark. Observe that these operators are smoothing in z.
Proof. The proof is in Appendix I. O

Remark. When w € Hh"hl’ee, then d € C™~3 and, by [18, Theorem 3.1.5], the
change of coordinate z — y = U;(x) defined by (6.9), is such that if f € Hhkh’ee,
k < m—3, then f € Hhkh’ee and the linear map f ~— f is bounded. Similarly,

g — ¢ is bounded in the same setting. Therefore both are Q1D operators on
H, of order («,0) for all « > 0 and all 0 < s <m — 3.

When ¢ € Cg’h“‘l the multiplication operator ¢ — gy is a Q1D operator of
order (a,0) for all @ >0on H* if 0 <s<m —4.
See also Appendix G for estimates of changing variables.

6.3 New linearized equation

Now we show how the change of coordinates (z,t) — (y,t) = (U(z),t) leads
to a linear equation in which the xzx and xt derivatives are absent but terms
involving first order t-derivative remain. The next theorem develops the result
of Lemma 5.1.
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Theorem 6.9. For w € H;"* \ {0}, m > 6, let A(w, ) be defined by (6.8).
Suppose that A(w, p)v = f and let

oy, t) = 0(y, t)p(y, t)

where p € Ch'g*‘l’ee is defined by (6.16). Then ¢ € Hhkh’ee, k < m — 3, satisfies
the linear equation

O — Oy{aMe} + Gly) = pf (6.17)

where
q=(u—b)/peCy, (6.18)
G(p) = —0,{S(ap) + Sy + (HS.(Brp/p)) " }. (6.19)

When ||w|la < My, the coefficients q above and p from Proposition 6.2 satisfy
the estimates

I = ler + llg = pller < a(Ma)ljwl]iya, (6.20)

and the operator G is Q1D on H*® of order (1,8), 0 < 8+ s < m — 6 with

1G1.8 G(P)ls < ca,s(Ms){l[wllp+s+sllello + llwllg+ollolls }

Moreover, the range of the linear operator defined by (6.17) is orthogonal in Lgh
to constants.

Proof. The linear equation A(w,p)v = f can be re-written in terms of the
smoothing operator S, defined in Lemma 6.8 as

f = (0 — 0za)%v — HO{ (1t — b)v} — HOS4(Opv — Dy (av)). (6.21)

Now using the change of coordinate (6.9) with (6.15) and the identity
_ 0, f(w,t)  _ 9yJ(,1)
A f) U (y) 1) = —LE-F—— =
1)U w). 1) 1—0,d(y,t) p(y,t)

, (from Proposition 6.2),

equation (6.21) becomes

1

f= %aﬁ@ 0, (M= e/p}")) - %@/ (H(Su@re/p))) -

Now using the smoothing operator S defined in Lemma 6.8, we find
(H({(u - E)so/p}A)) = H(gp) + S(ap) = gHp + Sy + S(gw)

which leads to (6.17). Estimate (6.20) holds because Proposition 6.2 and defi-
nition (6.18), with the estimates (5.3) and (G.3), show that

dyd ’

/
1—9,d

Ccl Hp

Ip = ther + lla = ller < | < ai(Ma) .

cl
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To estimate G note that

lells)
stallello + lwllallells)-

lgells < es(
S CS(M4)(

Now by Lemma 6.8 if 0 < g+ s <m — 6,
1G1,50yS(ap)lls < [Go,a+1S(ap)|ls
< cgir,s(Ma) (|wllp+stellagllo + wllp+sllaglls)
< cp1,s(Ma) (lwl p+s+llello
+ wllg+o([[wllstallello + [lwllallells)
< cgr1,s(Ma) ([l grs+sllello + lwls+sllells)

(where the constant changes from line to line), since for
O<ar<a<f<f, a1 +Pr=a2+ [

we have

ezl fll8 < cllfllar 1 £1]5:
which results directly from the classical interpolation inequality
1/ 11na+a-xp < ARG
Similarly, by Lemma 6.5,
1G1,80ySglls < 1Go,p+154¢lls
< cgris(ldllosreszllello + llalloas=llells)
< cgi1,s(Ma) ([[wliprs+slello + wllsrsliells)-

By (6.15) and Lemma 6.5,

(HSa(Brp/p))”~ = (HSa (B — Bp(av)))™
= (B:HSv)” — (H(Saiw))™ — (H(Suds(av)))”

= 0 ((HSav)™) = @ (9:(HSav)) ™ — (H(Sav))™ — (H(Sa )
= H(0:(Sav)™) — aH((0:Sav)™) — H((Sqv ) ) — H((Sa )
+ 0. S((Sav)™) — aS((0:840)™) — S((Sav)™) — S((Sa )™).

By Lemma 6.8 we have
1G1,88(Sav)lls < [|Go,5S(Sav)|ls
< cg,s(My)([|wl| g4s45[Savllo + [[wl|s+51Savlls)
and then, by Corollary 6.7 (with 8 = 0),

1G1,88(Sav)lls < cp,s(Ms){[|wl|grs+sllvllo + [[wllgrs(l[wllstsllvllo + [[o]ls)}
< ep,s (Ms){l[w]|grseslvllo + [[wllges]lo]ls}
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since
lwl|g+sllwlls+5 < cg,sl|wl|g+s+5[wl]s-

Other terms involving the operator S may be treated similarly, using the fact
that [|a]|cs < ¢s(My)||w]|s+3 (from Lemma G.1 and (G.3)) and Lemma G.3.
The terms involving H are estimated using the fact that

|Ga gHulls = [|Ga,pulls

with Corollary 6.7 and Lemma G.3. Next recall that v = <;/\p and hence, by
Lemma G.3 and (G.3),

[lolls < es(Ma)(llplls + [[w]|s+allello)

which implies that

1G1,6(HSa(Br/p)) " lIs < .5 (Ms){[lwllg+s+5llllo + [lwllg+5 2l }-

These estimates yield the required estimate on G. When it has been noted that
the range of our operator is orthogonal to constants, the proof is complete. [

Corollary 6.10. If w € H;;" in Theorem 6.9 is the approzimate solution
ng) of (4.1) given by Lemma 4.5 with N > 2, then, in the appropriate spaces

(see Theorem 6.9),
g=1+2ccosy+ 52(2 — cos 2t — 2cos 2y) + O(&?),
p=1-2e(1—cost)cosy + 4e*(1 — cost) cos 2y + O(e?),
Go =eGWe + 260 + 0|l

where
GW o = 2cosy {(sint)mo(pp) + mop},
GP o = —A(sint cos 2y)mo(drp) — 2(sin 2t cos y)mo (8yp cos )
— 4 cos2ymop — cosy (3 + cos 2t) mo(p cos y).
Proof. The proof is in Appendix J. O

7 Normal Form of the Linearized Operator

In this section we make a succession of changes of variables which transform
the linear equation (6.17) into a simpler one (Theorem 7.5) in which the main
part has constant coefficients and the remaining term is a Q1D operator [22,
Section 7.2]. When this is done, the linear operator can be inverted provided
certain diophantine conditions are satisfied by two of the coefficients in the new
equation.
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7.1 Simplification of (6.17)

The next change of variables is designed to produce a new linear equation with
the same form as (6.17), but with a constant coefficient instead of ¢(y,t). The
idea is to change the independent variables with a diffeomorphism of the torus
T? = (R/QT{'Z)Q in the form

£:y+d0(y)7 T:t+60(y7t)7 (713“)
where dy € C’hm_&o, ey € C;;L—él,eo have norms of order ¢ when w = w™) is
given by Lemma 4.5. Denote this change of coordinates by

(&) =Q(y,1), (7.1b)

and introduce a new dependent variable
0(6,7) = p(Q7H (& 7)) (7.2)
We will need a new smoothing operator, S, defined for 6 € Lih by
S0 = (H(0oQ)) o Q' —He.

The hypotheses for the next observation are motivated by estimate (7.10) which
follows once ey and dy have been identified.

Lemma 7.1. Suppose ||do||cm-3+]leolcm-1 < em(Ms)||w||m where ||w]|e < M.
Then for a possibly different constant constant c¢,,(Ms),

180)0lls < en (Mo){[10lls+1 + [wlls+sllOllo}, s+6<m, (7.3)
1G3+1.850)0ls < em(Mes){llwllp16/10lls + [[wlls1st6llfllo}, B+s+6< ?L )
7.4

Hence Sy is a Q1D operator of order (3 +1,03) on Hi, 0<fB+s+6<s.
Proof. The proof is in Appendix K. O
The next result concerns a further change of variables in (6.17).

Lemma 7.2. Let A(w,p), v, f and ¢ be as in Theorem 6.9. Then there is a
diffeomorphism Q of the torus T2, determined by (w,u) of the form (7.1) in
which do € Cg’%‘?”o, ey € ng%’eo, such that 8 defined in (7.2) satisfies the
linear equation

0rr0 — (1 + BOYHOO + (v + H)O,0 + aHO + Gob = g. (7.5)
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Here 3 is a constant, the coefficient functions are given by

. 8tt60 -1 m—>5,e0
Y - { (1 + ateo)z © Q S Chh )

Oye
= (1 (0) — y©0 -1 m—>5,00
) (1489, do <1+6yd0 0@ EChh ,

_ _ayq —1 m—>5,0e
oa = ((1 +8t€0)2) oQ " € Chh ,

_ pf -
7= ((1-}—@60)2)0@ 1

and the linear operator Gy on Hukw k<m—17, given by
Go(0) = —(1 + BO)9:S0y0 + 000-S(0y0} + S0
+ ((1+9ke0) 2{G(00Q)}) 0 Q7
is Q1D of order (B+2,8) on H*, 0 < f+s<m—7T and for f <3
1Ga+2,590(0)lls < cg,s(Me)([|wllg+s+7/10llo + [lwllg17110ls),
while for 3>3,0<28+s<m—4,
1Gp+2,890(0)lls < cs,s(Me)([wll25+5+4ll0ll0 + lwll2p+4]16]])-

Moreover,
széw ~_q
1 _|_ d/ ) o Q

where, following the notation of Section 6.2, Q(z,t) = QU (), ).

The function
(1 + 87560) o Q_1~
1+ 0ydo

f=poQ ' =(pd)oQ " =

is orthogonal in Lih to the range of the linear operator defined by (7.5).

Proof. First note that

Oy = (1+ 0ydo)(9ch 0 Q)+ dyen (000 Q),
attQD = (1 + 8t€0)2(67—7-9 o Q) + 6tt60(87'9 © Q)

and, in the new variables, 0, {qgH¢} = {9,[qgH (0 0 Q)]} o Q™! where
(0,100 Q))) 0 Q™" = (1 + Oyda) 0 Q") {06(HO+ S(0)) + do0s (HB+ S(0)0)}.
Finally the linear equation (6.17) can be re-written as (7.5) with

1+ 8O = {g(1+ 8,do) (1 + Dpeq) 2} 0 Q.
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We now seek do(y) and eg(y,t) such that 5 is a constant. If this is possible

then
1450 )1/ ’
1+ aydo(y)

since the t-average of O;eq is zero. Since the y-average of J,dy is also zero this
yields a formula for 39 in terms of ¢:

i = [ (o) 76)

and with this choice of 3(©)

T

% la(y. t)]*/2dt = (

—T

s

do(y) = /0 ! {an(1+ 5 ( /_ W[q(s,t)]l/zdt)d ~1}ds € o Se)
eo(.t) = /Ot {(q(y,r)l(lJ:Lﬂ%)do(y)))1/2 i 1}dT e optee, (78)

satisfy 1+ 8 = {q(1+9,do)(1 + dreo) "2} as required. Since g is even in both
variables it is easily checked that do(£m) =0 = eg(y, =7) and it follows that @
is a diffeomorphism of the torus with the required properties.

The estimate for Go(#) is proved in Appendix L. It essentially follows from
Theorem 6.9, Lemma 7.1, the remarks following Definition 6.4, results of Ap-
pendix G and Lemma M.2. The last part of the lemma, concerning the range
of the linear operator, is a re-statement of the last part of Theorem 6.9 in the
new variables. O

Remark 7.3. When ||w|s < My it follows easily, from (5.17), (6.18) and the
definition of p in Proposition 6.2, that

18 — (1= D) < e(Ma)||wlla, (7.9)
and hence, from (7.7) and (7.8), that
[dollcr + lleoller + lléoller < cr(Ma)llwllira, (7.10)

which yields an estimate of the diffeomorphism @. Also

H Oyeo

0+ yeo)? < a(My)lJwli+s

Ccl

and «, v and J given by Lemma 7.2 satisfy

Vllct + lledler + [1dller < er(Ma)[lwlliys.-

Remark. In the notation of (6.9),

(& 7)=Q(z,t) = (x+ di(, 1), t + ex(z, 1)), (7.11)
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where d; € C’g;_?”oe, e1 € ng_‘l’eo are given by

di(z,t) = d(z,t)+do(x+d(z,t)),
ei(z,t) = eo(z+d(x,t),t).

Therefore, as was foreseen in Remark 6.1, dy satisfies (6.10) with different initial
conditions:

Oid1 = a(l + a:z:dl)7 (712)
dl(l',()) = do(x)

From (7.12) the Jacobian of the diffeomorphism (x,t) — (&, 7) is

} 9(&,7) ‘
O(x,t)

= (1+5‘md1)(1+8tel 7&(9161)

7.2 The coefficients in (7.5)

Corollary 7.4. When w = wéN) from Lemma 4.5, with N > 2, the leading
terms of the diffeomorphism @Q of the torus are given by

do(y) = —2esiny + 2?sin2y + O(e?),

2
eo(y,t) = _EZ sin 2t + O(£%),

and principal parts of coefficients of (7.5) are given by

2
8O = S +0E), §=0(),
v = e%sin2r + 0(e?),
a = 2esiné —2e%sin2¢ + O(e).
Go(6) = £Go1(8) + £%Goa (6) + O(°(10]]), (7.13)

with
Go1(0) = 2(cos ){ (sin 7)mo 0,6 + mo0},

Go2(0) = —2(1 + cos 2&){(sin 7)m 0,0 + w6}
+2cosé(2sinT — sin 27)m (9,6 cos )
—cos&(1 + cos 27) (0 cos &).

Proof. From Corollary 6.10 we have

/ [q(y, t)]Y?dt = 2n{1 + e cosy + az(g - ZCOS 2y) + O(*)},
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and so
m =2 1
</ [q(y, t)}1/2dt> = ﬁ{l —2ecosy + 52(—1 +4cos2y) + O()}.

In (7.6) and (7.7) this gives the required expressions for 3(°) and dy(y) in powers
of e. It follows that

q(y, )1 + dp(y))
1+ 4O

which in (7.8) leads to the required expression for ey. To calculate «, v, § we
need to invert £ = y + dy(y), which gives

y =&+ 2esiné 4+ O(e?), (7.14)

=1—¢e%cos2t + O(?)

from which the expression for « follows. From the formula from ey and Lemma
7.2 we obtain

v =0ueo 0 Q7+ O(e%) = %sin 27 + O(e?).

Coefficient § is O(g%) because d,eq = O(e?).

To obtain the principal part of Gy(6) in terms of e, note from Lemma 7.1
that Si)0 = 110 4+ O(e?), since dyeq = O(e®), where I is defined in (K.3).
Note that in formula (K.3) for K7, ¢ denotes the inverse of y — & + dp(y). Let
0(&) = &€ + p(&) where, from (7.14), p(§) = 2esin€ + O(g3)) as € — 0. Then in
the expression (K.3) for K7,

0 20— con L056) — (6 + ot 56 - s 3 0(€) — ()

=1- = (p(&) = p(¢))* +

Hence

sin 5 (0(€) — o(¢))
‘ sin 2(¢ — () ‘

(6(€) ~ () cot 5 (6~ C)

log

(p(&) — p())?
8 sin? %(5 — C))

= e(cos € + cos ) — 262 cos? %(E +¢) + O(e%).

% +0(e%)

After an integration by parts this gives

Lo = —% /j 8C0<5(c0s§ + cos ¢) — 2¢? cos? %(5 + C))dC + O(e%)

T

2 . s
_ € sin & sin ¢ (949((77) d¢ + 0(53)7 since 8<0 is odd in (,
™ -7
2 - s
= SE [ (¢ m) cos GG + O(%) = 22 mo(Bcos €) sin€ + O(=).

—T
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Therefore
—(1+ BN{0eS(0y0 + 300-S(0)0} + aS(0y0 = —22(cos €)7o (0 cos €) + O(%]|0) ).

To calculate the remaining terms in Go(#) from Corollary 6.10 note that

{m(0o@Q)}oQ ' = mf + 2eme(Ocosé) + O(2]9]]),
{mol(0 0 Q) cosyl} o Q™" = mo(Bcos€) + O(e]|6]]),
{mo[(0 0 Q) cos?y]}OQ*1 = mo(fcos28) + O(el|d])).
This leads to the form of Gy(6) in (7.13). O

7.3 Third change of variable - normalization

We make one further change of variables in (7.5) in an attempt to eliminate the
term

(7 + 0H) 9,0 + o'H.

In fact, we cannot eliminate it entirely, an “average” term remains and in the
process we introduce new regularizing and Q1D operators. The idea is to mimic
the descent method [22, Section 9] and we need some notation.

For any f € Hhkh the time-average is

mN)© == [ fe.nr

~or r

and a bounded linear operator 9= is defined by

e — M i — M ,+)ds,
o7l f = (1 )/001 VA€, )d

where I denotes the identity. This is the operator which, in the Fourier expansion
of f, replaces the functions cospr and sinpr respectively by p~!sinpr and
—p~ L cospr and suppresses the constant terms in 7. For any f € Hhkh

0,0-Vf = 0719, f = (1—m)f and 87 Hf = HO-'f. (7.15)

Suppose that

a0 € O an e OO, ay e O T,

Bo € CET7 BreCy ™", preCrm™,
and let

9 =P = (14 (a0 + BoH) + (n + BH)O + (a2 + BH)O;2)0, (7.16)
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where the independent variables (£, 7) are expressed in terms of the original
variables by (7.11). Then P is close to the identity in Hhkh’ee, k <m —7and, in

the notation of (5.1),
L dw ~
_ p-1 w ~1
= {(3) @)

Remark. From (6.11) and the formulae for dy and eq in Corollary 7.4, it follows

that if w = ng), N > 2, from Lemma 4.5,

di(z,t) = —2ecostsinz + e(1 + cos2t)sin 2z + O(e?),
2
ei(z,t) = —% sin 2t + O(e?).

Theorem 7.5. (a) For m > 10, the coefficients in the definition of P can be
chosen so that new function ¢ satisfies the linear equation

0rr9 — (1 + BOYHOY — KO0 — (Ao + MH)IZ2PV,9) — V(W) = h, (7.17)

where 0 and k©) are constants, Ao € C’urgi&ee, A€ Cff&oe,
i fA+ér —ae) 72\ A,
=P (5 = )od ).

Moreover, ¥V = V; + Vo 4+ V3 where

V1 is a Q1D operator of order (B+2,0) in Hg, when 0 < s+28<m-—8§8
for B <3, and when 0 < s+ 36 <m—>5 for 8> 3;

Vs, is a Q1D operator of order (0,5 — 1) in Hg, when 0 < f+s <m—8;
V3 has the property that 93Vs is bounded in Hg, 0 <s<m—10.

All these operators and coefficients A; have small norms in the following sense:
when w = w™ + eNow, Ny > 2,

[ Aol oo < 2es(Ms)(1+ ™72 [ul[548);

s+ [|M]

1Gs42,8V1(9)]s < ecp,s(Mr) (€™ ™ |ullsr2p+8]10]lo
+ 1+ e fullags)II9]]s) i B <3
1Gs42,8V1 ()]s < ecs,s(Mr) (€™ ™ [ullsraps]19llo
+ (14 ™ Jullsges)[19]]s) if B> 3;
1Go,5-1V2(9) s < ecgs(Mr) (™ [ullstpesll9lo + (1 + ™07 [ullg48)[19]]);
1023 (9)]]s < e2cp,s(Mr) (™2 Julls10l[9]]0 + (1 + ™72 [Jull10)[19]],).
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(b) The range of the linear operator defined by (7.17) is orthogonal in L?h to

* 1+60 —1
i) e

where P* denotes the adjoint of P in th

(c) If w = wNo) , No > 2, from Lemma 4.5 then, as before, 30 = £2/4 +
O(&%), and

KO = 8+ 0(e%),
ao(&,7) = 2e(cosé —1) 44— icos27—4cos§)+0(£3),
a1 (1) = —%sin%‘—i—O(s?’),
ax(é, ) = —%(1—(}0527)4—0(53),
50(577-) = 0(53)7 ﬁl(ga T) = 0(63)7 52(577-) = 0(53)7
Xo(§,7) = —e*cos2r+O(e?), M (€ 7) =0(E),

PO =9+ 2(1 — cos &) + O(E2||9))),

V(9) = —2¢&(sin 7 cos €)mo(0,19) + 2 (sin 27 cos €)mo (0,0 cos &)+
+ e%(cos 27)m 9 + €% cos €(1 + cos 27)mo(F cos &) + O(®||9]]).  (7.18)

The coefficients 5O, kO, Xg, A1, aj, B, and operators @ and V, depend ana-
lytically on (e, w).

(d) If w = w4 eNoy, Ny > 3, and 70(0-9) = 0, then
Vi(0) = VP 0) + VP (e)0), j=1,2,3,
where, for m =2, 3,
G128V (9]« < cp,6 (M) (Y™ Ju]| 2548/ [9]]o
+ (14N full2a48)[19]]s) if B < 3;
1G g2,V ()]s < o6 (M) (™™ |ul 135451190
+ (14 M Jul[3p15)[9]]s) if B > 3;
1Go,5-1 V5™ )|ls < 3.4 (M2) (™™™ [ul o 451910
+ (14 N7 ul g gs) |[9]]);
182V5™ () ()ls < 3.0 (M) (™™™ [l [a0][9]lo + (1 + ™™ |ful10)|9]]).

Proof. The proofs of parts (a), (¢) and (d) are in Appendix M. Notice that we
have an explicit formula (M.20) for #(®):

1 + ﬁ(O) 1 + 5t€0 atteo 2
0) — B ) .
" 1672 /_Tr /_7r 1+ 8,do) ( q ) (Oyeo)” p dydt.  (7.19)
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Now the range of the linear operator defined by (7.17) is orthogonal to

P () o)

by the result of Lemma 7.2. This ends the proof of the theorem. O

Finally in this section we examine the formulae (7.6) for 8(°) and (7.19) for
k(9 when, as in Section 4.3,

2

(w, 1) = (@) 4 eNou,1 + %). (7.20)

Lemma 7.6. Suppose that Nog > 4 and w, given by (7.20) has ||ulls < Ms.
Then

g o

[BO) = = —&¥3(e)] < Moc(Ms)fulls (7.21)
4

K0 — = — k()| < M0 e(Ms) [uls, (7.22)

where B and i are smooth functions of e and 59 and k©) are smooth functions
of € and u.

Proof. From (7.9), |3 — (u — 1)| < ¢(M)|w||4 and, from (7.19) and Remark
7.3,
KO < e(M)(||w]l5)* when [|w]s < M.

The estimate for 5(°) now follows from (7.9) and the formula for 5(°) in Corollary
7.4. The estimate for £(9) follows from (M.20), in which the square of a derivative
of eg occurs in each term, and the estimate for ey when w in (7.20) is zero from
the first part of Corollary 7.4. O

8 Inversion of the Linearized Operator

We turn to the invertibility of the operator, denoted now by A in (7.17):
A9 =89 — (1 + BOYHI0 — kKO0 — (Ao + MH)IT2PY - V(9).  (8.1)

8.1 The kernel and a compatibility condition
We know from Theorem 7.5 (b) that

0) _ p=* 1+ € 001
=7 {(ig) o0}

which is close to 1, is orthogonal to the range of A®). Let P denote the projection
defined on Lgh by

Pf = f — momf where momf = #/ fg, m)dédr.

Let HY = PHY, k € N.
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Lemma 8.1. Suppose that PAOP : HY — Hf/ is a bijection for some k, k' €
N. Then ker A = span {9} for some 90 in H™ for any m, and the

range of A is {ue Hhkh/ u, (O s = 0}.

Proof. Consider the equation A9 = 0 where ¥ = (I —P)9+PY = al +w, say.
Then w = —a(PAOP)'PAOT and 90 =1 — (PAOP)'PAOL € H" is
in the kernel of PA® . Hence A9 = 31 for some 3. Since 1 and ¢(©) are
not orthogonal and the range of A(® is orthogonal to ¢(©) it follows that 3 =0
and so ker A®) = span {#()}.

Now let h be orthogonal to (9 and seek a solution of the equation A9 = h
where (9,9(?)) > = 0. Then ¥ = w+al where w = PY and PA®) (w+al) = Ph.
This implies that

w = (PAOP)'P(—aAD1 + Ph) = —a + ad® + (PAOP) "' PA.

Since @ + « is orthogonal to ¥(?) this gives a formula for o in terms of h. With
this choice of o and o,

PAO (@ + al) = PAO(PAOP)~'Ph = Ph,

which shows that A® (w + 1) — h = B1. Since both h and the range of A©
are orthogonal to ¢(9, which is not orthogonal to 1, it follows that 5 = 0. This
proves the result. O

Thus it is sufficient to prove that the linear operator is invertible in the
subspace orthogonal to constants.

8.2 Principal part of PAYP when w = w™, N > 2
In this section we consider what happens when w = wéN), N > 2, from Lemma
4.5 and compute PAOP explicitly up to order 2. From the proof of Lemma 8.1

9O =1 - (PAOP)~1PAYT,

where
PAD1 = —P(\o + MH)O; %P1 — PV(1),
P(\o + M H) %P1 = O(£?) since 9, %P1 = O(e),
PY(1) = g% cos 27 + O(e?).
Hence

PAD1 = —£2cos2r + 0(e%), PpAD1=0(3), (I-P)PAY1 =0(e?),

where P is defined by (8.3) in the next section. In the light of (8.4a) and (8.4b),
it follows that (for a precise estimate see Lemma 8.6)

9O =1 — (PAOP)IPAOL =1+ O(e).
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From Corollary 7.4

l+e 1
(1125(;) =14 2ecosy +%(2 — §C082t72C082y)+0(53)

whence )
146
(1 IZZ) 0Q ' =1+2ccosé — %COSQT—I—O(E?))
and, since
P*=1—ap+af+0- a; — 9 %as + O(e?),
we find that

(O =142 +0(2).

is orthogonal to the range of A,
In the Fourier-series notation (4.6), ¢ € PH, hkh’ee has the form

9= Z 195{1) cos n& cos qT

nt+q>1
and the (n, ¢)-Fourier components of 9,9 — (1 4+ B(O))Hagﬁ — kOPY is
{4+ —¢® —xOD nig>1, (8.2)

where 30 = £2/4 + O(c?), k©® = £*/8 + O(¢"). Note that this operator is
diagonal and an expected small divisor problem appears when we try to invert
it.

Now we consider the (n,q)-Fourier components of —P(\g + A\1H)I-2Pd.

From Theorem 7.5 (c), PY = 9 + O(g||9|]), Mo(&,7) = —€%cos 27 + O(g3) and
A1 (€, 7) = O(e?). Therefore, up to order €2,

2 1 (¢-2) 1 (q+2)
5 { (—2)2 In + (q+2)2 Un, } q=3,
oo\ (@ =9l q=2,
(=PQo+MH)I"PY)," =4 B o
—5 {30 + 00} g=1,
2
—=9) q=0.

It remains to find the (n, ¢)-Fourier components of —PV(). Consider first the
term of order ¢ :
2eP{(sin 7 cos §)mo (9; )}

In this expression the projection P plays no role and

(2e(sin 7 cos 5)770(8719))?)
0 n# 1,
e{la =195 — (g + Doy}

- n = 17 q Z 2a
~2¢0(” (n,q) = (1,1),
fsuél) (n,q) = (1,0).
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The terms of order €2 in —PV(4) are

— 2e?P{(sin 27 cos &)mo (9,9 cos €)} — e2P{(cos 27)m 0} +
— e2P{cos &(1 + cos 27)mp (¥ cos €)} + O(3]9]])

and

() 0 forn#1, ¢ #2,
_(va))”q - { 290 forn #1, ¢=2.

For n =1 and q > 3,
1

~(Bv(0))” = {5

3 q. .(g-2) ,3 ¢
N+ (= AT+ (G + )N

and, for n =1 and ¢ < 2,

@ 52{—219?) + %1954)} for ¢ = 2,

—(PY()}” =< {19 4+ 29y for g = 1,
2

82{*%19(10) + %195 )} for ¢ = 0.

8.3 Structure of the linear operator

Here we consider the component of the main part of P.A®¢ which lies in the
kernel of £y := 07 — H0¢. In other words, we examine the Fourier-series coef-

ficients with (n,q) = (¢%,¢). In this case (8.2) becomes (¢?3(®) — k(© 19(2) and
q

so, when w = wéN), this part of the operator is diagonal with, by Lemma 7.6,

coefficients

82

q2(z +0(e%) as e — 0.

Now observe that when (¢?, q) = (1, 1) there is a term —251952) in —PV(¥9), and
all the other terms in P.A©) (¢9) have coefficients which are O(¢?) as ¢ — 0. This
suggests that we should write ¥ = © + eV, where

0 =P = Zufﬂ) cos ¢?€cosqr and U = Z yff) cosné cos qT. (8.3)

g1 n#q?

With this decomposition, the linear equation A®9 = h is equivalent to

MO+ AVT = 2ph, (8.4a)
AD + AW K0 = = I — Ry)Ph (8.4b)
where
P()A(O)PO = EQME,

Py AOPI — Py) eAD),
(I — P)PAOP(I - Py) AL AW
(I-P)PAYP, = &K,

45



with

A = 8, — 1+ BOYH — &,
AOW)D = {1+ 8D — ¢ — O}y,
2
9" 4(a)
(Me}@ = gl ToraZl, (8.5a)
—%1951) for g =1,
©gy@ _ 0 for ¢ # 1,
{Ay 0}, { 2 forg=1, (8.5b)
-1 _
gl e frn=(-2)%g23
Ko®© qu) = L (q+2) 8.5¢
16} a7V (gr2)? forn=(¢+2)%¢>0 (8:5¢)
0 otherwise,

L (q — 1)y(()q_1) —(¢+ 1)y(()q+1) form=1,q>2,
(AG W) =& D for (n,q) = (1,0)  (8.5d)
0 otherwise.

8.4 Inversion of A
We begin with two lemmas that estimate the operators in (8.4).

Lemma 8.2. There exists €g > 0 such that, for ||ull10 < Myp and € < g

MOl < ca(Mio)(|[ulls+sl1O]]o + [[O]]s-1), (8.6)
IMZTALEls < e (Mao)(|[ullsesl[¥]o + [19]]5), (8.7)

which leads to precise estimates of the solution © of equation (8.4a):
0=-MTTAOW 4 2 M Pyh.

Proof. The formula for M(©) (which coincides with the coefficient of €2 in the
formula for PAP in Section 8.2) implies that, for any s > 0,

Mg Olls41 < csllO]]s. (8.8)
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Since © = PyO, the hypotheses of Theorem 7.5 (d) hold, and hence, for £ > 0,
M.(8) =™ (M. = Mo)® = =~ (R A® (©) — £2M, ()
1
— —(_p0O /_ .(0)
= 5 (- 8OHe — k"0
— Py((Ao + MH)I7>PO + V(©)) — EQMO(@))
1 g2
= ?(‘ (B9 = MO k0
— Py((Mo + €% cos 27 + M H)O; 2PO) — Py (2V@ + VB (£)) (0)
2
- %H@' + 2Py (cos 2792 2P(O)) — 52/\40(@))

1 g?

=5 (- - IHO — kOO

— Py((No + €% cos 2T + \H)9; 2PO) — 2PV (¢)(0)
+ &2 Py(cos 2702 ((P — ]I)@)))

From the estimates for Ao, A1, 50 and £(9) in Theorem 7.5 and Lemma 7.6,
and from the estimate (M.19) of the change of variable P, we obtain

2
1(8© — %)H@' + 590 + Py(ho + €% cos 27 + M H)O72PO||s_1
< &e(Ms)(|[ulls+s]1©lo + [©]])-

Moreover, from Theorem 7.5 (d) with Ny > 3,

cl|G20 PV (0)]s

c(Ms)(|lulls+slOllo + 1©]1s),
e(Ms)(|[ulls+51101]o + (1 + [[ullo)[[O]]s),
el | Pod2V5Y (©)]]s—

o(Ms)(|Julls48]Ollo + (1 + l|ull10)[[©]],).

1PV (0)]]s-1

INIA

1PoVE (0)]]s-1
1PoVE? (0)]]s-1

IN

IAIA

Combining these estimates, we find that
IMEVO[s-1 < es(Mio){lulls+sl1Ollo + 1O1]s}, (8.9)
which with (8.8) leads to the conclusion that
Mg ' MEPBls < eo(Mio){llulls+s]1O]lo + 10115} (8.10)

A combination of (8.10) with the special case of (8.10) when s = 0 and the
formula

Mt =1+ eMgMD) I,
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leads to the estimate (8.6). We proceed in the same way for AW as for MO
except that V(¥) = O(e) while V(0) = O(e?), which explains the respective
orders in € of each term. The estimate for |\M§1A£O)\IIHS is then the same as

for My MM, O

Lemma 8.3. Suppose that ||ulli7 < M7 and that 3 and ) satisfy the
Diophantine condition that, for some ¢ > 0,

(¢ = 1+ B)p — kO > ¢/¢? for all (p,q) with p # ¢* # 0. (8.11)
Then
||(A§O))_1{A§1) — K- MZPADY | < e(Mir)(ullsa7][]lo + [ 2]]).

Proof. To estimate ||(A§0))_1/CEME_1A§O)\I/||S, let ©® be an arbitrary function
with © = Py©. From (8.1) and the formula following (8.4) we have

£2K.0 = —(1 — Py)P{\g + \/H)0-2PO + V(0)}
where, by Theorem 7.5 (d),

1Go,4(1 = Po)PVL(9)|s < e%cs(Mur){[[ulls+17l1€]]0 + [1©]]s},

1Go,1(1 — Po)PV2(9)l]s < ecs(Mio){|[ulls+10/18]l0 + 1©]15},
102(1 — Po)P{Xo + MH)O;*PO + Vs(O)}s
< ey (Mio){||ul|s41011€]0 + |1©]]s}-

From the definition of AS)) and the Diophantine condition (8.11) it is immediate
that, in the subspace (I — Py)H ],

1AL lls < ello2f1ls,

which, with the estimates on Ag, A\; and V5 from Theorem 7.5 (a), can be used
to establish the required bound on the term

(A1 = Po)P{Xo + MH)O;2PO + V5(9)}).
To estimate (A,go))_lf, where f = (1 — Py)PV1(0) or (1 — Py)PV,(0©), we write
(A = (AD) L 4+ (AD) NI - T,

where II; is the orthogonal projection onto the space of functions f with Fourier
coefficients f,(,Q) such that ¢ > 2p. For ¢% > 2p

(¢* = (1+ B)p — k9| > ¢ max{q?, p}

and, for ¢ < 2p, because of (8.11),

2 (0) (0) c ¢ ¢ c (¢ ’ ,q°
("= A+ =62 5 -=-2-|-| =c7.



Therefore

(AP THI =) f]]s < emin{||07 9 (T — TI) f]s, [|0g (T — TT1) f1]}-

(ALY f1], < cminf |07, £, 105 1T £1].,
|
If now © = /\/lglAéo)\Il where (8.7) holds,

1AL M ALY Ol < e (Mur)([ullsa7 |20 + |1 2]],).

In the same way (except for an extra order of € in V(P¥)), we obtain a similar
estimate for [|(AL) 1AL W||,. This proves the lemma. O

Theorem 8.4. Suppose that ||ul|iz < My7 and that 3 and k(O satisfy the
Diophantine condition (8.11). Let h € Hy, s > 2, satisfy the compatibility
condition (h, () = 0.

Then any solution of the equation A9 = h is given by ¥ = 91 + ad®
where (I —P)Y1 =0, and for s > 2 and e < gy sufficiently small,

C. (M17)
[91]ls-2 < === (llulls+ 157l + [|Al]s)-
Proof. Since, by (8.4),
(AL 4+ eAYT — K MTPAOT = e71{(1 — Py)Ph — K.MZPyh},

and (8.11) holds, Lemma 8.3 gives an estimate for U,

< (M
+C( 10)
19

19]]s—2 < ecs(Mz)([lulls+15][]lo + [[¥][s-2) (ulls+10l[Pllo + [IAl]5)-

Now the case s = 2 gives a bound for |||y which, when substituted into the
general formula gives, for e sufficiently small,

[¥[[s—2 <

cs (M
Q) il + 121).

Combined with the estimates in Lemma 8.2 for © = fMglAgo)\I/Jre”M;lPoh,
in the light of Lemma 8.1, we obtain the result of the theorem. O

8.5 Inversion of A(u,¢)

Now we show that the approximate linearized operator A(u,e) defined by (6.3)
satisfies (0.12) in Appendix O. This leads to the conclusion that hypotheses (D)
and (E) in the Nash-Moser theory of Appendix N are satisfied in the standing-
wave problem.

Theorem 8.5. There exists eg > 0 such that if € € (0,e0), ||ull17 < M1z and
BO) and k) satisfy the Diophantine condition (8.11), then, for f with

FEHS  s>2, (f,1)=0,
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the system
Auw,e)u=f, (u,1)=0

has a unique solution u and

cs(Mi7)
lullo—s < “E0D Gal] il o + 12113

Proof. By (6.3), (6.7), Theorem 6.9 and Lemma 7.2, AL;}’U = f implies that
6 = (0p) o Q1 satisfies (7.5). Then Theorem 7.5 says that ¥ = P~10 satisfies

(1+d) (1+é1 —ae})? (PAO9) 0 Q = f = AL v = ALw}{(W;OQ)A}-
This gives
{7 'PAD9} 0@ = Au,e)u, equivalently A9 =P~ {p; (Alu,e)u)0 @},

where

u=L{(1+d)(PVoQ)}, p1= (mp%)Q) oQ . (8.12)

From (7.10), (7.11), (G.3) and Lemma G.1, we find that (¢,7) = Q(x, ), and
(Q\ - H)(Q?,t) = (d1(1‘7t), el($7t)) where

ey

cs + lerlles < es(My)||w]|sta-

Now from (M.19) and Lemma G.3,
1P 0 Qlls < (M) (119115 + [[w]|s+7]19]]o)
and hence, from (G.3),
lulls < es(Mz)([[9]]s + [[ulls+719]lo)- (8.13)

Lemma 8.6. For ||ul|y; < M7, the function 99 which spans the kernel of
A©) satisfies

9O 1— (PAOP)1PAO]
WO —1fls < eco(Miz)(1+ |[ullss17)-

Proof. The expression for ¥(?) is given in Lemma 8.1. Now, from (M.21), (M.19),
the fact that 9-'1 = 0, and Theorem 7.5 (c) we obtain
IP(Ao + MH)I7*PL|s < ecs(Mr) (L + [[ul|s+s)-

In the notation of Theorem 7.5 (d), V(?)(1) = cos 27, by (7.18). Tt follows, as in
the proof of (8.9), that

IBV(1) — &2 cos 27| < e’y (Mr)(1 + |ulls+10),
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and therefore

1P AD1|, < 3y (Mr)(1+ [Jul[s110),

1T~ Po)PA1[s < ey (Mr) (L + [[ulls+10)-

We then need to use a refined version of Theorem 8.4 which distinguishes the
components Pyh and (I — Py)Ph. In the present case Poh = O(g3), while (I —
Py)Ph = O(e?), which gives that the right-hand sides of equations (8.4a) and
(8.4b) are of order O(e). The result of the lemma then follows from the proof
of Theorem 8.4. O

We now show that the zero-mean condition on u in (8.12) leads to an estimate
of a in ¥ = ¥; + a?). Indeed, from (8.13),

L {1+ d)(P1oQ)} = 1[5 < ees(Mr) (1 + [[ulls47),
and hence, from Lemma 8.6,
1L {1+ d) (PO 0 Q)} = 1]]s < ees(Mar)(1+ [fulls17)-
Since u has zero mean on [—m, 71| X [—m, 7],
(L {1+ d) (PO 0 Q)} + aLy, {1+ d) (P 0 Q)},1) =0,
and since ¥; is uniquely defined and (¥1,1) = 0,

(L {1 +d)(PY;o )} 1)
(LH (1 +d)(PY© o Q)}, 1)

| = < ¢s(Mz)[[91o-

Finally,
llulls—2 < es(Mir){||ulls+15][91]lo + [[91]]s-2},
where (M )
17
[91][s—2 < = ([lulls+1sllRllo + [IR]s)
and hence (M )
17
ulls—2 < ——=—{|ulls+15]|Al[o + [|R[|s}- (8.14)

Now we want to solve
A(u,e)u=f, (u,1)=0

when the given function f is orthogonal to constants. If such a solution exists,
f='PhyoQ  h=P YpfoQ '},
and, from (6.20), (7.10), (G.3) and Lemma G.1,
lIp1lles < es(Ma)(1+ [[w]]s4a)-
Finally, using Lemma G.3 and (M.19) this gives

[IAlls < es(Mr){[[ulls+7lf]lo + [1.f]]s}
and (8.14) leads to the result of Theorem 8.5. O
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9 Existence of Standing Waves

In this section we use the Nash-Moser theorem from Appendix N to prove that
for every € > 0 in a subset & of the interval (0,¢q), where the set £ is dense at 0

(lim,~ o 7! meas(EN[0, r]) = 1), there exists a non-constant solution w € Hul;’ee

of equation (4.1). Since functions in H, hl;’ee have 15 continuous derivatives and
are doubly-periodic in x and ¢, this gives a classical solution of the standing-wave
problem on infinite depth (see the last sentence of Section 2).

Theorem 9.1. There exists a measurable set £ C [0,e0] which is dense at

0 such that, for any ¢ € &, there exists a solution w € thl:’ee of (4.1) with

p=1+¢e%/4 and momi(w) = 0. The function ¢ — w is Lipschitz continuous

and w = wéNO) + o(e™No) for Ny > 4, where wéN) = ecoszcost + O(e?) is given

m Lemma 4.5.

Remark. In [14] it is shown that there are many alternatives for the approx-
imate solution wéNO), and for most of our proof it does not matter which one
is chosen. However at certain points we make use of the particular choice given
by Lemma 4.5 in order

(i) to compute explicitly the coefficients 3(©) and x();

(ii) to find an explicit expression for the approximate linearized operator A to
order €2;

(iii) to show the surprising fact that the linear operator Mg in the infinite
dimensional bifurcation equation has a regularizing inverse (see (8.6)).

It is natural to ask whether the method applies for other choices of approx-
imate solutions. It does; in particular 8(9) and x(©) have the same orders in ¢,
but there is a complication due to the fact that, for all other choices of approxi-
mate solutions, the operator V is such that (I — Py)VF, is O(e) instead of being

O(£?) as it is here. For the sake of conciseness, only the family wéN) given by

Lemma 4.5 will be treated here. The alternatives for wéN) given in [14] will be

dealt with elsewhere.

Proof. We use the formulation (4.10) and so we need to show that ® defined in
(4.9) satisfies the hypotheses in Appendix N.
To verify (N.1a) and (N.le), we use estimates (4.11) and (6.6) for F(w, u)
and T'(F(w, 1), Ly (+)) with
w = wNo) 4 eNoy, pw=1+¢e?/4.

S

and for (N.1d) recall the definition of A in (6.3). Then conditions (N.1a) and
(N.1d) are satisfied by choosing E, := H}'*" = H;“° N {1}+, F, = H?* and

1<p<r—-2
Because of the term involving ||w||;+4 in (6.6), condition (N.1e) is satisfied when

1<p<r—-3.
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From Theorem 8.5 we see that condition (N.1h) is satisfied when
2<p<r-—15, o=2, 0o=2.

Note from Lemma 3.1 that F(-, u) is defined and real-analytic in a ball B of
sufficiently small radius about the origin in H"*“, r > 3 (we need that w € B
implies that [Hw'| < 1). To verify hypotheses (N 1b) and (N.1c¢) on

D(u,v,e) = ®(u,e) — ®(v,e) — @) (v,€)(u —v)

p,ee

we use the analyticity of the mapping ® : B x R — H/"™", and the formulae

D(u,v,e¢) //@" (v+n(u—v),e)(u—v,u—v)dndr,

D(Ul, U1,€1) - D(U2702,€2)

1
:/ {D.,(us,vs,€5)(ur — uz) + D) (us,vs,€5)(v1 — v2)
0

+ D.(us,vs,€5)(e1 — €2) }ds,

D;(us,vs,as)(ul - Uz)

1 T
= / / o (vs +n(us — vs),8)(us — v, us — Vs, uy — uz)dndr
o Jo

/ / 207" (vs + n(us — vs),€)(us — vs, Uy — ug)dndr,

where
us = ug + s(up — ua), vs =va+ (v —v2), €5 =e2+ s(e1 — e2),

It is clear from Sections 3 and 4 that we need estimates of products of (u — v)
and ®;, which may involve the constant operator H, where

1D]lp11 < (M) (1 + [[ullr41)

for 1 < p < r —2 (in particular for r = 3, p = 1). By (5.18) and standard
interpolation this gives the required estimates when p = 2, r = 17 (in fact r = 4
is sufficient). Notice that for (N.1c) that we have used the fact that

[us = vs||rpt < [Jur — v1]]ppr + Jug — va|lrqa.

Estimates (N.1f) and (N.1g) follow by the same method now using the real-
analyticity of ® and A, the formulae

(I)(Ul,e’:‘l) — @(1@,62) = A {@;(us,es)(uQ — Ul) + @;(us,ss)(@ — 51)}d8,
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and

(q’;(uhgl) - ©;(U2,52))U
1

= [ {®! (us,e5)(uz — u1,v) + (e2 — &1)® _(us,e5)v}ds,
0

and an analogous formula for A/, in place of ®/,.

Lemma 7.6 implies that we need Ny > 4 if (0.5) is to hold. Then Corollary
0.3 holds for the set £ and, since (0.12) is satisfied by Theorem 8.5, this means
that hypothesis (D) holds. Moreover Theorem O.8 (which uses (0.5)) implies
that (E) is satisfied. In other words, the subsets £(v;) are dense at 0 with an
intersection that is also dense at 0.

We can then apply Theorem N.2, since Lemma 4.5 provides an approximate
smooth solution u{™) that satisfies, trivially, (N.3) and (N.4) for any integer N.
The theorem is then proved. O

Remark 9.2. It is worth pointing out a consequence of the scale invariance
of the standing-wave problem on infinite depth and the fact that all positive
rationals are eigenvalues of the problem linearized at 0 (see Section 1.1). Up to
now we have been looking for solutions of (K) and (D) in Section 2 in which
1+e2/4 = p = gT?/2n\ and w, the wave elevation, is of the form e cosz cost+
O(g?). (Asin (1.1), T and X are the spatial and temporal periods.) Suppose
instead we seek solutions with smaller minimal periods 27/py and 27/qp and
with asymptotic form

£ cos pox cos qot + O(2),  po, qo € N.

Then a change of scales A\ = \/po and T = T'/qy changes u into i = upo/q2,
and Theorem 9.1 leads to the bifurcation of standing waves with i\, 1. Since
every positive rational number 7 can be written as g2 /po, the scale invariance
and Theorem 9.1 leads to the observation that standing waves which are ‘uni-
modal’ in this sense bifurcate from yu = r, for every r € Q+.
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A Proof of Lemma 3.1

We first observe that (3.4) comes from the fact that H* = —H in £(L), and
(3.3) is immediate. The identity (3.5) comes from the fact that mo(w’) = 0 and
from (3.2). The identity (3.6) is obtained by taking the adjoint of (3.5) using
(3.3).

Now we show that L, has a bounded inverse given by (3.7 ). The equation
Lyu = f, where f is given in Lg, can be written as

u—+ tHu _f
Re (l—l—Hw’—iw’) =5 on R.

Since |[Hw'| < 1 on R, the function 1 + Hw' — iw’ can be extended, using the
Poisson integral formula, as a bounded analytic function on the lower half-plane.
This extension is 2w-periodic in x, its real part is nowhere zero, and it converges
uniformly, as y — —oo, to 1. Therefore the function

u—+ tHu
1+ Hw' — '
may be extended as an analytic function in the lower complex half-plane which

is 2m-periodic in z and its average on an interval of length 27 parallel to x axis
(independent of y < 0) is 7o (u), which is real. Therefore

u+ iHu o f
L B | S
1+ Hw' —iw’ ( +ZH)D’

and

. oo f = f
U= Re{(l + Hw' —iw')(1 + zH)B} = Ly (5)
It follows that if Z,,,/v =g, then v = %Lu,/g. The formulae (3.9) for the inverses

of M, and M, are established by considering the adjoints of L;,l and E;}
since, by (3.3),
(L) =M, and (L))" =M,

Now, from(3.5) and (3.7),

(L) - ()= (5 ) mo( L),

where we have used the fact that L,,w’ = w'.
To prove (3.8), we use the remarkable identity

Wo(%Lw/) = 7o, (A1)
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which comes from the fact that M, (1) = 1. Hence, by (3.9), My (1/D) = 1
(this is not obvious directly) and, for any f € Lﬁ,

mo(Lurf) = 5o(Lufi1/D) = 51, Mu(1/D))

= (1) =molf).

The formula for the commutator of M,,» and H is obtained by taking the adjoint
of (3.8). It remains to establish (3.10) which, because of (3.8) and (3.9), is
equivalent to

My J(f,9) = H(fLurg) + fLu™Mg + (' f)7o(g)-

That this identity holds follows by expanding both sides, using (3.2) with f and
g replaced by fg and w’, and noting that 7o(w’) = 0. This ends the proof of the
lemma.

B Calculation of Approximate Solutions

To find an explicit formula for the approximate solution in Section 4.2 we need
to solve the system for w™) and w®:

0 = L1w? 4+ Nop(w®, w®),

0 = Liw® - %Hw’(l) + 2Mo (WM, w®) + Ny (w® w® wD),
1 .

0 = Liw®— in’(z) + 2N (W, w®) 4 Np(w®, w®)

+3N5(w®, w® w®Y) + Ny (w®, w® w® M),
where
Ni(w, w, w, w) = 2HO, {3(H(w'Hib))? — w(Hai)? — 2(Ha) (Hw')YH(w'Hab)}
+ 0 {H(w'?) — 3w Hw'} + 2w" (mow) mo [, w'].  (B.1)
The first equation leads to
1 1
0 = o —Hw? + 8,5(5 sin 2t) + 57—[830((1 — 2cos 2z) sin? t)
= 0 — Hw® + cos 2t + cos 2z(1 — cos 2t)

hence we obtain w(? (with zero average, and involving only even multiples of x
and t)

2)

1 1
w? = 7508 2t — 5 co8 2x(1 4 cos 2t).
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To calculate w®) we need
1
N (w™, w®) = 9 [—sint(1+ cos2t) — B sin 2t cos t] cos x +

3
Oy [sint sin 2t sin 3x + sin ¢ sin 2t(§ sin & — 3 sin 3z)]
= —3cosxzcos3t — 3cos3z(cost — cos 3t),

and
1
Ns(w w® w®) = fisintsin%(cosxfi%cos?»x)

1
~1 (cost — cos 3t)(cos x — 3 cos 3x)

The equation for w(®) now gives
11
0= — Hw® - [ Cos T cos 3t — % cos 3x(cost — cos 3t).

The compatibility condition is therefore satisfied (there are no term in cos z cost)
and this justifies, a posteriori, the choice u = 1 + &2 /4. Hence we obtain

11 3
w® = A®) cosx cost — 35 COS T COS 3t + g o8 3z(3 cost + cos 3t)

where A®) is still unknown, and is determined by a calculation at order 5. To
calculate w®, we obtain a system of the form

0=uw® —Hw® +24®) {cos 2t + cos 2x(1 — cos 2t) } + Z pq COS 2px cos 2qt
0<p,g<2

where the coefficients a,, may be computed explicitly. Therefore, to determine

w™® we must check that the compatibility condition ff) = 0 is satisfied for
coefficients of the right hand side, i.e. as; = 0.This is independent of A®).
Indeed, the coefficients involving cos 4x on the right-hand side come from

2N (w ), wg?) + No(ws? ws?) + 3N5(w ™, w™ wi?) + Mo ({w}2)
where wéQ) and wés) are the terms involving cos 2z and cos 3z respectively of
w® and w®). It can be checked that these terms have no term in cos 4z cos 2t.
Indeed

2N (w, wé?’)) = %(1 — cos 4t)(4 cos 4z — cos 2x) +
+3 cos 2x(cos 2t + cos 4t),
NQ(’LUéQ), wéQ)) = 2cosdx(1 — cos4t) + 2(cos 2t + cos 4t),
3N3(w(1),w(1),w;2)) = (1 —cos4t)(2cos2z — 3cosdx),
Ni({wM}®y = i(l — cos 4t)(cos 4z — cos 2x),
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which shows that the required compatibility condition is satisfied. The result is
that

w® = A® cosdz cos 2t + 24G) @ 4 *)
where @Y is known and orthogonal to ker(£;), and A is still unknown. The

computation of w® leads to a compatibility condition of the form fl(l) =0
which must be satisfied. This ensures that we can determine A®); in fact
it is straightforward (but not done here) to show that A®) = —37/32. (The
theoretical reason for these compatibility conditions to always hold, and an
algorithm for calculating approximate solutions to all orders, is given in [1].)

Notice that if an approximate solution of order £ is all that is needed, it is
not necessary to calculate A®) since, in the expression F (wég),l +€2/4), the
coefficient A®) appears at order £*.

C Proof of Proposition 5.2

For convenience with notation, from now on we suppress the suffix w’ in the
notation for the operators L, and M, . First note, from Lemma 3.2, that

L7g.u] = gM(Iu)— (LuyM(g/D). (eRY
Now, from (5.12), (3.10), (3.2) and the fact that —H(Lw) = ¢’, we obtain
Qg = H(gH(%Lu‘;)) — H(LwH(g/D)) + %H(Lu’ﬂ-{g) +
HHOYH( 5 L) — 5 H(&'9) — &'H(g/D)
= H(ag) — {H(FHLb) + H(LiH(9/D)) + ¢'H(g/D)} +

+aHg — %{H(Lw)Hg — H(LiHg) + H(¢'g)}

= H(ag) + aHg + (W()l()g) — ﬂo(%)) o (L)

= Jag)+ (L (L)) [ mo(Fw ) (i

since, by (4.1) and the oddness in ¢ of mo (L w),

WO(LU')):/O mo (F(w, 1)) (T)dr. (C.2)

This proves the proposition.
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D Proof of Proposition 5.3

From (3.10) and (5.13), the expression for R involves the two terms

MYJ(MYJ(¢ ), L7 g) = %H(gM‘1J(¢’7w))+H(%)M‘1J(¢’,w),
T g 0] 0) = SHLGHIL g, 0]) + H( I g,
and since HLw = —¢',
L, ¢

We also have, from (C.1), (3.2) and (3.10),
gH¢'

HIL™g0] = Hlag) + (%) + L= + (5 — mo(55))mo( L),
/2 /
MY J(¢ ) = ad' + % + H(qﬁ He') + e wo(Lu}).

First we collect the terms in expression (5.13) for R which involve mo(Lw). After
expansion and simplification using (3.2) these terms reduce to

(170(2) ~ ™990) (o)) — S5 (ro(11)

Now the remaining terms in the expression of R can be written

lH{ (a'+ (ﬁ * H<¢>’H¢’)) — (H¢/)(H(ag) + 9'H(55) + M)}

D
gHe'
o)

2){ad' + 5 - H(¢ HO)} —(a+ %){H(ag) +H(S) +

= H {ga¢ - 5H(¢'H¢ ) - (H6)Hlag) — (¢'HSH(%) |
1 ' Ho'
¥ SHE @ HY) ~ (0 + L) {Hlag) + 701,
Using again (3.2) and the fact that
mo(¢"He') =0
this simplifies to
1 / / <Z5' H'
SH {gad! — (H9")(H(ag)} — (a+ 5 )M(ag) — ag

and, since H acting on (3.2) yields
H{gad' — (He')(H(ag)} = agH¢’ + ¢'H(ag),
we finally obtain an expression for the terms in R that do not involve mo(Lw),
—aH(ag).

Combining these calculations with (C.2) proves the proposition.
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E Proof of Proposition 5.4

This appendix gives the precise form of aq, as, az. We first notice that in addi-
tion to

1 1
—Lb) + =H(Li) € H~H°,

a=Hp D

we have, from Lemma 3.1,

o(5) = —SH(E), 0u(5) =~ HH(*E)
Oy (L) = Lo + [, '], Oy (L) = Lai" + [, w"].
Hence
¢ = H(Lg’/w L (i )+H(['l§”ﬁ])+lmw7w”]+
2 . Lw" Lw"

ey ) oA P

i = H(Lg})JrH([ x ])+—H(L1D)+%H[u'},w’]+
o H Ty 2 e,

From Lemma 3.2 and the preceding formulae for o’ and a,

a’:H(Lg/)+%H(L {—H }+ H{L H Lwﬂ)}
1 P . Lw” Lw"
and
i = H<%)+in<m {0t } H{—H D))+

L
+—= H{L e )} - —H{L e =} -+ HL )H(%’).
Now applying identity (3.2), since 7o (Lw" / D) = mpw"” =0, and o (L’ / D) =
mow’ = 0 (see (A.1)) we obtain

, L L, 2 Lw”

wl/ )H(

@ = M )+iH(Lw’)—H( o)~ p L) H(—-)
+Lg"%+ L H{ L H(Lg/)}* %H{Lw”H(%)},
and
a = H(Ll;”)+ —H (L) — H(%)H(Lg/H%Lg/
+5H{LwH( D,)} - BH{Lu'f’ﬁt(%)} - %H(Lw)H(Lg/)-
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Recall from (5.17) that

1 -/
ap = aH(Lw )—H(Lg ) — D™YH(LW' — aLw"),
Li i _ )
ag = H(fw)—aH( g ) — D™ YH(aLa' — L),
and hence
N7 SO P2
—a; = H( D ) + 'H(Lw)— DH{Lw H( D )}
w” ) 1 ) Lw" Lw Lw"
L H(EE (L)} — ST~ HE )
and, by (3.2),
, _ 1 ) Lw" . Lw" Lw
a+a = BH(Lw)H( D )+ D 553
1 L 1 L 1/
+ 5 H{LiH (S “ b+ H{ Y H(Lw)} = 0.
Also
L Lv' Lw 1, Lu :
o = HED) H(Lw) H( " >H<3>— A (i)
Aqu{L 'H( o) H(Lw)},
hence, again by (3.2),
. Lw Lu' 1 Luw'
¢=d = 5 T D (D YH(Lw) H(Lw)}
1 o L'

Recall from (5.16) and (5.17) that

L~2 L//
a3:cﬂﬂLw’—aLw”f+7ﬂaLw“—Lw)—uw'—(mufo H(_g ),

and note, from the definition of F(w, p), that
pw’ 4+ HopLab = H(F(w, 1)) + 0 M~ J(HLb, ).
Therefore, by (3.10),

Lw//

jw! + HL = H(F(w, 1)) — H([b, 0']) — %H( =

YH(LirH Lis

l ./ N l . 17 . l . ./
+ DH(Lw HILw) + DH([w, w ]HLw) + DH(LwHLw

1 . . 1 . " .
+ LA w']) + (AL ")+ (i, w YR
O L B CL S e A IS



In addition to —HF (w, ), ag involves (i) terms which involve %', and (ii) terms
which involve w”. We will see that both contribute zero.
i) Terms with w’:

L'
D

1 iy . 1 . y i L . Lu'
fBH(Lw HLw) — BH(LwHLw ) — (HLw )H(f) — (HLw)H( ) )

(L) (M) & SrL) + (L R+ H(ES L) + Mo )

which, by Lemma 3.2,

L i pir) (ML) + H(Lg/HLu}) + H{LwH(Lg/ )

ML HL) — H(LiHL) — (ML (o)

Lo L 1 1
= Yriy wo(%’)wo(m) + — L/ L = (Lo (Leb) = 0

since

mo(Lw') = 0 (v odd) and o

ii) Terms with w” :

Lw/l

D
1 I ey L [, w"]
—BH(LwH[w,w D) — (Hw,w ])H(f) —H( o)
Lw_ Lw" (mo(L))?, ,, Lw"
S ) -—7p

which, with Lemma 3.2 and (3.2), gives

—aH(aLuw") + %H( YH(LiH L) — %H([u’;,w”}HLu’z)

YH Lo

+2(H L )H(

. " < i Lw"
= —aH(aLw" + [w,w"]) + DH( 5

L . L L, Luw" Lw" | L
— 5 Lw"H(T) = (ML) {H(—5 H(=5-)) = H(=-H(Z5 )}

Lip, Lu' (mo(Lw)?, Lu”

W(HLWw)? + (o Lai)?} +

+2(HLDYH(—H(=5) = = ()
L, 1 , L Luw"
= —{H(j)+5H(Lw)}{(ﬁLw)H( D ) = Lib—5=} +
+%H(Lg Y(HL)? — %ULU;”H(%U) +
L Lw". L Lw"
+(HL{H()H(—-) = 5 5}
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since mo[w, w”] = 0 because of the oddness, and 7o ((Lw” /D)) = 0 (see (A.1)).
Hence all terms involving w” and w’ contribute zero,

ag = —H(F(w, 1))

and the Proposition 5.4 is proved.

F  Proof of Lemma 5.1 Concluded

In this appendix we compute, up to order O(g?), the coefficients a and b of the
Lemma 5.1. We start with

2
w =¢ecosxcost + gz{cos 2t — 2 cos 2x(1 + cos 2t)} + O(e?),

which leads to

D = 1-2ccoswcost+e?(1+ cos2t)(2cos 2z + 1/2) + O(e?),
D' = 1+2ecoswcost+e*(1 + cos2t)(1/2 — cos2x) + O(e?),
HILw = esinasint —e?sin2wsin2t + O(e%),
1
D YHIw = esinzsint— 552 sin 22 sin 2t + O(e?),
L 1
H(fw) = esinzsint — 582 sin 2z sin 2t + O(£?),
a = 2esinzsint —e?sin2xsin2t + O(e?),
1
Lo = —Ecosaccost—i—eQ{i(l — cos2t) + 2 cos 2z cos 2t} + O(£%)
L' = esinxsint — 22 sin 22 sin 2t + O(e?)
1
Lw" = —scosxcost+€2(§ + 2c0s27)(1 + cos 2t) + O(e?)
3 .
L —aLw” = esinwsint — 552 sin 22 sin 2t + O(e?),
1 .
ala — L = ecoswcost — 552 cos 2x(1 + 3 cos 2t) + O(e?),
Therefore

b= —2ecoszcost + e*(—1 + cos 2x(1 + cos 2t)) + O(£?),

and, since a3 = —HF(w,u) = O(e®) when w is an approximate solution at
order €2, the lemma is proved.

G Changes of Variables

There follows two lemmas on composition estimates are central to the analysis.
In [12, Appendix] they are proved for spaces of Holder continuous functions but
their proofs in the C*-spaces of continuous periodic functions are the same.
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Lemma G.1. Fork >0 let Dy, = {p € R%: ||p|| < k} and suppose ¢ : Q@ — Dy,
f: Dy — R. Then, for any s € Ny, there exists a constant c, depending only
on s and k, such that

ce@) S ¢ (Hfl

In particular, for any functions v; € C*(Q), i = 1,2,

cs(Q) + Hf”C(Dk)) .

[f ol o= llele @) + 1 fllcroy llel

lvivalles @) < cllvilles@llvalle@) + lv2lles @) llville@))-

Lemma G.2. Let I + g : R? — R?, where g is 2m-periodic in x and t, be a
C*-diffeomorphism with inverse I + f. Suppose also that || f|cr + ||lgllcr < M.
Then if f or g is in C*

1+ fllex < er(M)[[1+gllcx-
A similar result to Lemma G.1 holds when f € H® and ¢ € C*.

Lemma G.3. Let f € Hg, for s € N and let ¢ be a 2w-periodic C*®-perturbation
of the identity on R? . Then, for any s € Ny, there exists a constant c, depending
only on s, such that

1o @lls < e (11l + 1 Illcn@) + 171o)

Let w € H* so that a € C'. To solve equation (6.10) using characteristics
let u(z,t) be the unique solution of the initial value problem

w(z,t) + a(z + u(z,t),t) =0, wu(z,0)=0. (G.1)

Since |lallcr < e1(Ms3)||w||a (see (5.3)) it follows that (I + f)(z,t) := (x,t) +
(u(z,t),0) is a C-diffeomorphism close to the identity when ||w||4 is sufficiently
small. If its inverse is (I + g)(x,t) =: (z,t) + (d(x,t),0), then d € C? satisfies
(6.10). Moreover,

d(z,t) = —u((I + g)(x,t),t),

and hence, from Lemmas G.1 and G.2,
d] cs +|lulleo). (G.2)

Since f(x,t) = (u(x,t),0) it remains to find bounds on |ju|s in terms of ||w]|s.
It follows from (G.1) and Lemma G.1 that

ak+lu
I Okt Olx

s < es(Ms)([[ullesllT + fllgn + luller |1+ f]

Ovulloo < crt(llallors I+ FIGH + lallorlIL + fllors + lalloo)
< ek (Ma) (llallorr + llaller (1 + ullore)).-

Therefore

s < lulles + eo(Ma)([lallcs + llaler (1 + [Jullcs))
< llulles (es(My)llallcr + 1) + es(Ma) (lallcs + llalle)
< cs(Ma)(|lul

[l

s + wllsrs)
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by (5.3). For the pure z-derivatives of u we use (G.1) and the identities

t
u(z,t) = —/ a(x + u(z, ), 7)dT,
0
t
u'(x,t) = 7/ a'(z +u(z,7),7)(1 4+ (x,7))dr.
0
Hence, from (5.3),
llullco < e(Ms)[|w]]s
and then, from (5.3) and Lemmas G.1 and G.3,
[lulles (My),

<
l'lles < es(lla’ o (T + flles |1+ u'llco + lla'lcol |1+ [lce),
< cs(Ma){llwllsra + [lwlls (1 + [[ulles) + [Jw]|al[wllce}-

Thus, for My small enough (cs(My)||w||sa < 1/2 is enough),
cs)}

Combining this with the estimate for @ we obtain, for M4 small enough,

ce)}

lu'lles < es(Ma){[[wl]sta + [[wl]s (1 + [|ul

|||

cot < e M)l + [wlls (1 + [[ul

and, by induction, for any s > 1 and M, small enough,

[ullcs < es(My)||wlsts-

Since d = —u, it follows from (G.2) and Lemma G.2 that, for My sufficiently
small, ~
ldllcs < es(Ma)|[w]]s+s and |d]

s < cs(May)||w]]s+3- (G.3)

H Proofs of Lemmas 6.3, 6.5 and Corollaries

For f € Lg and w € H" (periodic functions of one variable), it follows from
(3.1) that for almost all x,

z)dz

Enw =5 [ (w(2) — w(@)) f

2 J_ tan 3(z — 2

(
)
1T (@ 2) fy W@t s(z— @) f(2)dz
Com ), tan 1 (z — 2)

)

which is no longer a principal-value integral. Since w € Cé”fl, Suf € Chmfz
and Lemma 6.3 follows.

For f in Hj, and w € Cy, the estimate and the Q1D-property of S, in
Lemma 6.5 follow from the above formula and Lemma G.1. The formulae for
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S,0:f and 8,0, f follow from the properties of commutators of H and 9; and
0,. The corresponding estimates in Corollary 6.6 for the Q1D operators S, f
and S,0,f follow immediately from Lemma 6.5. To prove Corollary 6.7, we
first observe from Lemma 6.5, that

G080 flls < cps(Ma)([lwllptstriallfllo + [l g4riallf1]5)-

Since 9y ({Sw f}~) = p{0.S. f}~ we obtain, as in the proof of Lemma G.3, that
fors>1

1058 F1ls < (110578 f11sl[th M 5" + 118w Ity oo + (1S fllo)
where (see Appendix G)
4 e < cr(Ma)|Jwl]i143.
It follows that
10y S flls < cp,5(Ma) (10780 flls + [[w]]p1s+3]1Sw f 111 + [1Se £1l0)
hence, for s > 1
1GosSuflls < cos(Ma)([|Go,aSuflls + lwllg+s+3l|Sw fll1 + 118w fllo)
<

cg.s(Ma){l[wl|g4ssrsallfllo + lwllsrrsallflls +
Flwllgrseslfwllr2llfllo + [[wllra [ f]11) + [fwllra ][ fllo}-

Since
l[wl[gts43lwllrr2 < cgsl|w]grstrtia|[wl]]s
llwllg+stsllwllr+1 < cgsl|wl|grris|w][a for r >3, s >1
wllg+rtsllflli < eqswllgtstr1llfllo + [lwllgrrall fI]s)

we obtain the estimates of Corollary 6.7.

I Proof of Lemma 6.8

By definition,
Suly.t) = (Hv) Uy ' (y),t) — (Hu)(y,t) where v(z,t) = ulh(z),1),
where, from (6.14),

_pu [T v(z,t)dz
21 J_ tan (UM (y) — 2)

_ po / u(¢, 1) (1 = 9,d(¢, 1)) d¢
2 J_x tan 5 (U N (y) — U Q)

_pov. / u(¢, 1) (8, Uy ) (€) d¢
2 tan g (U (y) — U Q)

R 0
pﬂ-v /;ﬂu(<7t)aiclog‘Sln%(utfl<y)_Utfl(c))’dc

(Ho) Uy (), 1)
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Hence

ot — 2 e @ o, [ ) — U Q)
S0 = - [ e gees[TELEIE T ac a

which, as we will soon see, is no longer a principal-value integral. Since U (y) =
y—d(y,1),

sin %(util(y) - util(O)
sin 3 (y — ¢)

= cos 5y, )=d(¢. 1) —cot (=) [ - (sin ) ~dys(C=).t) ) ds

K(?J) g) =

=1+ (cos%(d(y,t) —d(¢, 1) —1)—
L y—=¢) cot X g)(/lad”( —),t) cos ~(d(y, t)—d ), 1)) d
3 =0 eot 5= ( | 0ydlyrs(C=), ) cos 5 (dly, )=dlyts(C—y), 1)) ds).

Therefore for d € C™73,

s ™

Sut) =+ [ losKGytyuc e = [ logK(Cyt)du(¢.t)dg

—T —T

where K € C™~*. Tt follows that S(u) € C™~* and, for u € Hy,

1Go,58ulls < es,s{lldllcorerlullo + [dl|gos2][ulls}, 0 < B +s <m—5.
An appeal to (G.3) yields the required estimate and the Q1D property of S
follows. This completes the proof of Lemma 6.8. O

For future reference we now observe that the operator S may be expanded
in “powers” of d. Note first that

v(x,t) = ul(x),t) = u(z,t) + d(z,t) Opu(z, t) + %d(x, 1)? Oppu(z,t) + ...
Ho(z,t) = Hu(z,t) + H(d Opu)(z,t) + %H(d2 Opztt)(x,t) + ..

Since d(z,t) = d(z +d(x,t),t) = d(z,t) + d(z, t)0yd(x, t) + ..., and, from (6.13),

gUT (@),t) = g(x,t) — d(z,1)Dpg(x,t) + d(2,1) 20,09 (x, 1) /2 + ...,

we obtain (with ’ denoting differentiation with respect to the first variable) that
if ue C?

- 1 - -
Su =8 +S;(du) + i{Sd(du”) —dSu"} +O(||d||2,). (1.2)
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J Proof of Corollary 6.10

Calculation of ¢ and p

By definition
a(y, ) = {0 - +d) U (y).1)

and, from the last part of Lemma 5.1,
2, O 3
w—b=1+2eccosxcost —¢ (_Z + cos2x(1 + cos 2t)) + O(e?),
and d is given by (6.11). Then

(n-b)(1+d)

1
=1+ 2ccosx — 52(—1 — 2cost + cos 2t + 2 cost cos 2x) + O(e?).

Now observe that when y = U (x) = 1 + d(x,t)
cosz = cosy+e(l—cost)(l—cos2y)+ O(e?),
sinz = siny —e(1 — cost)sin2y + O(?).

m—4,ee

This gives that, as ¢ — 0, in Chh ,
2, 9 3
q(y,t) =14 2ecosy — ¢ (_Z + cos 2t + 2 cos 2y) + O(e”). (J.1)

In the same way (6.11) yields that in C’;g_?”"e,
J(y,t) = 2¢(1 — cost)siny — 2e%(1 — cost) sin 2y + O(e?). (7.2)

Finally, in C’gg_4’ee,

p(yat) = 1- (ayd) (yvt) (‘]3)
= 1+ 2e(cost — 1) cosy + 4e?(1 — cost) cos2y + O(e®).  (J.4)

Computation of G

To calculate fHSa(m), first note from (5.4) and (6.11) that for f € Hhkh*l"ee,
E<m—4,ase—0,

Salf) = 2esintSuna(f) — 2802t Sanawf + OE?||f]6—1)
2 sint Ssin o (f +d f') — €% sin 2t Sgin 2 f + O3 f|lr—1)
2e sint Ssin o f + 4e%sint (1 — cost)Ssin o (f sin z)

—£%sin 2t Ssin2a f + OE3||f||k—1)-
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When g¢ is an even functions of z, we have the identities

Ssinzg = mol(gcosx) + (cosz)mog, (J.5)
SsinQacg

mo(g cos 2x) + 2(cos z)mo(g cos x) + (cos 2x)mog, (J.6)
which gives

Ssinz (g’ sinx) = —mo(g cos 2z) — (cos z)mo(g cos x).
Therefore, if f is an even function of y,

S (f) = 2esint{m(f cosy) + (cosx)mof} +
—4e%sin t{mo(f cos 2y) + (cos z)mo(f cosy)} +
4% sin 2t{mo(f cos 2y) — (cos 2x)mo f} + O(3|| fllr—1),

and
—HS( A) = 2¢(sintsinx)mof — 4e*(sintsinz)mo(f cosy) +

—?(sin 2t sin 22)mo f + O(3|| f|[k—1)-

Now we need to replace f by d;p/p, ¢ € Hhkh’ee7 k <m —4. From (J.3),

8t<p/p = 0yp(1 + 2¢(1 — cost) cosy + O(2|¢||x)
and so
- HSa(m) = 2e(sint sin z)mo(Drp)
— 2¢%(sin 2t sin x) 7o (s cos y)
— £%(sin 2t sin 22) 7o (D) + O(3|| 2| |1),

which gives
{=HSa(0up/p)}~ (y, 1)

= 2¢(sint siny)mo (D) — 2e%(sin ¢ sin 2y)mo (0s0)
— 2¢%(sin 2t siny)mo (S cos y) + O(®||@llk),  (J.7)

whence
=0, ((1Su(32/))) (.1

= 2¢(sint cos y)mo(Dsp) — 4e*(sint cos 2y)mo (D)
— 2¢2(sin 2t cos y)mo (Do cos y) + O(E3||¢l|x).  (1.8)

Now to calculate —0y(Sq¢) note from (J.1) that

Sqp = 26Scos yp — 252Scoszy<p + O |¢l|r),
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and that, for an even function f,
Scosyf = —(siny)mof, (J.9)
Scos2yf = —2(siny)mo(f cosy) — (sin2y)mo f. (J.10)
Therefore
Sqp = —2¢e(siny)moep
+ 4 (siny)mo (¢ cosy) + 2&2(sin 2y) o + O(3 ||| |1,
and
— 0y(Sqp) = 2e(cosy)mop
— 4£?(cos y)mo(p cos y) — 4e*(cos 2y)mow + O(3||o||x).  (J.11)
Now we need to compute Su up to order e2. Recall from (1.2) and (J.2) that

§F = Saf +Sid ') + S18:(df") — dsaf"} + O(dlP)
d(y,t) = 2e(1 — cost)siny — 2e2(1 — cost) sin 2y + O(c®)
and note the following identities for even functions f of y:
Ssiny(f) = (Ssiny ) = Seosyf =0,
by (J.5) and (J.9), and hence
Ssiny (f' cosy) = 0 = Ssiny(f" siny).
Also

Ssin 2y(fl) = (Ssin ny)/ - 2Scos 2yf = 2(Sin y)’]TO(f Cos y);
by (J.6) and (J.10) and

Ssiny(f") = —mo(f cosy) by (J.5).
This leads to
Sp = —2e%(1 — cost)Ssinay’ — 262(1 — cost)? sin ySsin (") + O3] 1)
= 2 siny(cos 2t — 1)mo(p cosy) + O(3||]|r).-
From (J.1) we conclude that
S(ap) = Sp + O(®l¢llx)
and
~0,S(qp) = —0,S¢+O0(¢llk) (J.12)
= —e?cosy(cos2t — 1)mo(pcosy) + O(3|[o|]x)-

Collecting (J.8), (J.11), (J.12) gives the leading terms of G, which completes
the proof.
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K Proof of Lemma 7.1

Before establishing the Q1D properties of Sy we give a refinement of [22, Prop
7.8] on Q1D properties of integral operators of the form

T 1
Au(e,7) = /_ /0 a6, r, (G, + r(, 7, O))drdc,

in which the kernels a(¢, 7,7, {) and the function w(&, 7, () are 2w-periodic with
respect to &, 7 and (.

Proposition K.1. For some [ € N suppose that a € C' and |w||cr < M, where
1+ Djw > cl_1 for some ¢; > 0. Then, for 0<s <],

[Aulls < eo(M, er)(llallco(lulls + Nulliwllcs) + lallcs[lullo), (K.1)

and, for 0 < B+ s <1,

1Gs,pAulls < cs(M, e1){llall s (

|ulls + [l ]|

c:) + lallgsseullo},  (K.2)

Proof. Denote u(¢, 7 + rw(&,7,¢)) by v(&, 7,7,¢). For convenience, let D; =
0/0t and Dy = 0/0¢. Then, for i =1, 2,

o eanent=| [~ [ o6 rr. e ara
—\/ﬂ/Z( ) (D ale 7 O) (D) (v(eomr. ) drd|
o[ [ go||a||%j|<Di>k-f<v<5,m O rdc.

T 1
loll? = / / (e -, )2 dc.

Then, by the interpolation inequalities in the periodic-function spaces C*® and
H? and Holder’s inequality,

|| oot 2dgir < o) (3 lolles vl

k
. 2
k 1-j/k 1-j/k k
B) (D el lalles® 1ol 1 l1el 1)
§=0

2
< c(k){llallcolllv[llx + llallcx[[v]llo } -

Let
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Since w € C! and ||w||c: < M, it follows from [18, Theorem 3.1.5] that v € HJ
when v € H? for 0 < j <[ and, by Lemmas G.1 and G.2,

oIl < ¢ (llull; (1 + lwligs) + lull (1 4+ lwlles) + lullo)
< ¢ (M, er)(llull; + [lullwllcs)-

Hence

[ [ 1o naets
< e (M, e0){llalleo (lulle + el fwllos) + lallex fullo) Y

Similar analysis for the mixed derivatives leads to (K.1). To prove (K.2) we use
induction on 3, 0 < 8 < l—s. By (K.1) the result holds with 8 = 0. Assume that
it holds for some 0 < 3 < 1—s—1. It easy to check that Dy Au = D1 Aju+ Asu,
where the integral operators A; are given by

T 1
Asuly) = /_ /O @€, m Ou(C, 7+ (€, 7, O))drdC

with the kernels a1 (¢, 7,7,¢) = a(§, 7,7, {)x(&, 7,7,¢) and

ag(y,s,'r) = DQa(EaTa T, C) - D1a1(§7T7 T, C)a

where x = rDyw(14+rDyw)~t. Now, from the triangle inequality and the identity
DyA =D A; + Ay,

1Gp+1,541Aulls < (|G s(I + |D1|) " Aulls + |G s(I + |D1|) " Do Aul
< c(|GppAulls + |G pA1ulls + |Gp s A2ulls).

Now a € C!, w € C'"*limplies a; € C'~1, i = 1, 2 and therefore, by the inductive
hypothesis,
1Gs,5A:ulls < c(s, My er){ llaillos (Julls + llulllwlles) + llaills+s [[ullo }
< (s, M, e){llallsr (lulls + ull[lw]

cs) + llallessresflullo}
for 0 < §+ s <. Result (K.2) follows by induction. O

Now to establish the Q1D properties of S(gy define functions ¢ and ¢ by

Q71(§7T) = (Q(£)5 T = 6(577—))

and observe that

{H(O0Q)}(y,t) = _pv /ﬂ 0(s + do(s), t + eo(s,t))ds.

2 ), tan 3 (y — s)
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Hence, with ¢t = 7 — ¢(&, 7),

1 __pv. [T O(s+do(s),t+eo(s,t))ds
{H(OoQ)}Q™(67) = —— /_W tan 1 (o(&) — s)
__po. /” 0 ())8(¢, t+eo(o(C),t) )d¢

21 J_, tan 3 (o(€) — 0(C))

=22 (" o(¢, 4 enlol€), >)%lomsml(@(é)—9<<>>|d<-

Now t =7 — £(§, ) implies that £(£,7) = eg(0(§),t) and so

0(C, t+eo(0(C).t) ) = 0(C, 7= (&) +eo(e(C). 7 = £(€.7)) )
—0(C,7) + /01 %9(4,7 —r(0,7) = eo(0(0), 7 — (&, 7)) ) dr
—0(C,7) + /01 %9(4,7 +7(eo(0(0), 8) — €0 (0(€), ) )dr
= 0(¢.7) + (eo(e0)1) - eo(g@),t)) x
/ 0-0(¢,7 + 7 (eo(2(Q),1) — eo(e(€).1) )dr,

where
eo(0(¢),t) — eof / ——eo(o(&+ p(¢ —€)),t) dp
— (-9 / (€ + p(C — €)) Dyeolol€ + p(C — €)),1) dp
Therefore
S(oy0(&, [ K€,

+[ﬂ/0 K5(&,7,¢)0-0(C, T+r(eg(g(g),t)feo(g(f),t))drdg

= 119(55 T) + 1237'0(57 7_)7 say, where

19 o siné(@(f)—Q(O)‘
84“ sing(€—-¢)

KalE,7.0) = —5-(C ~ 0/() cot 1 (ol6) — o(0))
< [ e ac =€) dyelete+o(C = £).0)do

K1(§,¢0) =
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Since dy, and hence g, is in C™ 73 it follows, as for K in (I.1), that K is in
C™=5. Similarly, since eq is in C™~* it follows that K is in C™7°.
Now note that
12(879) =0, (Jle) + Jo0

where

76 = [ ’ /O K67, 00(C, 7+ r(e0(0(0). ) — eol0(€). 1)) drdc

T 1
16— — / / (0, Ka)(€,7.0) 0(C, 7+ (e0(e(€), ) — eo(e(€), 1)) drdc

and, with ¢t =7 — £(&, 7),

K2(§77-7 C)
147 (0reo(0(C), 1) — dreo(0(€), 1)) (1 — D-L(€, 7))

It follows that K3 € C™ %, 9, K3 € C™ 6 and

Kg(f, T, C) =

[| K1 |

oren K|

oren K|

o+ 10, K

cs—6 < e (Ms)||w|ls, b <s<m.

Note that I1, J1 and J; are examples from the class of operators A in Proposition
K.1 where w = 0 for I; and, for J; and Jo, w € C™ % is given by

w(&,7,¢) = eo(e(C), 7 = £(§,7)) — eo(e(§), T = £(§, 7).

Hence ||w||gm-1 < ¢m(My)||w||m and the kernel a of A is given by K;, K3 or
0-K3. For I1 and Jy let | = m—5, for J let [ = m—6 and appeal to Proposition
K.1 and interpolation inequalities

cg.sllwlls(llwlg+s+6l0llo + [lwlls16/101]5)
es([[wlls|10]]s+1 + [[wl]s+6[101]o)

[wllg+6l|wlls+4l 16112

<
llw||s+5l[0]1 <

to complete the proof.

L Estimates of G; in Lemma 7.2

In this Appendix we derive the estimates for Go(#) defined in Lemma 7.2. First
consider the term

g(()l)(o) =—(1+ 5(0)){358(0)9 + 5087—8(0)9} + 048(0)9.
From Lemma 7.1, estimate (6.11) for (9, and (see Remark 7.3) the fact that

lleller + [100]|er < er(Ma)||w]|145,
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we obtain, after interpolation, the inequality

1G 512,668 0115 < ep,s(Mo){||w] 517116115 + ||w]|prs7116][0}- (L.1)

It remains to estimate {(1 + ép) 2G(0 0 Q)} o Q~!, where, in the notation of
Appendix K,
(y,t) = Q&)= (a(§), T — L& ),
(577-) = Q(y7t) = (y+d0(y)7t+60(y7t))
We assume only that G is a Q1D operator of order (1, /), not necessarily the
one given in Theorem 6.9. Lemmas G.1 and G.3 with (7.10) lead, after standard
interpolation, to
(T +é0) 0@ et < a(Ms)(1+||wllia), (L.2)
100Qlls < cs(Ms)([|0]]s + [[wlls+5]11]o)- (L.3)

Now we need an estimate of G(¢) 0 Q™1
G. With £, = 0,4,

0- {071 (G(P)(1+0)) 0 Q7' = (1) (I =m)(G(p)(1+¢é0) 0 Q7
G() o Q™" = (1 = £r)m(G(p)(1 + o)) 0 0

since (1 —£;)(1+4¢é9) o Q™! = 1. Since £ is odd in T,

using the estimate of Theorem 6.9 for

07 1 —t,) = -7, = —,

T

and it follows that

07 G(p) o Q™) = (T—m) ({0, 1 (G(e) (1 +é0))} o Q71)
—4m(G(p)(1+¢€9)) oo . (L.4)

A change of variables in the integral gives that

m1(G(p) 0o Q™) =m(G(p)(1+¢0)) o0

Now we are in a position to estimate G1,(G(p) o @™1) in terms of Gy ,0G ().
First note the obvious inequality (here ¢ and ¢, are constants)

107 ulls + [[miulls < el|Groulls < (1107 ulls + [|mrulls),
which follows from the discussion of Q1D operators preceding (7.15). Next
971 (G(9) (1 +¢é0)) = (T—m)(1+ €0)d; 'G() + eomi (G(w))
— 07 (8007 G(9)) (L.5)

which follows from Lemma M.2 and the fact that 71 é9 = 0, and

m1(G(9) (1 + €0)) = m1(G(9)) — (€00} G()), (L.6)
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which follows from integration by parts since G(¢) = m1(G(p)) + 8:0; *(G(p)).
Now it follows that

[1G1,0(G(9)(L+ €0))l[s < cs(M5)([|G1,0G(0)|]s + [[w]ls+5/[G10G(9)[l0)  (L.7)
and, from Lemma G.3 and standard interpolation, (for s > 1)
1G10(G() 0 Q7NIs < es(M5)([|G10G(9)]s + [[wlls+5]|G10(G(#)l]o0)
< es(Ms)([[wlle|llls + [[w]ls+llllo), (L.8)
by Theorem 6.9.
Lemma L.1. If G is a Q1D operator on Hg, of order (1, 3) with

1G1,8G()ls < es,s(Ms)([[wl]p+6lells + [[w]lsts16llllo),
then G(p)oQ ™! is a Q1D operator on Hp, of order (841, B) with, for0 < (<2,

1Gp+1,6(G(0) 0 Q7 )Is < cg,s(Ms) (|l g+6l12lls + [wl]s+p+6l12l0),
and, for 2 < g,

1G5+1,8(G(9) © Qs < cp,s(Ms)([[wll2p+allells + [[wlls+25+4llllo)-

Proof. The lemma is already proved for § = 0, see (L.8). Let o/ = do/d§. A
differentiation of (L.4) gives

9:071(G(9) 0 Q71) =0 (I — m1) ({0,0; (g( )(1 +€0))} o Q")
—Le(G(p) (1 +é0)) 0 Q" — 'tm1 [0y (G(9) (1 + €0))] 0 0
+ i {le(T—m))(G(w) (1 +¢0)) 0 Q')
and, since 71 {l¢(m1(G(¢)(1 + €9)) 0o @™ 1)} = 0 because l¢ is odd in 7,
0:0-1(G(p) 0 Q7Y = (I—m) ({90, (G(p)(1 +¢0))} 0 Q)
)

—(I-m {55(9(90)(1+eo)) Q™'
—0'tm1[0,(G() (1 + éo))] 0 .

Also, from (L.5) and (L.6), by induction and standard interpolation,

1G1,5(G () (L + é0))lls < eg,s(Ms)([[w]lg1s+5]1G10G(#)llo
+llwllpsl|Grog(@)lls + [lwlls+5]1GrpG ()]0 + G159 ()]s),  (1.9)

and, by Theorem 6.9 and further interpolation,

1G15(G () (L + é0))lls < e,s(Ms)([|wlls+elllls + [[wllss+6ll@llo)- (L.10)

The outcome is that, when G is any Q1D operator of order (1,/) on Hhsh for
0 < B+ s < m — 6, the operator p — 9:071(G(p) o @7') is a sum of the form

>R (Gi(#)oQ7)
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where G; is a Q1D operator of order either (0,5 — 1) or (1,5) on Hj for 0 <
B+ s < m — 6, which satisfies

Gi(p) = 9,0, "(G(¢)(1+ é)) of order (0,58 — 1),
Ga(e) m1[0,(G(¢)(1+ €9))] of order (0,3 — 1),
Gs(p) = G(e)(1+¢é) of order (1,0),
[1Go,5-1G1(@)[|s +11Go,8-1G2(P)|s +11G1,8G3(0)|s < cp,s]|G1,5(G(p) (1+€0))l]s,

and the operators I?; are given by

Ry ={ri-}o(l—m), TlZQIECth_4,
Ry = {7“2-}7 ro = —g’é < Cé?iél,
R3 = (H—’]Tl)o{’f'g'}, T3:—€§ 60;?75,

in which {h -} denotes the operator of multiplication by h, and
lIrlleres 4 [rallorn + llrsller < a(Ma)lfwlli+s.
The identity
0 (rGoQ™)

= (M=m){r-} =07 {r}) (M- m) {07 (G()(1 +é0)) 0 Q'})
+ (07 = (M= m){rl- } + 071l }) m(G(p)(1 + o)) o e,

follows from (L.4) and Lemma M.2, and leads (via Lemmas G.1, G.3 and (L.7))
to the basic estimate

1G10(rG () © Q7 ls < es(M5){lIG1,0G(#)lls([[rllco + [[7llco)
+ ((lIrllce +1l7llco)llwllss + [Irlles + [17lle)l|Grog(@)llo}.  (L.11)
Now (L.10) leads immediately to the observation that
1Go,5-1G1(#)]s +[1Go,5-1G2(#)]]s + [|G1,8G3()]]s
< ¢p,s(Ms)(||[wlls+slllls + [lwlls+a+sllello)-

We then obtain that

[1G1,0G1(9)ls + [|G1,0G2(¢)|]s
[1G1,0G3(¢)]ls

cs(Ms)([[wll7[lells + lwllst7llello),

<
< es(Ms)([[wllelllls + [1wl]s+s]l#llo)-

Since '
i1, to, L€ Y, iy € O,
standard interpolation shows that

1G10R;G;() 0 Q7 ls < es(Ms)([[wllzllells + llwllss7llello) for j =1, 2, 3.
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This yields the claim of the lemma for =1

1G2,16(0) 0 Q7[5 < cs(Ms)([[wll7llells + [[wlls+7llello)-

If we now consider (9:0;1)%(G(¢) o Q71), we obtain

where

(0:07)2(G(0) 0 Q7Y =D Rju(Gju(p) o Q)
7,1

(#) = 9,0, (Gi(p)(1+¢ég)) of order (0,5 —2)
() = ml0y(G1(p)(1+éo))] of order (0,5 —2)
() = Gi(e)(1+¢ég) of order (0,58 —1)

() = 8, (Gi(p)(1+¢o)) of order (0,3 —1)
() = m(Gi(e)(1+¢ép)) of order (0,8 —1)

Ga1(p) = 0y(G2(v)(1 + ép)) of order (0,8 — 2)
Gaa(p) = Ga(p) of order (0,3 —1)
(0) = 8,07 (Gs(e)(1 + é0)) of order (0,5~ 1)
() = mldy(Gs()(1+éo))] of order (0,5 —1)
(p) = Gs(p)(1+¢ép) of order (1,0)
(¢) = 97 (Gs(¢)(1+¢0)) of order (0,0)
) = m(Gs(p)(1+¢ép)) of order (0,0)

and, in an obvious abbreviated notation, operators R;; are defined by

Roy
Ra»

Rs1
Rso
Rss
R34
Rgs

2 m—4
Rqiry € ng_él
Ryr3 € Cﬁis

/ m—>5
—Rite O
00y € ng_4
Dedtry € O 0

{RsRy-} — 0. {R3Ry -} € O °

{Rara-} — 07 Y Rara -} + 00, 'Ry € C0 0
{R3-} - 07 {RsRy-} € Cp

{0cRs -} — 0, {0 Rs - Y1 —m1) € O °
0e0; ' Ry — (1—m){l0cRs - } — 07 {10 ks - } € CF~°.
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From (L.9) for G;, (L.10) and interpolation, we obtain the estimate

1Go,5-2G11 ()]s + [|Go,8-2G12(#)[|s + [|Go,5-2G21 ()]s
+H[Go,8-1G13(9)ls + [[Go,8-1G14(9)]s + [[Go,8-1G15 ()]s
+1Go,8-1931(P)|[s + ||Go,5-1G32(0)|[s + ||G1,8G33(9)|[s
+1Go,8G34(9)|[s + [|Go,5G35 ()]s

< 5.5 {11Go,s-1(G1 () (1 + é0))lls
+[|Go,5-1(G2(9) (1 + €0))lls + |G1,5(G3(9) (1 + o))l }

< cg,s(Ms)([[wlls+sllells + [w]]s+s+6ll¢llo),

where the coefficients satisfy
[|R11llcier + || Razllorer + [[Rarllcr + (| Rasller + [[Raaller + [[Ras|| o

+ [|Razl[cr + || Raxllor + || Raz2llcr + [|Rasllcr + |[Raallor— + || Ras|[ci1
< a(My)|Jw||i45.

Let us make the following inductive assumption: for k > 2

(007 G 0@ ) = > RPGH (@) o™ (L.12)
0<j<k+1
1<I<L(k)

for some finite L(k), and on Hj,

99 Q1D of order (0,8 —k+j) for 0 < j < k
G Q1D of order (1,3) for j =k + 1,
RMWecy 7 foro<j<k  RY,ecn > forj=k+1,
with estimates
k
1Go,5-k15G57 (D)ls + 11G156 ()]s

< cg,s(Ms)([|lwllg+ellells + [[wl[s+p+6ll¢llo), (L.13)
cs < es(My)||wl|s4jtree for 0<j <k,

[

HRkH,zHCS < cs(My)|[wl|s42r+2 for j=Fk+1.

We note that the anticipated smoothness of the coefficients R( l) is not as good
as might have been expected from the cases k = 0, 1. This 1s because in each
later step we can loose two derivatives.

In the step from k to k 4 1, the term

(858:1)]%%)(9;5)(@) 0 Q1) leads to terms of the form r*+D(GHF+D (L) o Q1)
where , for 0 < j < k, either

G+ has order (0,6—k+j—1)and R+ ¢ ngfz*j*kfl
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or

G**Y has order (0,8 — k + j) and R**V e ng_Q_j_k_2,

and estimates analogous to (L.13) hold. If in (L.12), with k& + 1 instead of k we
use j' instead of 7, then in the first case ;' = j and in the second j' = j + 1.
Therefore for j = k + 1, we obtain either

GHFHD of order (0,8-1), R+ ¢ C’;E‘_Q_Qk_l

or
G *Y of order (1,3), R¥F*Y ¢ Cg’;_z_%_z,

which shows that (L.12) for k implies (L.12) for k + 1, since in the first case
j' < k+1, and in the second case j' = k + 2.
From (L.11), the estimates for Rﬁ) and the estimates for Gl,ogj(ﬁ)(go),

k
G105 (@)lls < s (Ms)([wlless—s1lells + [1wllsrnre—sl¢llo),

k
G100 s < eao(Ms)(llwllellells + [lwllsrellello),

which follows from (L.13) with § = k — j, we obtain, for k > 2, after standard
interpolation,

1Gh+16G(#) © Q7|5 < g (Ms)([[wllzr-sallells + [[wlls+26+4llollo)-

By induction on &k € {1,---, 3}, when combined with (L.3) and (L.1) this gives
the required result for Gy in Lemma 7.2. O

M Proof of Theorem 7.5

From (7.16),
0 = {1+ g+ BoH + (a1 + BrH)I; " + (an + BaH)I,* 1 (M.1)

where o, B, 7 =0, 1, 2 are functions which are doubly periodic in £ and 7 to
be determined below. We require that the a; are even in &, the §8; are odd in
&, that ag, By, ag, B2 are even in 7, and that oy, 01 are odd in 7. Let £ denote
the linear operator

L=0:r — (14 BOYHO:.
Then (7.5) is of the form
LO+ (v + IH)O-0 + aHO + Gob = g. (M.2)
Note the following commutator relations satisfied by L:
L((cv0 + BoH)O) — (o + BoM)LO = 2(cvo + SoM) 0,0

+ {0+ BoH + (14 BD)(B) — agM)}0 — (14 B)9eSa,5,0  (M.3)
where the new ¢-smoothing operator S, g, (recall S, in Lemma 6.3) is defined
by

de
Spaf < Syf +SHf +amof.
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Remark M.1. Note, from Lemma 6.5, that if p, ¢ € H™ then S, , is a Q1D
operator of order (0, 3) on Hp when 0 < 8+ s < m — 3. Moreover we have the
estimate

1Go,6Sp.aflls < Cﬂ,s{(llpllcﬁ+s+1+|Iq\Icﬁ+s+1)||f||o+(||p||cﬂ+1+||4||0ﬁ+1)||{||s})~
M.4

Since £ commutes with 97,
L((ar + BiH)O;10) — (a1 + BiH)O; LO = 2(6n + SiH)(1 — 71)0
+{(@1 4+ B H+ (14 BD) (8] — 4H)3OT0 — (14 B©)0e S0 ,,0710 (M.5)
and
L((c2 + BoH)I720) — (g + B )07 2LO = 2(cua + BoH)I 0
+ {(dg + BoH 4 (14 BO) (B — ahH) 1720 — (1 + )9 Sny 5,0720.  (M.6)

To calculate the effect of changing variables on the other terms in (M.2) we need
the following simple identity.

Lemma M.2. Forw e C, m>1 and f € Lﬁh,
07 (wf) = wd ' f + (05 'w)my f — my(wdyt f) — 07 N (@or ).
Proof. Since 9, and 97! commute,
O @O ) + 07 Hw(l = m) f} = 0:07 (Wi f) = (1—m)(wdS ' f),
and the result follows. O

This then leads to the following identities:

— (14 a0 + BoH)(y + 6H)O-0
= {Bod — (1 + ao)y — (Boy + (1 + )8)H}I-0 — BoS,60-;

—(1+ g + BoH)aHO = {Boar — (1 + ag)aH}0 — oSo,a0;

— (1 +B1H)O; (v +0H) 90 = —(an +51H){(7+5H)(1—7T1)9—(74‘57‘[)37—19

= 2m (7 + FH)(1 = m)6) + 07 (5 + 6H)0;10) }

={B16 — a1y — (b7 + a1d)H}(1 — m1)0 — 1S;,5(1 — m1)0
+ {1y = Bid + (B + ad)H}OT 0 + BiS, ;0710
+ {10 — ar¥ — (B4 + 1d)H}O; %0 — 51 S, 50720
+ (a1 + BrH){3mi (7 + OH) (1 — m0)0] + 07 H[(V + §H)9-260]};
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and

— (a1 + B1H)O- L aHO
= —(a1 + 1 H){aHI; 0+ (0; 'a)Hm 0 — m [aHO; 0] — 07 [dHOS 6]}
= {Bia — a1aH — 1800 }0; 10 + {—P1d& + a1 &H + £1S0,6 }0; 20
— (a1 + BiH) {07 'aHm 0 — 2m [aHO[ ' 0] + O [HO 6]}

Similar repeated applications of the formula in Lemma M.2 yields

— (g + BoH)O-2 (v + 0H) 0,0
= —(az + B H){(y + 0H)O; 10 — mi[(y + 6H)D; 1]
— 2071 (4 4 0H)O710 4 072((5 + oH)O- 0]}
= {826 — a2y — (B2y + a20)H}I7 'O — 28, 50710
+ 2{azy — B2b + (B2 + 20)H}D; 0 + 26,8, ;0720
+(ao+BH){3m [(v+6H); 0] - 307 [(5+0H)0; 0]+ 072 [(F + §H)9; 260,

and

— (g + BoH)O2aHO = —(ag + BoH){(1 — m1)[aHO 20
— 207 M[aHO7 0] + 07 2 [aHm 0 + GHO;20)}
= {Bora — apa’H}O %0 — 6280’(187—29
+ (g + BoH){m [ HOZ20) — O 2aHm, 0
+ 207 HaHO-20] — 07 2[aHOS 0]}

Now the object is to find coefficients in formula (M.1) and a constant ()
which ensure that, in the resulting expression for £ — £(99, the coefficients of
0,0, 0, 0710 are zero when 0 satisfies (M.2). The commutator relations (M.3),
(M.5), (M.6), followed by a substitution for £6 from (M.2) with the identities
displayed above, now leads to the following system for the unknown functions

Oéj, ﬂjj:(), ]., 2:

200 — (1+ag)y+ fod = 0,
260 — Boy— 1+ ap)d = 0,

26 — a1y + 16 + do + (1 + 8O3 — (1 + ag)s® + foa = 0,
261 — By — a1d + B — (L + BD)ag — Bor!® — (1+ ag)a = 0,
26ty — oy + Bab + iy + (14 B — k@ + Bra+ oy — 56 = 0,
2By — By — a2 + 1 — (1 4+ BN} — 160 — o+ f17 + a6 = 0.
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Introducing the complex functions Z; defined by
Zo=1+ag+ifo, Z1=oa1+ib1, Zz=az+ifs,

the above linear system becomes

270 — (y+1i6)Zy = 0, (M.7)

27y — (v +i0)Z1 + Zo —i(1 + BN Z, — (59 4 i) Zy = 0, (M.8)
275 — (v +1i60)Zy + Zy —i(1 + B Z) — (6 +i0)Zy + (5 +id)Z1 = 0.

(M.9)

The solution of (M.7) is

Zo(&,7) = Go(§ex I D& ands

where '
Co(6) = po(g)ezwo(ﬁ)
is, so far, arbitrary in the space C’gg%’ee + ngg%’oe, because v and § are odd
in 7. It is easy to check that
Zo —i(1+ B Z) — (k9 +ia)Zy = (by + ib2) Zo (M.10)

where
1 .1
bi+iby = (3 +1id) + (v + i6)? — (k9 +ia)

: - ,
- 5(1+5) / (7' (€ 8) + 10 (€, 8))ds — i(1 + B) (p‘) + wé) :
0 Po
To solve (M.8) and (M.9) we use the variation of constants method. Let

Zv=ViZo, 7o =VaZy. (M.11)

When this is substituted in (M.8), (M.10) implies that
y 1 . m—6,ee . ~vm—6,0€e
Vi = —§(b1 + ’ng) c Chh + ZCuh s (M12)

and, if there is to be a periodic solution V; (&, 7), then the following compatibility

condition must hold: -

(bl + ibg)dT =0.

—T

This condition implies that
po 1 " ,
— +Z¢O - _785 (’7(678) +26(§78))d8d7—
0 47T —xJo
i 1

P
_ m /TF (4(7 + 25)2 _ (K(O) + za)) dr (M]_?))

—T
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and determines pg(€¢) and 1o(€), respectively in C'hm_5’e and C’;"_E”o, up to a
scalar multiplier of pg, provided the average in £ of the right hand side is 0. The
oddness in £ of a and ¢, with the evenness of 7 leads to a single condition

1 M1
(0 _ _* L2 52
K s [W [W 4(7 0%)drd¢

which determines x(°). Then (M.13), fixing po(0) = 1, yields

9
Yo(§) = 1+50) /ds/(SQ —i—fﬁ))STdT——/dT/(Sf,
0
3 ™ b T
po(§) :exp{wliﬁ(o))/ds/(—a—l—?)(s,ﬂdr— ﬁ/dr/w(f,s)ds},
A )

whence Z, € C’m See 4 zC’m 59¢ and

Zen) = —52l6n) [ (b i)(e s)ds € OO a0 o

To deal with the substitution of (M.11) in (M.9) note first that, since Z; = V1 Zp,
(M.10) and (M.12) give

Zy —i(1+ BNZ — (k9 +ia)Zy + (5 +id) Z1 = (b + ibs) Zo
by +iby = 0, [Vi(y +1i0) — V2 + VA] —i(1 + SOV € Cp ™70 iy~

In the light of (M.7), (M.9) gives that Vo = —(bs + ibs)/2 and, because of the
form of b3 + iby, compatibility conditions are not needed to solve for Zs:

1 T
Z2(8,7) = —520(&, T)/ (bs +iba) (&, 8)ds € Cpp ™" +iCy 70,
0
The coefficient of 9-26 in the expression for £ — k(©9 is Ao + A\;H where
Xo+id = Zy —i(1+ BO)Z5 — (5 + i) Zo
+2(§ +1i0)Zo — (5 +10)Z1 +iaZy € Co~ See 4 iy 8,0e

We can show the following

Lemma M.3. The coefficients a;, B;, j = 0,1,2 and Ao, A1 satisfy the following
estimates

llawllcs + [1Bolles + lléolles +11Bolles < es(Ms)|lwl|s4s
laalles + [|Bulles + lléalles + [|Billes < es(Ms)||wllsre  (M.14)
llozllos + [1B2llcs + ll6zllos + [1Balles < cs(Ms)l[wl]sqr

[[Molles +[[Ailles < es(Ms)[|wl]sts-
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Proof. From Remark 7.3, the estimate (7.9) for 3(9), and the formula (7.19) for
%) we deduce that

[lpo = Ules + llvholles < es(Ms)l[w]]s+s,

then the formula for Zy and (M.7) for Z, lead to the first estimate in (M.14).
Now the formula for b + ibs and (M.12) with (M.11) gives the second line of
(M.14). Then the formulas for b3 4 ibs and for Z,, and (M.9) lead to the third
line of (M.14). The formula for Ag + A1 then gives the last line of (M.14). O

Finally, to derive the equation satisfied by ¥ we need to invert (M.1). Since
all the coefficients in P! are in C™~7, it follows from (7.16) that

P=1+> (—1)"{ag+ BoH + (a1 + f1H), ' + (an + B M), }"

n>1

defines a bounded linear operator on H® for s < m — 7 which is close to the

identity for € small enough when w = wéNO) +eNoy, Ny > 2, since the coefficients
are O(e). Let

V) = —{l+ao+BoH+ (a1 +BiH)I; " + (a2 + B2H)D, >} Go(PY)
—B0{Sy,60r + 80,0} PV — B2{S, 607" + S0,00; % — 28, ;072 }PY
—B1{Sys(1—m) =S, 07" + 8 5072 + So,007 " — 80,6072} PY
~(1 4 B0 S50 PO + Sy 5,05 " PO + Sa, 5,05 2P0}
—{2(61 + BiH) + £18 — a1y — (Biy + a6y H}m PY

(a1 + 517'(){3771[(7 + 6H) (1 — 1)) — 07 HaHO- ] +
+om oM ] + 07 (F + FH)a-2] — 6;1aH7r1}7)19
+(as + ﬂzH){?m (v 4+ 0H)O7 1] — 307 [(5 + dH)O7 2] +

+072(F + §H)OZ? - +miaHOT2) — 7 2aHm +
+207 [aHO 2] — 6;2[[)27-(8;2.]}7)19’

We have the following

Lemma M.4. The linear operator V can be decomposed as follows

V=Vi+Va+ Vs
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where, for <3 and 0 < s+20<m—38

1Gs12,8V1 ()]s < cp.s(M7)(|[wl]s+28+8]9llo + [[w]|25+s[[9]]s),
for3>3 and 0 <s+38<m—25, (m>14)

1Gp12,8V1 ()]s < cp.s(Mr)(|[wl]s+3p+5]9llo + [[w]las+5]19]]s),
forany 3>0and0<B+s<m-—38

1Go.5-1Va(I)lls < ca.s(M7)(l[wlls4p48l[0]l0 + [[w]|s1s]|9]]5),
and for 0 < s <m—10
102V5(9)[]s < eg,s(Mr)(|[w][s410]19][0 + [Jwlhol[2]ls)-

Proof. First, from (M.14) and the formula for the operator P,

1PI]ls < es(Ma) (1 + [[wl|2)[[9]ls + [[wl]s+7[[9]]o)-

(M.15)

(M.16)

(M.17)

(M.18)

(M.19)

Consider now the first line V11(¥) of the above expression for V(). This is a
“product” of factors C;EZ*? (or their 7-derivatives) and Q1D operators of order
(6 + 2,0). Operating with 07 P*? transforms this (see Lemma M.2) into a
sum of “products” of factors C;gfs*ﬁ and Q1D operators of orders (0, 3). Then
applying 8? leads to a sum of “products” of factors r; € ng —8-6-1 and Q1D
operators G; o P of orders (0,1). More precisely we have, recall from (7.16) that

0 = P,
1Gss2,5V11 D)l < cps > (IIrilles11Gi(0)]lo + [I7illcol |G (0)]]5)
l
1G(O)ls < cpsllGp-ir2,5-190(0)]]s
lrilles < es(Ms)(1+ [|wl|s+8+5+1),

which, because of Lemma 7.2 and standard interpolation inequalities, gives,

G125V (0)lls < cp,s(Mr)([[w]ls42p+810ll0 + l|wll2p+5101]]5),
1Gs12,8V11(0)lls < cp,s(Mr)([[wlls43+510ll0 + lwllsp+5101]5),

This, with (M.19) gives

G s12,6V11(I)lls < cp,s(Mr)([[w]|sr248]10]0 + [lwll2p+8][91s),
1Gs12,8V11(I)lls < cp,s(Mr)([[w]|s43p+45]10]0 + [lwllzp+5][91s),

B <3,
=3

p <3,
g = 3.

Consider now the first term Vi2(¥) = —3,S,,50- PV in the second line of the
above expression for V(9), where §y satisfies (M.14), P19 satisfies (M.19) and

Sy 50y = 0;8y5 — i 5

¥s
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satisfies, by Remarks 7.3 and M.1,
|G1,655,50-0l|s 1Go,885.501s + 1Go,sS, 501l

cg,s(Ma)(|lwllg+s+7[10llo + [[wlls17(10]])-

IAINA

Similarly

1G1V12(D)]s < cp,s(M7)([[wlls+s+6[9llo + [[wl]s+6][9]]5)-

With Vi (9) = Vi1 (9) + Vi2(9) we obtain estimates (M.15) and (M.16) and V; is
of order (3 + 2, ﬁ)onHS,O<s+2ﬂ<m 8, if <3, 0or0<s+38<m—5,
if 8>3 (m > 14). (Recall that a Q1D operator of order (1, ) is also of order
(B+2,06).)

Now, in the above expression for V(¥), let Va1 (¥9) denote the second line
except Vi2(¥), and the third line. This is a sum of “products” of factors r; €
C;’;J by Q1D operators G; o P of order (0, 3) with, by (M.4), Remark 7.3 and
(M.14),

1GosGiO)ls < ca,s(Ma)([[w]lrs+8ll0ll0 + [l g+810]]5),
| < cps(Ms)([[w]]syr-

Then, from (M.19) and standard interpolation,

1Go,8Va1 ()]s < cp,s(M7)([[wllgrs+s[Pllo + [Jwll1s][9]]5)-

The fourth line, denoted by Vaa(¥), of the expression for V(19), is estimated in
the same way and the result is that

[|1Go,p-1Vazlls < e, (M7)([[w]|g+s+8ll9]lo + [lw]]g+s]|9]]s)-

Therefore Va1 4+ Vaz = Va(19), defines a Q1D operator of order (0,5 —1) on H,
0 < 8+ s < m — 8 which satisfies the estimate (M.17).

The last three lines of the above expression for V(1) give an operator V3 with
the property that 92V5 is bounded in Hg,, 0 <s<m—10 and, from Remark
7.3, (M.14) and (M.19), we obtain the estimate (M.18) of the lemma. O

The equation satisfied by ¢ is then of the form
Drr) — (14 BOYHID — 609 = (N + MH)IZ2PY + V(9) + h

with
h={1+4ag+ BoH + (a1 + BrH)I;" + (aa + BaH)D Y.

Now suppose that w = w( )N > 2, is an approximate solution of F(w,1 +
€?/4) = 0. The coefficient H(O) can be estimated as follows. Since

1 s T
KO = / (2 — 62)drde

_ 1+ﬁ0)2/2 o 2 .
- 167‘(‘2/ / { 1+ d)? ((1+e'0)2> }OQ dédr
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we can use the Jacobian (1 4 dj)(1 + ég) of the map (y,t) — (&, 7) to obtain

0) 2 2 ; 2
L0 — / / (1+ BO)2e2(1 4 ) ) (1+.d(]) dydt
1672 ) ) . (1+ d’) (1+¢€p)3
—(1+ )2 (1+€o) o2 €0’
= — & 7 = . M.2
T672 /_ /_ﬂ T+ dy) o (M.20)

It follows that x(©) = O(g*) and, since e} = O(e?), €y = 2sin2t + O(&?),
g =14 O(e), we obtain

0) _
K 8+O( 5.

Then successively, we have (the time average of —y2 being O(g%))

¢0(§) = 0(53)a
po(€) = exp{2e(cosé —1) +e%(3/4 — cos26) + O(e®)}
bi(&,7) = e%cos2r + O(e?),
b2(£a7—) = 0(63)’
ao(€,7) = 2e(cosé —1)+e2(4 — icos 27 —4cosé) + O(e%),
ﬂO(faT) = O(Eg)a
a(§7) = *§81n27+0(€3), Bi€,7) = O(e?),
b3(&,7) = €’sin27 + O(%), ba(§, ) = O(?),
as(é, 1) = —%(1—COSQT)+O(€3), Ba(&,7) = O(e3),
M€, 1) = —e2cos2m+0(%), M(&7) = 0(e3),

PY =19+ 2¢(1 — cos )9 + O(%(|9]]).

Then, since

Sorf = OE|IfI]), Sanf =OE|If])

Saof = (26 —4e)Scoscf + OE||f]))
we have

VW) = —eGo(9)+ 2€2g01(COS &) — 2¢2 (cos€)Go1(9) +
—£°Goa(0) — (26 — 46%)0eScos ¢ (PY) — 201 w19 + O(%(|9]]).
Hence
V=V 4+ 293 4 0(?)

with

VD (9) = —2(sin 7 cos &) mo (0, 0)
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V@ (19) = (cos 27)m19 + 2(sin 27 cos &) mo (910 cos &)
+ cos&(1 + cos 27)mo (¥ cos ).

From the above asymptotic expansions, we can infer the following estimates for
the coeflicients «;, 85, =0, 1, 2 and Ag, A1, when w = w,gN") +eNoy, Ny >2:

laolles + llBolles + lldollos + [1Bollos < ees(Ms)(1+ [Jullss),
lealles + [Billes +llanlles +[1Billos < e2es(Ms) (1 + [Jullsts),  (M.21)
cs + 162 s+ IBelles < e%es(Ms)(1+ [[ullss7),

( )

oo+ [|Ailles < ees(Ms)(1+ [|ul|s4s)-

Cs+||d2‘
I2Y]

||z

The estimates for V; follow directly from (M.15), (M.16), (M.17), (M.18) and
the above asymptotic expansions. This ends the proof of the Theorem 7.5.

N A Nash-Moser Theorem with a Parameter

Let (Es,| - ||s) and (Fs, |- |s) denote two scales of Banach spaces parametrized
by s € Ng = NU{0}. Suppose that for ¢ < s there exist c(t, s) such that

@) [l < et sl - llss |- le < ety s)] - I
(ii) For A € [0,1] with Xt + (1 — A)s € N,
I xesa=ns < eI 172 T Ivramns < et s)l- 17

(ili) There exists a family of smoothing operators S, defined over the first scale
such that for p > 0 and ¢ < s,

ISpulle < c(t, s)llulls, — ISpulls < e(t, s)p" " ulle,

[Spu — ulle < et, s)o° " |Julls,
©

and, if € — p(e) is a smooth, increasing, convex function on [0, 00) with
©(0) = 0, then, for 0 < g1 < &9,

1(Sp(er) = Spea))ulls < clt, s)ler — e2lp’ (e2)p(e1) ™ ulle-

Remark N.1. In the standing-wave problem the Banach spaces F,, F are
s,ee

closed subspaces of the Sobolev spaces Hy;" (defined following (4.3)) and consist
of functions of the form

_ - —im&—inT
u = E TmneME
m#n?
(m,n)€z?

with norm
Jull? = Jul® = 37 (m + 02) it
nez?
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A smoothing operator with the required properties is defined by

Spu = Z g(@‘n|)ﬁmne_img_m7»
m#n?

(m,n)€Z?

where ¢ : RT — RT is a smooth function which equals 1 on [0,1] and 0 on
[2,00).

Consider a family of operators ®(-,¢), depending on a small parameter € €
[0,&0], which map a neighborhood of 0 in E, into F,. Suppose that there exist

USPST—I, UapaTEN()v

and, for all | € Ny, numbers ¢(I) > 0 and (1) € (0,g0] with the following
properties for all u, v, u;, v; € B and €, g; € [0,g9], i = 1, 2, where B = {u €
E, : ||lu|l- < Ry} for some Ry > 0:

(A) The operator ® : B x [0,e0] — F), is twice continuously differentiable,
@ (u, €)|p+1 < (1) (1 + [[ullry1) (N.1a)
and, for u, v € E,4y, € € [0,¢(1)],
‘D(U,U,E)|p+l
< Q)L+ f[ullsr + Pl llu = 0lIF + e@lw = vl lu = ol (N.1b)

where
D(u,v,e) = ®(u,e) — ®(v,e) — D) (v,€)(u — v).

Moreover,

\D(ul,vl,al) - D(U2,7)2a52)|p

<c(ler —eal + llur —ualr + lor — vallr) ([lur = v1llr + llug — val,).
(N.1c)

(B) There exists a family of bounded linear operators A(u,e) : E, — F),
depending on (u,e) € B x [0, &q], with

[A(u, e)v], < cO)||v|lr, veE, (N.1d)

that approximates the Fréchet derivative ®/, as follows. For u € E, ;N B,
e €[0,e(l)] and v € Epqy,

[A(u, e)v = @, (u, €)0] o < (D)1 + [Jullr) 2w, €)1 [[0]]
+e(DI®(w, &) |rtil[vllr + e(D)|@(u, )| [|v]lr41. (N-1le)
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(C) When u; € B NE.4, € € [O,E(l)], 1 =1,2,

|P(u1,e1) — P(uz,€2)|pti
< e(O)(L+ fun o + luzllese) (ler — el + [fur = uz|l.)
+c(D)|Jlur — ua|lp4, (N.If)

(@, (u1,61) — @, (u2,€2))0] o4 + |[(A(ur,€1) — Alug, €2))v|p1r <
C(Z)( lur — uzllrsr + (ler — 2| + [Jur — uz|lr) ([Jur 41 + ||U2||r+l)) llvll
+ (|€1 —ea| + |Jur — U2||r)||11Hr+17 (N.1g)

A set £ C [0,00) is dense at 0 if l_i{r})w =1

(D) If a set £ C [0,e(!)] is dense at 0 and a mapping v : € — BN E,4; is
Lipschitz in the sense that for €1, g5 € &,

lv(e1) — v(ea)|l» < Cler — 2] where C = C(v), constant,

then there is a set £(v) C &£, which is also dense at 0, such that, for any
e € E(v) and f € F,4y, the equation A(v(e),e)v = f has a unique solution
satisfying

[ollp—o41 < €72 (|f o1 + [1V(E)lrtal f1p)- (N.1h)

(E) Suppose that vy : &g — BN E,1; and mappings vy, : ﬁf;olc‘f(yi) — BNE,1y
satisfy, for a constant C' independent of k € N sufficiently large,

[vk(e1) = vi(e2)]lr < Cler —eal, &1, 82 € NSZE(wy),
vis1(8) ~ (@l < 5, = € kg 5).
Then N32,E(v;) is dense at 0, where the sets £(v;) are defined in (D).
Theorem N.2. Suppose (A)—(E) hold and, for N € N with N > 2, the equation
®(u,e) =0, €€][0,¢e], (N.2)
has an approximate solution u = u,gN) € Ngeny Es, with, for a constant k(N,s),

lulls < KN, s)e, @ (e, ul™)]s < BN, 5)[e[M! (N.3)

and
4 — uM]|; < k(N s)|e1 — eal. (N.4)

Then there is a set £, which is dense at 0, and a family
{u=v(e):e €&} CE,

of solutions to (N.2) with ||v(e1) — v(e2)||r < cler — ea| for some constant c.
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Proof. Let d =r+4 0 — p > 1 and fix integers a > 2(r — p) + 1 and b > d such

that y
b(z—”_”>>3d+2g, a>3(d+b+20)+4, (N.5)
a
2y a 30
G -d=6d Szb+3die bx12d+ T (N.6)
where

v=b(1—%)—r+p.

Choose N € N, a constant R and ¢¢ € (0,e(a + 7)] (o smaller than before if
necessary ), such that the approximate solution ul) satisfies, for €, ; € [0,¢e0],

[l o < R/2, (Ul €)|pra < €122, (N.7a)

g

[l — w4, <271 R|ey — &g (N.7b)

€1
Using (D) we now define sequences of E,-valued functions, {vt}, {vx}, and
real-valued functions {pg}, each function being defined on a subset of [0, &¢], as

follows. Let po(e) = € and vy(e) = uM ee €= [0, e0], and then, recursively,

Pr+1(€) Zm(a)g/Q = S(B/Q)k, k € Ny, (N.8a)
A(vg(e),e)vk(e) = — ®(vr(e), ), €€ ﬂ?zoﬁ(vj), (N.8b)
Vit1(g) =vi(e) + Spp i o) Uk (E), €€ ﬂfzoé'(uj). (N.8c)

The proof, that {vk(¢)} converges in E, to a solution u = v(g) of ®(u,e) = 0 for
all € in a set which is dense at zero, needs estimates on this iteration process.
For simplicity with notation we write ui, vi, AL, ®¢ Si and <I>§€/ instead of
vk(€i), vk(ei), Mvr(ei), i), P(vr(ei),€i)y Spp(e) and @ (vi(eq),€5), for k € N
and 7 = 1, 2. In this notation, for ¢; € My, := ﬂ?zog(uj) C [0,e0] and i =1, 2,

Zv;’; = —‘I’Z, u2+1 = U;c + S,iﬂv};. (N.9)
The following lemmas deal with €1, e5 € [0, 0] separately when ¢; < £5/2 and
€9 > €1 > £2/2. The latter is the more difficult and we begin with it.

Lemma N.3. The interval (0,g0] can be chosen, smaller if necessary but de-
pending only on R, a, b, r, p and o, such that if €1, €9 € My_1 N (0,e0] and
€1 € [e2/2, 9] satisfy

lu—1 = up_yllr < Rler — eal, (N.10a)
lup—1 — U llrta < Rpp—1(e1)" |1 — £2l, (N.10b)
[uf—sllr < R, (N.10¢c)
tf 1 llra < or—1(e0) ™%, (N.10d)

s 41y < pro1(es)’eieT <1, (N.10e)
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for some k € N, then
[k = ur—1) = (uf = ui_1)llr < pr(e2)er — eal, (N.11)
Cur, = wi—1) = (uf = uZ_1)llrra < prl(e2)™ *ler — e2l. (N.12)

Proof. In what follows ¢ represents different constants, which depend only on
R, a, b, 7, p and 0. We first observe that

O — @ =(Aj_y — AZ_1)(SE = Dvi_y + Af_ 1 (S7 = D(vp_y — viy)
! !
+ (@ = Aoy) — (@)~ AZ)) St
/ !/
+ (Phor — A1) Sk (vt — vi_1) + 4y (S — SPvis
+ D(ullm ullc—lv 51) - D(uia uﬁ—h 52)'
Hypotheses (N.10a), (N.10c), and (N.1g) with [ = 0, show that
[(Ak—y = AR (SE = D)vialp < clex — e 105 = D)vi_ I
and (N.1d) implies that
[Ak1(Sk = V(w1 = vi_)lp < cll(SF = Dvi—y = vi 1) -
Now (N.1g) with [ =0, and (N.10a) and (N.10c), yield
i li
(@ = Ak = (@3 = AR ) SRRy < cler — el SRR,
and (N.le) with [ = 0, with (N.10c), gives
!
(@)1 — Ap1))Si(vi—1 — U2—1)|p < | @yl [1SE (vR—1 — vy -
By (A), /
|@h—1 (Sk = Si)vi—alp < cll(Sk = S)vi—allr
and (N.1c) and (N.9) imply that
|D(ullc7 ullcfh 51) - D(uiv uifh 52)|P
< e(ler — eaf + lJugy — wi—alle + llug = w@ll) (Skvi—1ll + 1S5vE_1]17)-
Using the identity
Up — Uj, = Uy — Up_y + Spvi_1 — Sivie_s
=y — up_y + S(vp_y — V1) + (S — SPvi,

and (N.10a), we obtain

|D(uj uk_1,€1) = D(uf, ui_y,€2)lp < cler —ea| D 1Skvka s

i=1,2
+ellSEwho1 — v Dl Y I1Skvk I
i=1,2
+ell(SE=SDveille D ISivi_allr-
i=1,2
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Therefore .
@}~ 9], <> (N.13)
i=1
where
Q1 = [er — ea| I(S7 — Dvi_lr,
Q2 = [I(S§ = D (vi—y — vi_1)llr,
Qs = le1 — &2l[|1Shvi 1 lIr,s
Q4= |‘I’11c71|r||513(111%71 - Ulifl)HTv

Qs = lex —eal > [1Sivi—llr,

i=1,2
Qs =117 (vi_y — 2 Dllr > IS0kl
i=1,2
Q7 =1(Sk = SDvkallr Y (ISkvk o llr +1).
i=1,2

Now we estimate the );, one at a time. Recall that d = r 4+ o — p. It follows
from (iii), the properties of smoothing operators, that

1657 = Vi1 llr < cor(e2)*vi 1l p—o+a-

Then, from estimate (N.1h) for solutions of equation A7 jvZ | = —®% | (N.la)
with [ = a and (N.10d), we find that

[ 1llp=+a < ce3 *(lug_1llr+al R 1]y + 1PE_1p+a)

ey (1 [lug yllrva) < ey Ppr-1(e2) ™"

Hence
Q1 <cle1 — 62|€2_Q@k(€2)a_d@k—1(52)_a- (N.14)
Estimation of @ is much more delicate. From (N.9),
N1 (o = vio1) = (Afoy = Ao y)viy + (PR — ®_y), (N.15)

and hence, by estimate (N.1h) from (D),
[vk—1 = Vi1l p—ora—d
< e { (1A -y = A2 )0Rlprama + 194y — BF_lpraa)
(1A = AR vl + 194y = DF_aly) luh i lrva-a .

From (N.10a), (N.10c), and (N.1g) with I = 0, it follows since, by (A), ® is
continuously differentiable, that

|®11€71 - <I’i71|p < cler — ez,

|(Allc—1 - Ai—l)”i—ﬂp <cler - 52|H”1§—1”r-
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This shows that

[ Ulil”pfcwafd
< eer?{ |y = AR lprama + [y = OFilpra-a )
+eey fler — el (14 v 1) luk—allr+a—a-
From (N.1f) with [ = a, (N.10a) and (N.10d),

[Ph1 = PR1lpra—a < cl®h g = PR ylpra < cproi(e1) ler — el
which, since ||uj_;llrta—a < lup_qllrta < cor—1(e1)™% by (i) and (N.10d),
implies

[ v,%71||p,g+a,d <cer | (Ajoy - Az71)vl€71|p+afd
+ e %pr-1(e1) " |er — el {1 + [Jvp_y[l-}.  (N.16)
Next, from the interpolation inequality in (ii), we obtain

1—-d d
[yl < el =8 oy 12 -

Since A7 ;v , =—®2 |, (N.1h), (N.10c), (N.10e) and [ = a in (N.1a) yield
1Ryl < ey °1®F 11~ (19F_1lpra + 1k _y llrra)
< esy 0y Y (U ukoy )
Therefore, by (N.10d) and (N.10e),
Ryl < ey 1@F 1]~ “pr1(e2) ™7
< C€§+1—d(2p+1)/apk_1(52)bpk_1(€2)7d(1+b/a) <e, (Nl?)

because the first inequality in (N.5) implies that b > d(1+ b/a), and the second
implies that a > 2d > d(2p+1)/(p + 1). Now (N.16) and (N.17) imply that

[og—1 — Ul%—l”p—a-&-a—d <eey (Ao — Ai—l)”2—1|p+a—d
+cer lpr-1(e1)"%er — 2] (N.18)
Also (N.1g) with | = a — d and (N.10a) imply that
|(A11c—1 - Ai—1)vi—1|p+a—d

<c (”ullc—l - ui71||r+a7d + |El - 52|(||u1Hr+afd + ||u2||r+a7d)) ”Uli—l”r

T eler — ealllo? s levaa:
Therefore, from (N.17), (N.10b) and (N.10d), it follows that

|(Aj—y — AR )VR_1lpra—a < cler — el (pr-1(1) " + [[0R_1 lrta—d)-
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Sincer +a—d=p—o+aand A} jvi | =—P? | we also have
10kt lr+a-d < e25 (105 1 |pra + U1 lIr4al ®E 1 o)
< cgy *(L+ [ug s llrsa) < c25 pro1(e2) ™
This, with (N.18) and the fact that €1 < &9, gives
op_1 = V31 llp—oraa < ce1 2ler — e2lpr—1(e1) ™%

Since d = r — p 4 o, the expression for () yields the estimate
Q2 < C@k(€2)a72d||vli—1 - Ui—l”p—o-‘ra—d
< 061_29|51 — ealpr(e2) 2 pop_1(e1) 7% (N.19)
To estimate ()3, note from (iii), (N.10c) and (N.1h), that
1S2vR-1llr < cpr(ea) ™R _1llp—o < ey prlea) PR 11, (N.20)
and hence, from (N.10e), that
Qs < cg§ o1 — ealpr—1(22) pr(e2) ™% (N.21)
To estimate ()4, note that
HSIE(’UI%—l — vl < cm(ez)’dllvﬁ_l - Ué—l”ﬂ—ff'

Therefore an appeal to (N.1h), for solutions of equation (N.15) with [ = 0,
(N.10c) and (N.17), followed by an appeal to (N.1g) with [ = 0 and (N.10c),
yields

15207 — okl
< C@k(52)_d51_9{|(Ai71 — A1) alp + 1@k — ‘Pi,ﬂp}
< =1 %pn(e2) " len — eallv ol + 104 — BF )} (N.22)
But (N.17) and (N.1f) with | = 0 implies that
|4y — D71l < cler — ea] + cllup_y — uf_ullr < cler — o,

and hence
ISR (vR -1 = vk_1)llr < cer *prlea) ler — eal. (N.23)
On the other hand, from the interpolation inequality (iii) and (N.la),

T r—p

1 1 1= a1 2P 1 1=-2f 1
1P_1lr <c|Pp_ilp * | Ppoilpfa S ePhoalp * M+ lJup_gllrda) =

which, because of (N.10d) and (N.10e), gives

_ 1-r=2
@51l < cpro1(en) PPl

< C5§2Q+1)(17 T;p)m—l(é‘l)b(k e, (N.24)
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Combining this with (N.23) and the fact that 5&204_1)(1_7:9)_9 < 1, we arrive

at the estimate

_ T —
Qu < cler — ealpr1(e1) pr(e2)~? where = b(1 — T”) —r+p. (N.25)

For Q5 and Qg, note, from (iii), (N.9) and (N.1h), (N.10e) and (N.6), that

I1Skvk—1 1l < cor(en) vi_1llo—o < cei ®or(e) ~I1Ph_1l,

< cpr-1(e) PP pra(ei)’ef T < e (N.26)
Therefore
Qs <cler —ea| Y prlen) Ypr-1(e:)". (N.27)
i=1,2
Similarly (N.23) and (N.26) imply that
Qo < cey ®ler — ealpr(e2) ¢ Z or(ed) Yor-1(e:)" (N.28)
i=1,2

Finally, from (N.26), the last paragraph of (iii) and (N.10e),
Qr < cll(S = SR)vi—allr
< cler — ealpi(e2)or(en) i1 llo—o
< cey ler — e2lph(e2)pr(e1) T RA_ 4,
< et ey — ealp(e2)pr(en)"
Since @} (e2) = €5 (3/2)Fpr(e2) and &, < €9, We obtain

Q7 < cefler — ealpr(e1)? ™ 1(3/2) i (ea). (N.29)

We now collect the estimates (N.14), (N.19), (N.21), (N.25), (N.27), (N.28) and
(N.29) for the quantities Q;. Recall that 1 € [e2/2,e5] C [0,&0]. Then g9 > 0
can be chosen sufficiently small that

Qi <cley —ealqi, i=1,..,7,

where, since pg41(e;) = pr(e:)3/? = 553/2)k and 2b > 3d,

a—d—p a

pr—1(g2)"%,

a—3d—p a

01 = €5 %pk(e2)" pr_1(e2) 7 < cpr(ea)
@2 = €7 “pn(e2)" " pr_1(e1) ™" < cpr(ea) Pr—1(g2)""
3 = 5 pr1(e2) pr(e2) ™ < cpr1(e2)’pr(e2) ™%,
a1 = pr—1(c1)"pr(e2) "% < pr_1(e2) pr(e2) 74

d

95 = Z (1) " or-1(e:)" < cor(e2) Ypr-1(e2)’,

i=1,2

g6 = c=1 pr(e2) ™" Y pr(en) " or-1(e)" < cprlea) 2 Cpr1 ()",
i=1,2

a7 = efpr(e1)’ ™71 (3/2)  pr(e2) < cprle2)""(3/2)" < cprr(e2)" "

b
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Therefore, from (N.13) and the definition of -,

7
B — BF, <cY Qi <cler — 52|(pk(€2)a_3d_gm—1(52)_a

=1
or(e2) " pr-1(e2)” + m(ﬁz)*zd*gma(sz)b)
= cler — e2f(pr(e2) 57270 + pr(e2) T4 + m(€2)%_2d_0)
< cler — g2 (pr(e2) I3 + pp(e2) T 7270),
Since, by (N.6),

2 2
%—d26d, %—3d—g2b26d, §—2d26d+g

we conclude that g > 0 can be chosen such that
(@), — D7, < crler — ealpr(ea)®, (N.30)

where c¢; depends only on R, a, b, r, g, p and o.
Recall, from (N.9), that

(ullc - ullg—l) - (Ui - Ui—l) = Slivli—l - Sl%”l%—l
= Si(vi_1 —vi_1) + (SE = SP)vp_,- (N.31)

Let ¢ € {0,1}. Then property (iii) of smoothing operators, with (N.17), (N.22)
and (N.30), yields

ISR = vk llrtia < cpr(e2) ™ oR s = vk llpo
< cpn(e2) e | (AFLy — Al + 1@Fy — 9F_, )
< epn(e2) e { o1 — ealllvioa e + 104y — @F 1, }
< dle1 — ealpr(ea) " er?{ iyl + crpn(e2)™ }

< cler — E2|m(62)—La—cl81—g{qut141(2@+1)/am71(Ez)b—d(ub)/a + m(gz)sd}.

Since o +1 —d(20+ 1)/a > 0, taking ¢ € {0, 1} gives, when €9 > 0 has been
chosen sufficiently small,

152 (R _1 = vk_1)llr < eler — eal(pr(e2) ¥ 2 + prlea)™?), (N.32)
1S3 (W7 _1 = vh_1)llrta < cler — ealor(e2) ""(pr(e2) T 72 + pr(e2)?). (N.33)
Also, from the last part of (iii), (N.1h), (N.10c) and (N.10e), we have
1Sk = SR)k—tllr+ia < cler — e2lpl(e2)pr(e) ™™ vioyllp—o
< ceq Cler — ealpi(e2)pr(e1) T Dl

< cefer — ealph(e2)pro1(e1) o (er) 47470
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Since @} (e2) = £51(3/2)*pr(e2) we obtain, for « € {0,1},
1(SE = S2)0b_1lltea < celler — ealonlen) 01 (3/2) or(ea)pr(er) ™
< cler — ealpn(e2) 3" (3/2) pi(er) ™
Next note that for sufficiently small ¢ < 279/¢_ independent of k,

(3/2)kpk(51)_“” < (3/2)k2a(%)k@k(52)_ba < C@k(EQ)_m_d.

Therefore
105k = S2)oksllr+ia < cler — ezl pon(ea) P> pr(e2) ™
< cler — ea|pr(e2)* pr(e2) ™4 (N.34)
Substituting (N.32), (N.33), (N.34) into (N.31) leads to (N.11), (N.12), and the
lemma follows from a smaller choice of €y > 0 if necessary. U

Lemma N.4. The interval (0,g0] can be chosen, smaller if necessary but de-
pending only on R, a, b, v, p and o, such that if €1, €9 € My_1 N (0,e0] with
g1 € (0,e2/2],

[t llr < B and @y, < pr1(e)’e;*" < 1.
Then

[(uk = uk—1) = (Wf —uig_1)|l» < pr(e)ler — ea.
Proof. By (N.9), (iii) and (N.1h)

Cug, = ug—) = (uf = ug o)l

= ||Slivii—1 - Si%”l%—l”r
< 1Spvr_1llr + 1S2vE_ Il
< c(prle1) % 4Py lp + pr(e2) %2 4| 9F_4l,)

_ 2b _
<e Y e or(e) or-1(e:)’ < ceaprlea) 3 %
i=1,2

It remains to note that

2b

2 <2ler — 2|, pr(E2) ! < cpr(ea)™

)

and the lemma follows. O

Lemma N.5. Let R be chosen as in (N.7). In (N.8) suppose that vi_1(e),
vi(e) and P (e) := ®(vi(e),e) are well defined for e € My, 0 < k < m, with
|0 ()|, < e¥F2etL and, for the constant R in (N.7),

lve@llr < R, vk-1(8)llr4a < pr-1(e)™%,  [Pr-1(e)|, < 1.
Then €9 > 0 can be chosen, independently of m, such that

|Br(e)], < pr(e)’e?™ <1 forall 0<k<m and ¢ € My,—1. (N.35)
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Proof. In what follows ¢ denotes various constants which are independent of
k and e but depend on R, a, b, d, p, 0 and r. Let ®x, Ak, ok, uk, vxp denote
D(e), Ar(vi(e),e), pr(e), vk(e), vg(e). Then by (D), vi_1 exists for all € €
(0,e0] N M1 and

Pp = Ap—1(Sp, — Dvg—1 + (Ph_1 — Ap—1)(ur — up—1) + D(up, up—1,¢).

It follows from (iii), and (A) and (B) with [ = 0, that |®%|, < c¢(I1 + L2+ I3)
where

L= Nve-illpra—or  To = |@pctlollue — weille,  Is = llue — ue—1 |7

Estimating vg_1 from (D), |®g_1|p+q from (A) and |®g_1], from the hypotheses
of the Lemma, yields, for ¢ € (0,e(a)] N Mg_1,

L < C€_Q@Z_d(||uk—1\\r+a + |q>k—1|p+a) < Cg_gpz_d@;jl-
It follows from the interpolation inequalities (ii) that
lug — vwi—1]lr < cf|ur — uk,leLUHUk — uk,1||¢11;‘;‘70 where o = 1 — d/a.
Also from (iii), (D) and (N.8c) it follows that
luk = uk—1llp—o < cllvg-1llp—o < ce™|Pr-1lp, €€ (0,e(0)] N Mp_1,

and similarly for € € (0,e(a)] N Mg_1,

Huk‘ - Uk71||pfa+a < C”kaal*UJra

<ce(|up—1llr4a + |(I)k—1|p+a) < Cgig@;fy

Moreover, the interpolation inequality (iii) gives

—p r=p

1-—=£ =
1Pr—1lr < clPr1lp * [Pr-1l,fa-

Therefore, for € € (0,e(a)] N Mj_1,

Iy = |Pp_1|p|Jur — ugp—1||»
< c|@p—rllup — up—1l5_, lur — 'U/kflllalll(;*u
< 5%‘(I)k—1|r|‘bk_l|?p;izgl—a)

- E%\‘I’k_1|r|<1>k_1|/1)7(d/a)plzjl
< g%@k—llifﬂi ”pzjd’

where we have used (A) and the present hypothesis. Now (D) and (iii) imply
that

— C
lure — up—1][r < C@kdnvk—l”p—o < @M)k—llpa e € (0,e(0)] N Mp—1.
k
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Hence, for all k£ < m and for € € (0,&'] N My_1, ¢’ = min{e(0),e(a)},

¢ —d, - -T2 94 1 2
n+nets< S oot ol e e

c a—d . —a g_dir—p =2(2d—c) 1 9
=— & A [Pr—1 . S 7 s § TS
ot e 1l

_2d
c a—d _—a Y 2— d+27p
< s (@k Pr—1 T I;g |Pr—1lp )7 (N.36)

where ¢ and ¢’ do not depend on k. Let 8y = |®x|,0, . Then, by (N.36),

Sk = 5. |@rlp < cpp (L + I + I3)

—2d—b
C g - [9) o_dtr—p
< = a—b—d a k P, a
=2 {@k Pr—1 T P |®s—1]p

C 23 (b+d) 1 2,% b(17W)73d
Py {@1312 + 67,51@4 Pr1 -

Now the choice of a and b means that

a 3 d+r—p _ 5 1 d+r—p
———=(b+d 2, 2—— > -, b(f—i)— d > 2p.
5 2(+)>3Q+ . > 3 5 . 3d > 20
and the fact that pr_1 < e then gives that
c 3042 5/3
5k§§{pk9_ﬁ +595k/_1}, 0<k<m. (N.37)

For k = 0 the inequality (N.35) is true by hypothesis, since pg(e) = €. Now
suppose (N.35) holds for 0 < k=j —1 <m — 1. From (N.37) it follows that

c
6 <~ {539+2 n 5(1094-5)/3} < 2ot
€

for all non-zero € € M,,_; sufficiently small (independent of j). The lemma
follows by induction. O

Proof of Theorem N.2 concluded. We now show that €y > 0 can be chosen,
smaller if necessary, such that, for all k € N and ¢;, € € (0,e9] N Mg_1,

los@)llr < Ry [1ok(@)lrva < 0r(e) ™ [@1(e)], < pal(e)’eH < 1, (N.38)

||Vk(61) — Vk(52)||r < R|€1 — Egl, 62/2 < €1 < £9. (N39)

Here R is the constant in (N.7) where it was observed that for k¥ = 0 these
inequalities (in fact with R/2 instead of R) follow from hypotheses (N.3) and
(N.4) of Theorem N.2.

Suppose inequalities (N.38) hold for every k, 0 < k < m. Then, by (N.7)
and Lemma N.5; ¢g > 0 can be chosen so that for all € € (0, &g],

1@ (e)], < prp(e)? <1, 0<k<m, &€ Mpy_1. (N.40)
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To estimate ||wm+1|lr+ias ¢ € {0,1}, note, from (iii) and (N.1h) with [ =0
that, for 0 <m/ <m and e € M,, C M,,_1,

m
||I/m+1(€) - Vm/(s)Hr—i-La < Z ||Vk+1(€) - Vk(€)||r+m

k=m'

m
> 1S @0k (E)llrtea

k=m'

m
<e D per1 ()" or(e)lp—o
k=m'

¢ . —a—La
a2 en© TR,

¢ - —a—La
<=2 > orpa(e) T pr(e)’ e, by (N.40),

k=m'
m
3 _3
AR IO SOOI Ll
k=m'
m
< CEQ+1@m+1(5)_La Z pk(&_)b—?wl/Q
k=m/'

—La

<o ii(e)
Hence ¢ = 0 gives
1Vma1 ()l < llvo(e)|lr + ce?t < R,
for all non-zero € € M,, sufficiently small. Similarly, ¢ =1 gives

1Vmt1(E)lrsa < collvollria + 2@ oma1(e) ™ < pmyr(e) ™

for all non zero ¢ € M,, sufficiently small. Therefore, by Lemma N.5, for ¢ €
M,, sufficiently small independent of k, |®x(¢)|<pk(g)’e?t! < 1 for k < m+1.
Hence (N.38) holds for all k, and € € Mj_1 with € < g, for some g¢ sufficiently
small, independent of k.

Next we show that 9 > 0 can be chosen so that (N.39) holds. First suppose
that this is true for €1, €9 € Mj_1 when €5/2 < &7 <&y for k with 0 < k < m.
Then by Lemma N.3,

(uk = 1) = (ui = ui_1) |l < prle2)er — eal.
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for all k <m+1 and ¢; € (0,&9] N M,,. Thus

m
g1 = i alle < D Wiy = wigr) = (g = w@)lr + ler — e2|R/2
k=0

<lep — 52\{01 > orra(e2) + R/Q}
k=0

< ler — g2l (epr(e2) + R/2)
< Rley — &2,

which implies (N.39) for all k¥ when ¢y > 0 is sufficiently small and &1, g2 €
M1 with €5/2 < &1 < es.

Now suppose that €1 € (0,e2/2]. A repeat of the preceding argument, using
Lemma N.5, yields (N.39) for all ¥ when €1, e5 € NMj_; in this case also.
Therefore (N.39) holds for all €1, e2 € NM_1. It remains to note that

i) = vr—r(e)llr < crpr(e) < 1/2°,

and, hence the set NE My is dense at 0, by (E). Moreover, for € € N My, the
sequence {vi(e)} C B is Cauchy in E,. Since ®(-,¢) is continuous on B C E,
and ®(vx(e),e) — 0 in F,, the result follows since E, is complete. O

O Small Divisors and Hypothesis (E)

In this section we examine hypotheses (D) and (E) of the Nash-Moser theorem
in the context of the standing-wave problem. As in Remark N.1, suppose that
the spaces Es and F are closed subspaces of the Sobolev space Hg,. Suppose
also that in hypotheses (B) of Appendix N, the linear operator A(u,e) is a
perturbation of the operator L(u,e) which acts on elements of E; as a Fourier
multiplication operator of the form

(L(u, E)?)):\nn = (= n%+ 1+ 8O (u,e)|m| — e*x™ (u, &) ) n
equivalent to the pseudo-differential operator, with constant coefficients depend-
ing on (u,e),

Orr — (14 8O (u,8))HO: — *x D (u, ).
Here (with #() = () in Lemma 7.6 ) and Ny > 4,

2

B (u,e) = % + Be® + 54B(u,5), (0.1a)
kW (u,e) = é + ke + ek(u, ), (0.1Db)

where ﬁu and £ are real-valued functions of ¢, and 5 and & are smooth functions
on B x [0,e0] C E» x R.
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In hypothesis (D), u = v(e), € € £, and the coeflicients (0.1) depend only
on e € £ In (E), a sequence of functions {v} is defined recursively and the
coefficients in (O.1) at each step depend on € € £(v;_1). To understand the in-
vertibility of A(v(e),€) in (D) or (E) we first study the invertibility of L(v(¢), €),
which means estimating solutions {m,,} of the equation

(=n*+ (1459 Im| - &6V (e)) tun = Gimn,

where {Gmn} is given and |3 ()| < 1 for eo sufficiently small. Tt suffices, after
dividing by 1 + 5% (¢), to estimate solutions of the equation

((1 —Me)Hn? — |m| + 545(8))umn = Gmn, M #nZ,

where now
BO)(e) 7 n(l)(s)
1+ B0O)(e) 1+ p0(g)’

Our first objective is to estimate the measure of the set of € € [0, ¢] for which

Ae) = and £(g) (0.2)

(1= X(e)*)n? —m +e*k(e)| > (2n?) ! for all m, n € N with m # n?. (0.3)

Note that this set depends on the function v.

0.1 Small divisors

Suppose that v : [0,e9] — E, is Lipschitz continuous. Then, with u = v(g) in
(0.1), the function A defined on [0, gg] by (O.2) can be written in the form

1
Ae) = (5 +ev(e) + (), (0.4)
for some fixed function v € C*(R) where

In(e)| + [k(e)| < K, (0.5a)
[n(e1) —n(ea)| + |k(e1) — k(e2)| < Kley —ea|, €, €1,e2 €[0,e0], (0.5b)

g0 < (1/2K)Y* and K € R is such that 4| + [¢'| < K.
To estimate the measure of the set of € € [0,e] for which (O.3) holds note
that if m > n?,

(1= Ae)*)n? —m +e'rk(e)| > 1 —e*r(e) > 1/(2n?)

since £ < g9 < (1/2K)'/%. Therefore it suffices to replace m by n? —m and to
study instead the set

{e€[0,e0]: |d(m,n,e)] > (2n)"* for all m, n € N}

where

d(m,n,e) :)\(5)2———7), m,neN, eec&.



Lemma O.1. If (0.5) is satisfied, g € (0,1) can be chosen (independent of 1,
k and n) such that

i(el C ) < A(e1) — A(e2) < &1 — 9, (0.6)

1
e1(e1 —e2) > d(m,n,e1) —d(m,n,e9) > 3(51 — £9)éq, (0.7)

for allm, n € N, and for all £1, €5 € [0,g0] with £1 > e3.
Proof. That g can be chosen in this way is immediate from (O.5). O

Since d(m,n,0) = —m/n? < 0, Lemma O.1 shows that, for (m,n) fixed,

{e : |d(m,n,¢e)| < ﬁ, 0<e<eo})=(e"(m,n),e"(m,n))N(0,¢),
where e¥(m,n) are the roots of the equations
d(m, n, &%) = £ (0.8)
2nt
Let I(m,n) = (¢~ (m,n),eT(m,n)).
Lemma O.2. If [~ (m,n),eT(m,n)|N[0,7r] # 0 and r < &g, then
@ <e (m,n) <et(m,n) < 3@7 (0.9)
11 <et(m,n) —e (m,n) < 5 , (0.10)
3ndy/m n3y/m
m < r?n? which implies that n > % > 1. (0.11)

Proof. From Lemma O.1, the graph {(g,d(m,n,e)) : € € [0,e0]} lies between
two parabolae, {(g,e2/6—m/n?) : ¢ € [0,50]} and {(g,e%/2—m/n?) : ¢ € [0,50]}.
Now [e7,e*]N[0,7] # 0 implies that » > e~ > \/m/n and that (O.11) holds. It
also implies (0.9), and (0.7), (0.8) and (0.9) lead to (0.10). O

Corollary O.3. The set £(v) of & for which (0.3) holds is dense at 0 because

meas {¢ € [0,7] : (0.3) is false } < 6r2(1 +7).
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Proof. Simply note from (0.10) and (0.11) that
meas {e € [0,7] : (0.3) is false }
< Z meas I(m,n)

m#n?

I(m,n)N[0,r]#£0

In the abstract setting of Theorem N.2 suppose that

(N.1h) in hypothesis (D) is satisfied when } (0.12)

E(v) = {e € &£ : ¢ satisfies (0.3)}

Remark. Corollary 0.3 shows that if (0.12) holds then hypothesis (D) holds.
That (0.12) holds in the context of the standing-wave equation (4.10) with A
given by (6.3) is proved in Theorem 8.5.

With the definition of £(v) in (0.12), hypothesis (E) in Appendix N can be
verified using similar ideas to those in the proofs of Lemmas 0.1, 0.2 and Corol-
lary O.3. But to do so we need a technical result on how Lipschitz continuous
functions on closed subsets of [0,£¢] can be extended to [0, £¢].

0.2 An extension
Consider a collection of functions x; : & — R, j € {0,--- ,k}, where &; is
compact, such that & = [0,e0], &;41 C &;, and suppose that

Ixj(z) = xj-1(x)| <6; for €&, je{l, - Kk}

Lemma O.4. Under the above assumptions there are functions X; : & — R,
such that

W() Z(y Kle—y| for x,yec&, je{0,-- k},

X;(@) = x;(x) for x €&, je{0, -k},
)l
X, () = X;_1(x)| <95 for x€&, je{l,--- k}.

IN A
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Proof. The proof depends on the following simple construction. For any interval
[, 8] and for any function x : [a, §] — R which satisfies

IX(x) = x()| < K|z —y| for each =z € [ov, 3],
let g, gg € R be such that

|90 — x()| <6, g —x(B)| <6, |g9a—98] < K(B—a).

Let
h(z) = go + (gg%gj)(z — ) and k(x) = min{h(x), x(z) + }.

It is now easy to see that the function

g(x) = max{k(x), x(x) — §}
has the following properties:

lg(x) — g(y)| < K|z —y| for each =,y € [a, ],
lg(z) — x(x)] <& for each z € [a,f],
9(@) = ga, 9(B) =gs.

Now suppose that we have defined the functions ; for i <j < k. Set x;,(z) =
Xj+1(x) for & € €;11. Next note that the set & \ €11 is a union of a countable
family of disjoint open intervals («, 8) and, possibly, one or both of the half-open
intervals [0, 8) and (a, gg] where o, 8 € Ej41.

In the above construction let (o, 3) be one of these open intervals. Set
x(z) = X,(z) for x € [a, ], go = X;41() and gs = X;11(B). Then we can
define X;;(x) = g(z) for = € [a, ], where g is given above with 0 = d;41.

To extend x,+1 to an interval of the form [0, 3) where 8 € £;11 but 0 ¢ ;14
let

Xj+1(2) =X;(@) + x;+1(8) = X;(8), z€][0,5).
Since |x;+1(8) —X;(B)| < dj41, this extension has the required properties. The

extension to intervals of the form (o, €o] is similar.
O

0.3 Hypothesis (E)

Suppose that (0.12) holds, vy : & — BN E,4; and mappings vy : ﬂf;olé’(z/i) —
B N E,4; satisfy, for a constant C independent of k € N sufficiently large,

lve(er) = vrle2)llr < Cler —eal, €1, e2 € NFEW;),
1
lora(e) = wr(@)lr < o, & € M€ (v).

Thanks to Corollary 0.3, for each k, £(v) is dense at zero and so also is the
intersection of a finite collection of sets £(vy). Our goal is to show that the
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intersection of all the sets £(vy) is also dense at 0. For k € N the coefficients
Br(e) = B(vr(e),e) and &g(e) := A(vx(e),e) are defined by (0.1) on the set
E(vk—1) , and the corresponding A = A\, n = i and k = Ky (defined in terms
of 3, and ki) satisfy, for €, €1, 2 € E(vg—1), for k sufficiently large,

Im(e)| + |kx(e)| < K, (0.13a)
Ine(e1) — m(e2)| + |kk(e1) — Ki(e2)| < Kler — &2, (0.13b)
() — me—1(e)| + [kr(e) — Kr—1(e)| < 2% (0.13¢)

with K independent of k. Our analysis of hypothesis (E) is based on the char-
acterisation of £(vy) in (0.12). We will show that the set of € > 0 for which
(0.3), with A = Ay (defined in terms of ¢ and n; by (0.4)) and k = ki holds
for all £ > 0 is dense at 0. We do so by estimating from above the size of the
set where (0.3) fails for at least one k, for some e € ﬁf;éé' (vj). It therefore
suffices to find such an upper estimate when xj and 7 are replaced by their
extensions (see Lemma O.5) as functions which satisfy (0.13) on &. Suppose
therefore that (0.13) hold on & for all k. By (0.13c) there exists £, and 7
which satisfy (0.13a) and (0O.13b), and

1N (€) = Moo (€)] + Kk (€) — Koo (€)] < £ € &. (0.13d)

For k € {00} UNj let

m etk (e
dk(m,n,e)zAk(E)Q_ﬁ_ nkz()

, m,neN, ee€é&.
With subscripts k denoting k-dependence, let I (m,n) = (g} (m,n), ) (m,n)).
Lemma O.5. If I;(m,n) N [0,r] # 0 and r € (0,&¢), then

3A m3/?
20+1 3

|E;-t+1(m,n) — eji(mm)\ < where A = 2 x 3%, (0.14)

Proof. To begin we estimate |€j[+1 - Eji‘ Since dj41(m,n, Ej'[ﬂ) =dj(m,n, Eji),

|dj+1(m7 n, 6;’:—1) - dj+1(mv n, Ezt” = |dj+1(m7 n, 5;‘:) - dj (mv n, 65‘:”
Hence, by (0.7) and (0.9),
vm
3n
On the other hand,

+ + + +
leii — &5 < ldjra(m,n,ey) — dj(m,n,e5)|. (0.15)

|djs1(m,n,e5) — dj(m,n,e7)
- ‘ejiif(njﬂ(eji) - nj(fj[)) ()\Hl(g;E) + )\j(gji)>

4
et

— #(Hﬁrl(ff;t) o Kj(g?t)) ‘
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Now (0.6) and (0.9) imply that |)\j+1(sj[)| + |)\j(6]-i)| < 25? < 6y/m/n and so

|dj+1(m,n,{—:3t) - dj(mvnv 5;.:)|

m2
< @x 3957 (i (e) = m (D) + Irga(65) — w5 ()
Am?
=~ W’ by (0136) where A = 2 % 34.

After a substitution into (O.15), this observation and (0.11) shows (0.14). O

It follows from the triangle inequality that for all k,

3Am>/?
e (m,n) — & (m,n)| < o (0.16)
Lemma 0.6. If Am?/2F < 1, then, I;(m,n) C Joo(m,n), where Joo(m,n) is

an interval with the same centre as Ioo(m,n) and three times the length. Hence

meas( U Ij(m,n)) < 18r2%(1 +1). (0.17)

keN
m§n2r2

Am?2<2F

Proof. That I(m,n) C Jx(m,n) when Am? < 2% is immediate from (0.10),
with subscripts k added, and (0.16). The result follows from Corollary 0.3. O

Lemma O.7. For an absolute constant,

meas I.(m,n)) < const. r2. 0.18
(U nmm) (0.18)
kEN

m<r?n?
Am?>2F
Proof. Note from (0.10) and (O.11) that

> nmws ¥ o< Y5

keN keN keN

m<n?r? m<r3n? {n:An4r422k}
Am?>2Fk Am?>2F
1
< 12442 E ohd = const. 2.
keN

O

Theorem O.8. The set Nken,Ek is dense at zero. In other words (E) is satis-

fied.

Proof. This is immediate from the preceding two lemmas. O
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