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On the smoothness of the potential function in
Riemannian optimal transport

to Neil Trudinger

Philippe Delanoé*

Abstract

On a closed Riemannian manifold, McCann proved the existence of
a unique Borel map pushing a given smooth positive probability mea-
sure to another one while minimizing a related quadratic cost func-
tional. The optimal map is obtained as the exponential of the gradient
of a c-convex function u. The question of the smoothness of v has been
intensively investigated. We present a self-contained PDE approach
to this problem. The smoothness question is reduced to a couple of a
priori estimates, namely: a positive lower bound on the Jacobian of
the exponential map (meant at each fixed tangent space) restricted to
the graph of grad u; and an upper bound on the c-Hessian of u. By the
Ma-Trudinger—Wang device, the former estimate implies the latter on
manifolds satisfying the so-called A3 condition. On such manifolds, it
only remains to get the Jacobian lower bound. We get it on simply con-
nected positively curved manifolds which are, either locally symmetric,
or 2-dimensional with Gauss curvature C? close to 1.
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1 Introduction

Monge considered the problem of minimizing the total work necessary to
push, in the Euclidean space, an assigned mass distribution to another one
[Mon81]. Brenier revived the problem by replacing the total work by the
total kinetic energy [Bre87, Bre91]. His theory was subsequently developed
in the Riemannian setting by McCann [McC01] who obtained the following
landmark result:

Theorem 1.1. Let M be a closed Riemannian manifold and (po, p1), @
couple of probability measures on M, both absolutely continuous with respect
to the volume measure dV. There exists a unique minimizer of the total cost
functional C(¢) = [,,; c(m,p(m)) duo(m), among Borel maps ¢ : M — M
pushing pg to puy. Moreover, if we compose that minimizer with the one
obtained by switching pg and py1, we get the identity at almost all points.

Here, we have called closed (for short) a manifold which is compact
connected without boundary, and we have taken for cost function ¢ the two-
point function %dQ, where d stands for the Riemannian distance function.
The pushing condition means that u(B) = po ((;5_1(3)), for every Borel
subset B C M, or else, that

[ waua = [ (o) duo, (L.1)

for every dV measurable function h : M — R. It is denoted by: ¢4puo = p1.
In the sequel, it will be convenient to call abusively Monge’s problem the
minimization problem described in the above statement and to denote by
Mec(po, p21) its solution.

1.1 The smoothness issue

The solution map Mc(u, p1) has a special form, obtained by composing the
gradient field of a c-convex potential function u with the exponential map
of the manifold. To explain what c-convex means, one should first define
the c-supremal convolution of a function v : M — R U {400} bounded
at some point, as the function v¢ of the same kind, given by: v°(m) =

sup (—c(m,p) — v(p)). We say that u is c-convex if it is equal to v¢ for a
peEM

function v of the preceding type. If so, the function u satisfyies: u = (uc)c.
In [McC01], McCann shows that ¢-convex functions must be Lipschitz, hence
almost everywhere differentiable, and that their gradients are Borel maps.
Furthermore, if the map Mc(ug, 1) is equal to G, := exp(gradu) with u
c-convex, the inverse minimizer Mc(u1, o) is given by Gye. The pair of
solution potentials (u,uc) itself is constructed by Kantorovich duality (see
[McCO01]).



4 Philippe Delanoé

The potential function uw = u(ug, 1) of the map Mc(po, 1) = Gy is
called a Brenier solution of the Monge—Ampére equation:

p1(Gu(m)) Jac(Gy)(m) = po(m), (1.2)

dpi
where the p;’s stand for the Radon—Nikodym derivatives i\/’ and Jac, for-

mally for the Jacobian of the map G, : M — M (see Section 2.4.3 below).
The very meaning of Jac(G,,) in the present case is specified in [CMS01].
This equation is nothing but the change of variables formula which one would
expect from the pushing condition (1.1) for the invertible map ¢ = G,,. If
the given densities pg, p1 are L and positively pinched, possibly endowed
with some degree of smoothness, can we infer that the Brenier solution
u(po, 1) is correspondingly smooth ? Looking for sharp conditions on the
data M, o, 11 under which the potential function u (g, 1) must be C! has
been a topic of intense research in the recent years [FR09, KM12, FRV11,
FKM13b, FKM13a, Vét11]. Higher order smoothness of u(uo, 1) was de-
rived in the cases listed below, relying on the Ma—Trudinger—-Wang estimate
[MTWO05] or its subsequent improvements [TW09, LTW10], combined with
a so-called stay-away estimate.

Henceforth, we always work on a closed Riemannian manifold M, we
fix a couple (k,a) € N x (0,1), with £ > 2, and we assume that the given
probability densities pg and p; are C** nonvanishing on M. For short, we
say that the given measures jg, 1 are C*® positive. We want to prove
that the potential function w(jug, pu1) is C*+2<. This is the question which
motivates the present paper.

1.2 Known results

If the manifold M is flat, the potential function (g, yt1) must be C*+2.e,
Using the Bieberbach theorem (see e.g. [KN96a, section V.4]) combined
with the covering space result of [DG10, Appendix C], this result is read-
ily seen to follow from Cordero—Erausquin’s regularity theorem [Cor99] and
further elliptic regularity. The flat case lies on a borderline, though. In-
deed, as soon as the sectional curvature function K is allowed to take a
negative value at some tangent 2-plane, one can select smooth probability
densities pg, p1 such that the map Mc(ug, 1) is not continuous [Loe09]. If
M has constant positive curvature, the potential function u(ug, p1) must be
smooth [Loell, DG10]. But the assumption K > 0 by itself does not im-
ply the same result; counterexamples can be constructed in any dimension,
again with Mc(uo, 1) not continuous [Kim08] (see also [LV10] in the light
of [FRV11]). Trudinger conjectured that the smoothness issue should be
tractable anytime the curvature of M is positive and slowly varying [Tru06]
(see also [DG10, p.67]). We thus expect that the class of positively curved
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Riemannian locally symmetric spaces be a privileged one. If M (or its uni-
versal cover) is a complex or quaternionic projective space, the potential
function u (o, 1) must be CF+2@ [KM12, FKM13a, LTW10]. Sticking to
Riemannian local symmetry, Figalli, Kim and McCann further took for M
the Riemannian product of constant curvature spheres of various dimensions.
This case is, again, on the borderline for optimal transport smoothness, since
the sectional curvature of M is now just nonnegative. Their results in that
case [FKM13b, FKM13a|, combined with an extension (yet unpublished) of
the interior regularity theorem of [LTW10], imply that the potential func-
tion w(po, 1) is C*¥2, Finally, in Corollary 2 of [DG10], dropping local
symmetry, we treated the case of nearly spherical manifolds with nontrivial
topology.  Recalling that K : Gra(M) — R stands for the sectional cur-
vature function defined on the Grassmann bundle of tangent 2-planes, and
denoting by R the Riemann tensor of M, by V, the Levi—-Civita connection
and by |V¥R|, the Riemannian norm of the tensor V¥R, we can state the
main result of [DG10] as follows:

Theorem 1.2. Let M be a closed positively curved Riemannian manifold
with curvature normalized by ming,, v K = 1. Assume that M has a non-
trivial first fundamental group. We can find a universal constant € > 0 such
that, if the functions (K —1),|VR| and |V*R| are everywhere smaller than
€, given any couple (k,a) € N x (0,1), with k > 2, the potential function
of the optimal map Mc(ug, 1) must be C¥+2% for every couple (po, p11) of
Ck positive probability measures.

In the simply connected case, that is, with M diffeomorphic to S™, under
the stronger' condition that the metric of M be C* close to a constant
curvature metric, the continuity of Mc(uo, 1) was established in [FRO09,
FRV10, FRV12, FRV11]. The higher order smoothness of the potential
function u(ug, 11) remains to be proven in that case, due to an incomplete
stay-away estimate. Specifically, Villani and his coworkers miss to control
how far the image point Mc(po, p1)(m) stays away from the first conjugate
point p on the geodesic ray ¢ € [0, +00) — exp,, (t grad u(po, p1)(m)) € M,
in case there is no other minimizing geodesic from m to p. The condition
0(M) > 0 of [LV10, Theorem 7.1] was designed to exclude that case. It is
verified on constant curvature spheres but unrealistic when the curvature is
perturbed. The stay-away property, in the form just stated, is essential for
the smoothness issue (see the first requirement of Theorem 1.5). The non-
degeneracy of the Monge-Ampere equation (1.2), as an elliptic equation,
is at stake. This can already be seen from the symbol of the first order
differential operator obtained by linearizing formally the map v — G, =
exp(grad u). This symbol, calculated at a point m € M, is equal to the
linear map & € TM — d(exp,,)(gradu(m))(¢?) € Tq,myM, where & €

see the appendix of the paper
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> M — & € T,,M stands for the Riesz isomorphism associated to the
Euclidean scalar product on T,,M. The symbol is an isomorphism if and
only if the image point G, (m) does not reach the first conjugate point on
the ray ¢ € [0,4+00) — exp,,(t grad u(m)) € M.

1.3 A stability conjecture

In the spirit of Trudinger’s conjecture, one should be able to improve Theo-
rem 1.2 by allowing the triviality of w1 (M) and by dropping the € curvature
pinching condition, that is, to treat the nearly Riemannian locally symmet-
ric case. Besides, the smoothness result of [FKM13b] indicates that one
should even be able to let the curvature K be merely nonnegative. In other
words, we are led to state the following:

Conjecture 1. Let M be a closed nonnegatively curved Riemannian mani-
fold. If the C' norm of the tensor VR is sufficiently small, given any couple
(k,a) € N x (0,1), with k > 2, the potential function of the optimal map
Mc(po, p11) must be C*2 for every couple (po, 1) of C* positive proba-
bility measures.

In the present paper, we will provide a method (see Theorem 1.5 below)
for attacking this program and we will test it successfully in two cases,
namely: the locally symmetric case (Theorem 1.3), which is the starting
point of the conjecture (letting ¢ = 0), and the 2-sphere case (Theorem
1.4). With this method at hand, much work still lies ahead to prove the full
conjecture (we hope to return to part of it soon).

1.4 Statement of results, outline of the paper

We are going to prove the following results:

Theorem 1.3. If the manifold M is positively curved Riemannian locally
symmetric, given any couple (k,a) € N x (0,1), with k > 2, the potential
function of the optimal map Mc(pg, 1) must be C*+2 for every couple
(po, p1) of CH2 positive probability measures.

Theorem 1.4. We can find a universal constant ¢ > 0 such that, on the
manifold M = S? endowed with a Riemannian metric of Gauss curvature
K normalized by miny; K = 1 and satisfying the bound ‘K — 1‘CZ(M) < e,
given any couple (k,a) € Nx (0,1), with k > 2, the potential function of the
optimal map Mc(uo, pr1) must be C*T22 for every couple (uo, 1) of C*®
positive probability measures.

As mentioned above, Theorem 1.3 was known except for the case of the
Cayley plane. Here, we will give a unified proof of it. Theorem 1.4 is new.
In connection with the comment made after Theorem 1.2, let us mention
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that, for every Riemannian metric on the 2-sphere, the cut locus of each
point must contain a conjugate point [Mye35, Wei68]. The proofs of these
two theorems share a common part (sections 3, 4 and 6) valid for every A3
manifold as stated in Theorem 6.1 below. They depart only by their final
step (section 7) consisting of a suitable stay-away estimate (all these notions
will be specified below).

We use a PDE method which makes no use of McCann’s potential func-
tion wu(po, 1), except for its final identification with a smooth potential
function u obtained as a classical solution of the Monge—Ampere equation
(1.2). This method was partly sketched, with some gaps, in [Del04] and
used in [Loell, DG10]. It is presented here for the first time in a complete
self-contained form. It involves only techniques of differential geometry com-
bined with an intrinsic local analysis of critical and extremum differential
conditions, in contrast with smoothness proofs given on closed manifolds,
as yet, by other authors. It yields a smoothness scheme for the solution of
(1.2) valid on every closed Riemannian manifold as stated in Theorem 1.5
below. The strategy of the proof may be described by the following steps.

Section 3. The classical solvability of the Monge—Ampere equation (1.2)
completely encodes the smoothness issue for Monge’s problem: specifically,
we show that the existence of a C? solution of (1.2) is equivalent to the
optimal potential u(ug, p11) being a C? function. Moreover, at such a C?
solution, the Monge—Ampere equation must be non-degenerate and elliptic.

Section 4. We solve uniquely (1.2) by the continuity method, replacing
the target probability density p; by the deformed one p; = tp1 + (1 —t)po
and arguing by connectedness on the subset T of all values of t € [0, 1] for
which the resulting analogue of (1.2), namely the continuity equation (4.1),
admits a classical solution u; € C*+2%(M, R). To ensure uniqueness, the
solutions u; are normalized by [ 1 Ut dV =0 (see Proposition 4.2). Showing
that 7 coincides with [0, 1] boils down to proving that the supremum over 7
of the largest eigenvalue on the manifold M of the Hessian endomorphism
field m — Vgradu;(m) is finite. This finiteness requirement turns out
equivalent to requirements 1 and 2 of the general smoothness result to which
the continuity method leads, namely:

Theorem 1.5 (general smoothness result). On a closed Riemannian mani-

fold M, given (k,a) € Nx (0,1), with k > 2, the potential function u(puo, 1)

is CF+29 for every couple of C*® positive probability measures (po, 1), if,

for each such couple, the following two requirements are fulfilled:

1) The infimum of ming,enr Jac(exp,,)(grad us(m)), over the solution counter-
set T just defined, is positive;

2) The supremum, over T, of the largest eigenvalue on the manifold M of
the symmetric endomorphism field m — J(m,grad u(m)) + V grad u,(m),

is finite (J standing for the Jacobi endomorphism field, see section 2.1.3).

If, for a couple of measures (po, 1) of the above type, either requirements
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fails, there exists a real T € [0, 1] such that, setting j, for the measure, still
of the same type, equal to Ty + (1 — 7)uo, the potential function u(pg, fir)
is not C?.

This statement is new. It will be established in the concluding part of
section 4. The proofs of Theorems 1.3 and 1.4 are now reduced to checking,
on the corresponding manifolds, the two requirements stated in Theorem 1.5.
For this purpose, we will have to derive from the Monge-Ampére equation
satisfied by us, for t € T, a suitable sequence of uniform a priori estimates.

Remark 1.1 (specifications for the a priori estimates). The a priori esti-
mates on |V/u;|(m) or on related quantities of order ¢ with respect to uy,
for ¢ = 0,1,2, will be understood to be independent of (t,m) € T x M
and controlled, unless otherwise specified, solely by appropriate geometric
invariants of the Riemannian manifold M and by the largest C* norm of
log pt as t € [0,1]. Any such estimate will be said under control. Here, we
should warn the reader that these estimates, derived by maximum principle
techniques, will not be as sharp as the ones designed for nonsmooth densi-
ties. This was already clear in the two contrasted parts of [DLO06]. It is the
price to pay for the self-consistency of a PDE method ignoring McCann’s
solution.

Checking the requirements 1 and 2 of Theorem 1.5 on each particular
manifold will be achieved by carrying out the following two estimates:

Estimate 1 (first order). There exists a real § > 0 under control such that:
Jac(exp,,)(grad ug(m)) = 9,

for every point (t,m) € T x M.

Estimate 2 (second order). There exists a real A > 0 under control, possibly
depending on the preceding constant §, such that:

J(m, grad us(m)) + V grad uz(m) < Aldy,,
for every point (t,m) € T x M (where 1d,,, denotes the identity of T, M ).

The controls actually obtained on § and A will be further specified for
each estimate (see Lemma 6.1 for A, and sections 7.1 and 7.2 for §).

Section 6. Estimate 1 implies Estimate 2 anytime the manifold M fulfills
the emblematic condition A3 discovered in [MTWO05], as do the manifolds
of Theorems 1.3 and 1.4 [DR13, DG11]. Indeed, this is the celebrated Ma—
Trudinger-Wang estimate [MTWO05, Section 4]. For completeness, the latter
is recast below in intrinsic form, as a maximum principle for the trace of the
tensor appearing in Estimate 2 (an alternative adaptation was proposed in
[DG10, Appendix B]). So much for the common part of the proofs.
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Section 7. We complete the proofs by checking Estimate 1 separately for
each theorem. For Theorem 1.3, we do it by proving a maximum principle
for | grad u|?> which extends the one proved for constant curvature spheres
in [DL06, section 3]. For Theorem 1.4, we must prove a genuine minimum
principle for the full test-function m +— Jac(exp,,)(grad u¢(m)) instead, get-
ting for it a positive lower bound under control. This estimate is the newest
result of the paper.

Finally, let us say a few words about the sections which we did not
mention yet. In Section 5, we revisit the known case of flat manifolds (cf.
supra) since in that case, Estimate 1 trivially holds. Flat manifolds do not
fulfill condition A3, nevertheless Estimate 2 holds as a particular case of an
a priori estimate proven by the author [Del82, pp.428-429].

Last, but not least, Section 2 contains an appropriate introduction to the
differential geometric tools which make natural the PDE approach. Admit-
tedly, it is quite a long preliminary, but we could not find the right introduc-
tion in the literature. The heavy use of differential geometry for proving the
smoothness of optimal potential functions can be conceived by noting that
the operator u — Jac(G,,) factors through the exponential map. The back-
ground of Section 2 will serve to prove, for instance, the non-degeneracy and
ellipticity of that operator, when restricted to the C? functions at which it
does not vanish (see Proposition 3.1). Our efforts to construct a C? solution
of the Monge-Ampere equation (1.2) will mostly bear on getting a control
on that non-degeneracy, by Estimate 1, and that ellipticity via Estimate 2.
These a priori estimates will require deeper tools from geometry again, like
Proposition 7.1 for tackling Estimate 1, or like the verification of condition
A3 [DR13, DG11] on which Estimate 2 relies via the Ma—Trudinger—Wang
device. From the inescapable role played by differential geometry for solving
(1.2) in the classical sense, we can realize that much work lies ahead in the
research program mentioned above.
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2 Preliminary

Let (M, g) be a closed unoriented n-dimensional Riemannian manifold. In
the first part of this preliminary, we define partial differentials of functions
or maps with source space the tangent bundle wy; : TM — M. It yields an
intrinsic way of calculating the differential of a function on M, when given
as the pullback by a vector field of a function defined on T'M. Similar calcu-
lations are made for the exponential map and for the Jacobi endomorphism
field. The second part of the preliminary bears on solutions of initial value
problems for the Jacobi equation, focussing on their representation in terms
of the partial differentials of the exponential map just developed. Applica-
tions are drawn, including a derivation of the main properties of the Jacobi
endomorphism field. In the last part, we define Jacobian determinants for
various types of maps arising in the smoothness problem under study.

2.1 Partial differentials
2.1.1 Real functions

Throughout the paper, we set (m, V') for the generic point of T'M, with the
usual meaning that m € M is the base point and V, a tangent vector at
m. Consistently with that notation, we would welcome a way of viewing
uniquely every vector W, tangent to T'M at a point (m, V), as a couple
W ~ (§,v) of vectors in T,,, M x T, M. Accordingly, we seek a global fashion
of splitting the differential of a function ¢ : TM — R into the sum of two
partial differentials, something like:

Apm, VYW) = 52 (m, V)(€) + 50 (m, V)(v).

Let us explain how it can be done with some care?, using the Levi-Civita

connection® of M. Once settled the case of real functions, we will be able
to treat that of more general objects defined on T'M. The present account
is intended for non-experts. Other readers may skip it and just record the
final equations (2.3) and (2.5).

In every natural chart z = z(m),v = dz(m)(V) of TM, the differential
of the function % is given by

_ W
- Oat

dip(m, V) (z,v)dx" + g;é (z,v) dv’,

with Einstein’s convention. In this local expression, only half of the terms
are intrinsic. Indeed, the differential of the base point projection wy; :

2compare the preceding formula with the displayed one that precedes (2.3) below
3here, one could deal similarly with any vector bundle of finite rank over M, using a
linear connection
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TM — M reads dwy(m,V) = (dxl, e ,dm”). Moreover, for each integer
i =1,...,n, there is no difficulty to fix the point x = x(m) and the tangent

vector v = dx(m)(V) but its i-th component, and calculate the partial
derivative gﬂ (x,v). The g;pi are the components of the differential d (v (m, .))

obtained by fixing the base point m and letting the tangent vector V vary
in T,, M. This differential is an element of the dual of T,,M. Evaluated at

the vector V, it thus reads gz)@ (x,v)dz’. Tt is called the partial differential of

1 with respect to V for fixed m, denoted below by (%) . In contrast to
m

dz' and g;@ (x,v), the two other terms of the above formula, namely dv’ and
gjﬁ (z,v), do not transform properly under a change of charts (unless the
atlas of M is affine). They are not intrinsic. In order to deform the partial
derivative gﬁ (z,v) into an intrinsic expression, we need a tool to fix the
tangent vector V while the i-th coordinate of its base point m varies near the
value z*(m), all other coordinates being frozen. The Levi-Civita connection
V is an appropriate tool. Using V, we will keep the vector V' parallel to
itself while transporting it along the path ¢ — (z(m),..., 2" ' (m),z"(m) +
t,z""(m), ..., 2™(m)), for t € R small. Doing so yields the intrinsic notion
of partial differential of ¢ with respect to m keeping V parallel, denoted by

00\ 21d defined at the point (m, V) b
am ) ,» and defined at the poin (m, V) by

(%)V 0 . (2.1)

, 9
. k

oy V(m, V) =6y (x,v)de’, with: 6 = 5 Fij(x)vjw

the Ffj standing for the Christoffel symbols of the connection V in the chart

x. Subtracting this expression from di, we get

oY

v . . . . .
8m> m,V) = 8—16 dVol, with: dVo' = dv' + F}Cj(m)vjdxk.

d¢_< V( ov

Altogether, we have recast the differential of the function ¢ as follows:

dip(m, V) = 6 (x,v) da’ + gzbi(x,v) dvV o', (2.2)

We need some geometry to interpret further this expression, since the partial
differential <g—$> (m, V') was defined above as an element of T, M and its
m

components 81/’1- are now associated with the covariant differentials d"v*.
The kernel V = (N, ker(dz®) of the differential dewys is a subbundle of
T(TM) — TM called the vertical subbundle and locally spanned by the
821 ’s. The vector fields 5?, 1 < i < n, span a subbundle HY of T(TM) —
TM, called the horizontal subbundle, locally given by HY = N, ker(d"v?)

and such that the following splitting holds:

T(TM)=H" &V .
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Moreover, the local fields of basis {5 ...,5:, 621 e 81;“} and cobasis
{da:l, coda™ dVel, o dYe "} are dual of each other. The horizontal pro-
jection T(TM) — ”Hv Wlth kernel equal to V is given by dm = dz’ ® 6
and the vertical projection T(T'M) — V with kernel equal to HV, by
0
avv = dvvz®8— Every tangent vector W = §Z +n 90 € Tipn,v)(TM)
vt
reads now uniquely as the sum of a horizontal vector Wy = dm(W) and a
vertical one W, = d¥V (W), thus respectively equal to:

Wy = &£6Y € 1Y), vy We = (1 + Ty ()07 ") 6‘1 € Vimv)-
Last but not least, we may identify the fiber ’HV ) with the tangent space
TM by means of the differential de Wthh induces the isomorphism
from H( V) to T, M given by: 5V mz ,i=1,...,n. We further identify
Vim,v) with T, M by the Canonlcal isomorphism from Vim,v) to T M given

2o Li=1..nIn
this way, we may freely consider at (m, V') the projections dm and dVV, or
else, the components Wy, and Wy of W € T\, (T M), as valued in T, M.

Accordingly, we may view the partial differentials of ¢ at (m, V') appearing
in (2.2), that is (%)V(m V) and ‘w > (x,v) dVv?, which are elements of the
dual of 7—[( V) and V,,, v respectively, as belonging to 75, M. Doing so, we

by the affine structure of T},M, or else, by:

may now write (2.2) as a global identity of the desired form, namely:

@ V)W) = () V)T + () (mVI(N).

Pulling the function v back on M by a vector field U € T'(T'M), thus setting
U*tp(m) = w(m, U(m)), we infer for every m € M, € T,, M, the formula:

AU D) (m)(€) =
(22)7 tm Um))(© + (22) (m.Um)(VeU(m). (23

of constant use in the paper.

Remark 2.1. For later use, let us record here the existence of the so-called
diagonal lift g” of the metric g to the manifold 7'M, a Riemannian metric,
often named after Sasaki (see [YI73] and references therein) and defined,
using the preceding identifications, by:

g(lgn,V) (VV? Z) =9m (Wh7 Zh) + 9m (WV7 ZV)7

for every point (m, V') € T'M and every couple of vectors W, Z in Ti,, vy (T'M).
In particular, the factors %V and V of the splitting of T(T'M) are mutually
orthogonal for the metric gP.
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2.1.2 Exponential map

We can deal similarly with the exponential map exp : TM — M, getting
the identity:

dexp(m, V)(W) = (a;;p)Z(m, V) (Wh) + (agép)m(m, VY(Wy). (2.4)

Here, the partial differentials of the exponential map at the point (m,V)
may be viewed as linear maps from 75, M to T),M, with p = exp,,(V), equal
to the identity at V' = 0. As the point (m, V') varies in T M, each of them
gives rise to a section of the vector bundle Mor(w}, 7'M, exp* TM) — TM of
morphisms covering the identity, wy,TM — TM (resp. exp* TM — TM)
standing for the pullback of the tangent bundle wy; : TM — M by the map
wys (resp. by the exponential map). Equivalently, we may view the maps

v
(agr’;p) v and (agé.p) as sections of the bundle w}, T* M ®exp* TM — TM.

a vector field U € I'(T'M), we infer from (2.4) the further identity:

d(U™ exp)(m)(§) =
() o )+ (S2), (T, 125

where U* exp(m) = exp,,,(U(m)).

2.1.3 Jacobi endomorphism

Let Nconj denote the open neighborhood of the zero section of T'M consisting
of the points (m, V) € T'M such that the linear map:

<(‘3exp

= ) (m, V) : TuM — T,M, with p = exp,,(V),

remains an isomorphism. Given (m, V) € Neonj and & € T, M, the equation:

(522) i v)(e) = (%) V)w),

can be solved uniquely for v € T,,M. It thus defines an endomorphism
EeTM — J(m,V)(€) =v e T, M, often called the Jacobi endomorphism
of T, M at (m, V). This endomorphism arises naturally in the description
of the fibers of the exponential map, when the latter is restricted to Neon;.
Specifically, the tangent space to exp~!(p) at (m, V') € Neonj is the subspace
of T(y,vy(T'M) given by the graph of the linear map from H(me) to Vim,v)
defined, with the usual identifications, by —7(m, V). The main properties
of this endomorphism will be derived in section 2.3.2 below, using the Jacobi
equation. Here, we just note that J(m,0) must be equal to the identity.
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The map (m,V) € TM — J(m,V) € End(T,,M) is a section, over
Neonj, of the pullback bundle w}, End(TM) — TM. Let us pause and ex-
plain a natural way of differentiating on T'M maps like the ones considered

v
so far, namely (8;;;1’) , (88(3‘);13) and J.
14 m

2.1.4 Linear connections on vector bundles

The material presented here for convenience is fairly well-known [PT88]. A
linear connection V on a vector bundle p : E — @) over a closed manifold @
is a map which associates, to each couple ((¢, W), S) formed by a tangent
vector (¢, W) € TQ at a point ¢ € @ and a section S of the bundle £ — Q,
a vector V'S of the fiber E, = p~1(g), in such a way that:

(i) given any integer k, for every C* vector field W on the base manifold
Q and every C**! section S of the bundle £ — @ :

(i.1) the section Vy S of that bundle is of class C* and the map
(W, S) — VS so defined is smooth;

(2.2) the map W — VS, defined by fixing the section S and letting

the vector field W vary, is linear over the algebra C*(Q) of real
functions of class C* on Q;

(73) for each fixed tangent vector (¢, W), the map S — VS obtained by
letting the section S vary, is R-linear and satisfies the chain rule, that
is, the equation:

Vw (fS)=df(W)S+ fVwS,
holds identically at the point g, for every real function f € C(Q).

Given a linear connection V on a vector bundle £ — @, we can define
new linear connections out of it by duality, tensor product and pullback.
The dual connection V* is the linear connection defined on the dual bundle
E* — @Q by the equation:

Virl(S) = d(¢(S))(W) = £(VwS),

valid for every vector field W on @) and sections S of F, £ of E*. The product
connection V® on the tensor product E* @ E — Q, for instance, is given by:

Vi (l®8)= (V) eSS+l (VwS).

A similar definition can be given for more general tensor products, of course.
In either case, we are guided by the chain rule for the defining equation and
the axioms (7)(i7) of a linear connection can readily be verified.

The pullback device is a bit trickier; it goes as follows. Given a map
p : P — @Q between two closed manifolds and a vector bundle £ — @ of
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rank r endowed with a linear connection V, we can define on the pullback
bundle ¢*E — P a linear connection V¥ as follows. Fix a point py € P and
a local frame field ¢ € Q — (51 (Q),--., ST(q)) spanning the fiber of E over
the point g, for ¢ near the image point ¢y = ¢(po). Such a frame field yields,
for every section ¢ of the pullback bundle p*E — P, local real functions
€Y., € defined near the point pg in the source manifold P and such that
the section & reads: £(p) = £*(p) Sa(q), with ¢ = ¢(p). Now, for each vector
field V on P, a natural candidate for the covariant derivative V‘“}g is given
near the point pg by:

Vi E(p) = d&(p)(V(p) Salq) + £ (p)(Vw Sa) (), (2.6)

with ¢ = ¢(p) and W = do(p)(V(p)) € T,Q. The right-hand side of this
equation turns out to be independent of the choice of the local frame .S;,
hence of that of the point pg as well. So we have actually defined a global
section VY€ of the pullback bundle ¢*E — P. Furthermore, one can readily
check that V¥ fulfills the axioms (7)(i7) of a linear connection on the vector
bundle p*E — P.

In case the source manifold P is an interval (resp. the product of two
intervals) of the real line, with generic point ¢ (resp. (7,t)), it is common
to write Y- (resp. (3%, 3)) instead of V¥ (resp. (V¥ ,V%)). If the map
w: P — (@ is equal to, either wy; : TMdt—> M or expaT: T]\aj — M, and we
take for the vector bundle £ — @) the tangent bundle TM — M equipped
with the Levi—Civita connection, we will omit the superscript ¢ of V¥ and
write V anytime no confusion may occur. Let us specify what are the
coefficients of these connections in local charts. Sticking to the notations of
section 2.1.1, we infer from (2.6) that they are given by:

Vie' (i) — T (e) o V%M(i) =0, and:

;. \Oxd Oxk’ 57 \OTJ
ex; 6 =l 8
VR (525) = 07 B @, v) T B, v) 5,
0 OEF — 0
exp (Y } _ Y~ g v
v (57) = B (@) Tirl(Bla, ) 5.

Here, we have used a chart x (resp. Z) at the source point m (resp. tar-
get point m = exp,,(V)), set E(x,v) = Z(exp,,(V)), where x = z(m),v =
dx(m)(V), and denoted by Ffj (resp. ffj) the Christoffel symbols of the
Levi-Civita connection of M in the chart = (resp. z). Combining the
knowledge of these coefficients with the duality and tensor product de-
vices described above, we are now in position to differentiate sections like
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A\
<6exP>V, (M) and J. In the latter case, for instance, we find:
m

om ov
k V 7k k 14 14 k k l ha“7]k
Vo Jj =0; Jj + ()T = T5(2) T = ViJ) — Ty (@)v ol
0T
and V o Jf = 25, (27)
. Tk .
Tk = 24 : 2 ,
with V jjk o T ng(x)Jf Ffj (z)JF. Let us emphasize that the local

functions Vijjk are not the components of a tensor, unlike the functions
Vsv jjk’. Nevertheless, it will be convenient to use them in some calculations.

Remark 2.2 (general erratum). In his previous works, anytime the author
had to differentiate twice a section of a vector bundle over T'M (obtained
by pulling back a tensor bundle over M) for the purpose of a second order
estimate performed in a normal chart of M, he made a meaningless use of the
original Levi—Civita connection V, instead of using the appropriate pullback
connection. However, his estimates are still valid. Indeed, every rectification
of this mistake yields only first order terms with curvature coefficients, which
are inessential for the estimate. Section 6.2 of the present paper illustrates
the correct way to proceed.

2.2 (' norms

We need to define C* norms of real functions, or of sections of pullback
tensor bundles, defined on (the closure of) some smooth bounded domain €2
of TM. For real functions, we do it using the Sasaki metric g (see Remark
2.1) and its Levi-Civita connection. For sections of @}, TM, we first note
that this vector bundle inherits an obvious avatar of the metric g. Moreover,
the connection V¥M is compatible with the latter. Combining the preceding
tools, we can define the Banach space C*(Q, w3, TM). A similar definition
can be given for the space C*(Q, %, End(TM)).

2.3 Jacobi fields and applications
2.3.1 Jacobi equation

Given (mg, Vo) € TM, we set X, for the vector space of all vector fields
t — Y(t) € T)y;)M along the geodesic path t — yo(t) = exp,,,(tVo) € M,
and let J,, € End(X,,) denote the Jacobi operator along 9. Recall that the
latter reads:

VY

Y — 370 (Y)(t) = W + R’yo(t)(Ya VO(t))"VO(t)a
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where R stands for the curvature (or Riemann) tensor*, of the Levi-Civita
connection V and the dot, as usual, for the time derivative. If we change the
initial time from 0 to 7, setting v (t) = exp,,(7) (t70(7)), we have v (t—7) =
Yo(t), hence 4, (t — 7) = 4o (t) and:

R,Yo(t)(.,"m(t))"}/o(t) = R,YT(Q)(.,"YT(Q))"}/T(Q) with 0 =t — 7.

We infer that, for every Yy € X, the vector field Y; € &, defined by
Y:(t — 1) = Yo (t) satisfies identically 3, (Y7)(t — 7) = J+,(Y0)(t)-

If a vector field Yy € &, satisfies the Jacobi equation J,,Yp = 0, it is
called a Jacobi field. Note that: Yy € kerJ,, <= Y; € kerJ,, . Regarding
the special way in which Jacobi fields arise, we refer the reader to Rieman-
nian geometry textbooks [CE08, pp.14-15] [dC92, Chap.5]. Here, we would
like to point out that Yy € &, is a Jacobi field if and only it satisfies the
following initial value identity:

o(t) = (C22) " mo, 1¥0) (40(0)) + 1 (2oL (ano, 174) (2(0)). (28)

Indeed, this identity expresses exactly what geometers prove about Jacobi
fields, for instance in the books just quoted.

Remark 2.3. As is well-known and easy to check, the velocity field g is
a Jacobi field along the geodesic path 7, and so is the field ¢ — to(t).

v
From (2.8), we see that the former is equal to (aanp>v(mo,t%)(%) and

m

the latter, to t(aae"jp> (mo, tVo)(Vo). Besides, for every Jacobi field Yp, one
m
readily verifies that the scalar product g., ) (Yo(t),%0(t)) must be an affine

v
function of t. If Vi # 0, it follows that the linear maps (%)V(mo,t%)

and (35,‘);13) (mo’tvo) send VOL to ’.}/O(t)L-

Let us describe some applications of the identity (2.8) to be used in the
paper.

2.3.2 Applications

Explicit calculations For each point (m,V) € T M, the endomorphism
of T, M given by: Y — R, (Y, V)V, often called the Jacobi curvature endo-
morphism along the vector V, is symmetric. If U is a nontrivial eigenvector
orthogonal to V, the corresponding eigenvalue is equal to |U|*|V 2K (p), p
standing for the tangent 2-plane at m defined by the vectors U and V, and
K, for the sectional curvature of the manifold M in the direction of that
2-plane.

4with the sign convention given by: R(U, V)W = VyVvW - VyVuW — Vg W, for
every triple of vector fields U, V, W



18 Philippe Delanoé

If Vo # 0 and the manifold M is Riemannian locally symmetric, that is,
if the Riemann tensor is parallel, it is possible to take along the geodesic vy a
parallel orthonormal frame field (e1(¢),...,ey(t)), with 49(t) = [Vplen(t), in
which the matrix of the Jacobi curvature endomorphism along () remains
diagonal and constant as ¢ varies. Setting Yo(t) = 3" Yi(t)ei(t) and
Ry (€4(0), Vo) Vo = ]VOPHQ ea(0),a = 1,...,n — 1, the Jacobi equation

J+0(Yo) = 0 becomes: dt2 + Vol?ka Y = 0, < m, and 2 dt2 = 0. So the
Cauchy problem can be solved explicitly. In particular, we can calculate the

v

matrices of the maps (8;;?)‘/(7710,%) and (%‘?}p) (mo, Vo), as diagonal
m

matrices with the a-th entries depending only on |Vp| and the sectional

curvature Ky, and with the n-th entries both equal to 1.

Inhomogeneous Jacobi equations Dropping the local symmetry as-
sumption on M, let us apply the identity (2.8) to solve in X, the inhomo-
geneous Cauchy problem:

~ VY
JWO(Y) =U, Y(0) =¢, Tt
where §,v in T, M and U € X, are given. Speciﬁcally, Writing the equation

J40(Y) = U as a first order system in (%) with Z = ¥X, we note that the
resolvent R(t,7) of the homogeneous system is given by:

< (%?:Lp)iv(w(r),(tfmom) (t—7) (222)  (v0(r), (t = 7)30(r)) )
5 [(322)7 (o) (¢ =i 5 [ =) (32),,, (ro(m), (¢ = 7)) )

0) =v, (2.9)

For instance, from (2.8), we have W(t) = R(¢,0)W(0), with W = <&>

The map t — R(t,7) satisfies the initial condition R(7,7) = Id and the
composition identity: R(t,0)R(0,7) = R(t, 7). Now, the method of variation
of constants [Car67, Har02] yields for the solution of (2.9) the representation
formula:

v =30+ =7 (5G2) n(r) = o) we) dr . 210)

where Yj is the Jacobi field given by first component of W (t) = R(t,0) ( & )

Estimates From the Jacobi equation combined with Schwarz inequality,
we can find a constant C' > 0 depending only on n and maxgy, ) [K],
still setting Gro(M) for the Grassmann bundle of tangent 2-planes on M,
such that the energy of every Jacobi field Yy € &, satisfies the differential

. . 2 2
inequality: % (Yo(1)2+] T2.(1)[) < CO+ Vo) (Yo (D)2 +] T2 ()), hence

the estimate:
VYo VYo, . |?
wo + [T < ot (|Y< 2+ 200 ) (2.11)

dt
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In particular, with the convention that the norm of the identity is equal to

p v
v/n, we infer from (2.8) that the norms of the linear maps (dgr);p)‘/(mo, o)

and (M> (mo, Vo) are bounded above by eC(H1Vl*)/2, /.

oV
If the eigenvalues of the curvature endomorphism along the geodesic
segment t € [0,1] — ~o(t) € M are nonnegative and if that segment contains
no conjugate point, the Rauch comparison theorem [dC92, p.215] [CEOS,

p.29] yields a sharper bound, namely: t‘ (85"}1[’) (my, tVo)‘ < ty/n. If so, we
m

infer from (2.10) the estimate:

t2
Y(t) - Yo(t)| < — , 2.12
rfggf! (t) — Yo(t)| 5 x/ﬁn[%%?\U(t)! (2.12)

for the solution of the initial value problem (2.9).

Main properties of the Jacobi endomorphism We infer at once from
Remark 2.3 (read at ¢t = 1) the:

Proposition 2.1. The identity J(mo, Vo)Vo = Vo holds at every tangent
point (mo, Vo) € Neonj. Furthermore, if Vo # 0, the Jacobi endomorphism
J(mo, Vo) maps the subspace VbL to itself.

Let us fix a point (mo, Vo) € Neonj, set po = exp,,, (Vo) and consider
the equation exp,,(V) = po for (m,V) € TM close to (mog, Vp). Since

ov
implicit function theorem at (mg,Vp) to that equation. It yields a local
vector field 17, equal to Vy at the point mg, and such that the identity
exp,,(V(m)) = po holds for m close enough to mg. We take m so close to
myo that the graph of the vector field V remains inside Neonj- By differentiat-
ing the preceding identity, the reader will find (exercise) that the derivative
of the local vector field V is given by:

(anp) (mo, Vo) + TnyM — Tp, M is an isomorphism, we may apply the
m

VeV (m) = —J (m, V(m)) (), (2.13)

for every vector & € T,,M. We further study the vector field 1% itself,
by introducing the local function é¢(m) = %’f/(m)lz The latter represents
half the squared length of the geodesic path joining the point m to the
fixed endpoint po, with initial velocity V(m) close to Vp. From (2.13), the

derivative of that local squared length function is given by: dé(m)(§) =
m (—XA/(m), J (m, V(m))(ﬁ)) From Proposition 2.1, the right-hand side of

this equation is equal to gm(—f/(m), 5). Since the vector & € T,, M is arbi-
trary, we have proved the local identity:

V(m) = —grad é¢(m).
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Plugging the latter in (2.13), we further get:
J(m, V(m)) = V grad &(m). (2.14)
In particular, letting m = mg, we infer the

Proposition 2.2. The Jacobi endomorphism J(mo, Vo) : TgM — Ty M
is symmetric, for every (mo, Vo) € Neonj-

Let us now focus on the behavior of the eigenvalues of the symmet-
ric endomorphism J+(my, Vp) induced on V- by J(mo, Vo). The following
proposition extends Lemma 3.12 and Proposition 2.5 of [CMS01], from Nyt
(defined below) to NMconj, with a simpler proof based on the Index Lemma.

Proposition 2.3. For every (mq, Vo) € Neonj, Vo # 0, setting J+(mo, Vo)
for the endomorphism of VOl induced by J(mg,Vp), the following upper
bounds hold in the sense of symmetric endomorphisms:

(i) T+ (mo, Vo) < 1d, if the Jacobi curvature endomorphism along Ao (t) is
nonnegative for all t € [0, 1];

(i1) T+(mo, Vo) < (Volv/kcoth|Vo|v/k) 1d, if —k < O stands for a lower
bound on the eigenvalues of the Jacobi curvature endomorphism along
Ao(t), valid for all t € [0,1].

Furthermore, for every converging sequence (Vi)ken of TmoM such that
(mo, Vi) lies in Neonj for each k € N and the limit point (mo, Vao) lies on the

boundary of Neonj, the sequence of symmetric endomorphisms (j (mo, Vk))k N
€
1s unbounded below.

Proof. We denote henceforth by S,, the sectional curvature tensor
(or covariant Riemann tensor) of the manifold at the point m. Follow-
ing [CMS01], we use the index form of the geodesic t € [0,1] — ~o(t) =
exXp,,, (tvo) € M, namely the bilinear form I,; given by:

1
L, (Y, Z) _/0 (g’Yo(t)(vdf’ %) — Syo(t) (Y(t),*ydt),Z(t)fyo(t))) dt,

which acts on the subspace Xj‘o of X, consisting of vector fields everywhere
orthogonal to vy. We fix a unit vector £ € VOL and consider the Jacobi field
J¢ equal to:

Te(0) = (%22) (g, 170)(6) — t(T)(mo, 1V6) (T o, Vo) (€))-

By reading (2.13) at m = myg, we know that this field vanishes at ¢ = 1.
The combination of Remark 2.3 with Proposition 2.1 further shows that it
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belongs to Xja. Moreover, integration by parts yields for the field J¢ the
identity:

For every vector field Z € X,YLO with the same endpoint values as J¢, namely
Z(0) = &, Z(1) = 0, the Index Lemma [Aub98, p.19] [dC92, pp.212-215]
[CE08, pp.24-25], applied after a time reversion, provides the fundamental
inequality:

170(J57J5) <1,(Z, Z2). (2.16)

Here, time reversion means that g is replaced by the geodesic t € LO, 1] —
Yo(t) = v(1 —t) and each vector field Y € X,YLO, by the vector field Y € X%

given by Y (t) = Y(1 — ). It is straightforward to verify that Y is a Jacobi
field along 7o if and only if Y is so along ~g.

Under assumption (i), we apply (2.16) with Z(t) = (1 — t)&,,(t), where
&+, (t) denotes the parallel transport of £ from mg to yo(t) along 7 € [0,¢] —
Y0(7). The desired conclusion comes from the obvious bound I,(Z, Z) < 1.
If we assume (i7) instead, the following upper bound holds:

1
vZ
1,,(Z,7) < —
'YO( b ) /0 < dt

for every Z € X’yLo‘ The right-hand side corresponds formally to the index
form that would occur if the Jacobi curvature endomorphism field along the
geodesic 79 had n — 1 eigenvalues constant equal to —«. If it were so, on the
one hand, the Jacobi field J¢ would formally coincide with the field:

2

+ /f|V0|2‘Z|50(t))> dt,
Yo(t)

Z(t) = (cosh(t]V|v/r) — coth(|Vo|v/x) sinh(t]Vo|V/k) )&, (1);

on the other hand, the eigenvalues of the formal analogue of J=(mg, Vp)
would be constant equal to (|Vo|y/k coth [Vo|y/k). Plugging this expression
of Z in the above right-hand integral, we thus know from (2.15) that we
must get the desired conclusion (exercise: compute the integral). The first
part of Proposition 2.3 is established.
In order to prove its second part, following [CMS01], we fix a small real
a > 0 and argue by contradiction, assuming the existence of a sequence
(Vi )ken, as stated, and of a constant C' > 0 such that the lower bound:
Imo (j(mg, Vk)(é),ﬁ) > —C holds, for every integer k and unit vector £ €
TonoM. Setting i (t) = exp,,, (tVx), we infer from (2.15) and (2.16) that the
bound: I, (Zy, Zy) = —Ca?, holds uniformly with respect to & € N and to
the vector fields Zj, € Xj;c satisfying: Z;(0) = a&, Zk(1) = 0. Letting k tend
to 0o, we get:
L,.(Z,7Z) > —Ca?, (2.17)

where Vo0 (t) = exp,,, (tV), a lower bound valid for every vector field Z €
XWLOO satisfying: Z(0) = a&, Z(1) = 0. We now mimick [CMSO01] for the rest
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of the proof. From our assumption on the limit point (mg, V), we may

take £ in the kernel of the map (8§‘§p>m(m0, Vo). Fixing £ so, we choose
the vector field Z equal to: Z(t) = Ye(t) + a1l — t)&,. (t), with Ye(t) =
t<8§%) (mo, tVao ) (€). The latter is such that the integral I, (Ye, Y¢) must

vanish [CE08, p.21]. Besides, we readily find I, (Y, (1 — ¢)&,.) = —1. It
follows that (2.17), read with our choice of Z, implies the inequality:

2+ <I%o (1= )&, (1 - 1)&) + C)a2 >0,

which is absurd, provided the real o > 0 is taken small enough [J

2.4 Jacobians
2.4.1 Calibrated determinants

Let X be a nonoriented real vector space of dimension n and +w, a nonzero
n-covector on X defined up to sign. Let (X', +w’) and (X", +w”) be simi-
larly defined with the same integer n. The calibrated determinant of a linear
map L : X — X' is given by:

W'(Ley, ..., Ley)

w(er,...,en)

det‘w‘7|w/|(L) = s (2.18)
where {ey1,...,e,} stands for a basis of X. This definition does not depend
on the choice of that basis, nor on the sign 4 chosen before w and «’'. If
X = X’ and |w| = |o/|, the definition becomes independent of the choice
of +w itself and reduces, up to the absolute value, to the well-known no-
tion of determinant of an endomorphism. Like the latter, the calibrated
determinant has a nice multiplication property, namely:

det|w|7|w//|(L, o L) = det‘w|7|w/|(L)det|w/‘,|wu| (L/) s (219)

for every couple of linear maps L : X — X’ and L' : X’ — X", Indeed, both
sides vanish if L is not an isomorphism and, if it is, we just have to write:

w”((L' o L)ey, ..., (L' o L)ey)

w(er,...,en)

W'(Ley, ..., Ley)

w(er, ..., en)

)

B ‘w”(L’vl, ooy L'oy)

w'(vi, ..., vp)

with v; = Le;, to make (2.19) obvious.

Objects like (X, +w) arise naturally in Riemannian geometry. Indeed,
at each point m of our closed nonoriented Riemannian manifold (M, g), the
tangent space T, M is endowed with a nonzero n-covector defined up to sign,
namely the restriction to T}, M of the volume form w,. The latter is defined
by wg(m) = £6' A ... A 60", where {6',...,0"} stands for an orthonormal
basis of 17 M.
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2.4.2 Exponential map at a point

Fixing the point m € M and letting the vector V' vary in 7;, M, consider the

family of linear maps (%) (m,V) : T,,M — T,M, with p = exp,,(V).
m

The Jacobian of the map exp,, : T,,M — R at V € T,, M is defined by:

0 exp
Jac(expy, ) (V) = detiu, gm)]lwg (o) ((W>m(m= V)> :

Letting now m € M vary, we get a smooth nonnegative function on T'M,
equal to 1 along the zero section and nonvanishing on Monj. Let us pause
and illustrate briefly the use of that function.

Henceforward, we denote by dV, (or just dV when not confusing) the
volume measure of the metric g and by Ny, the open neighborhood of the
zero section of T'M consisting of the points (m,V) € T'M such that the
geodesic segment t € [0,1] — exp,,(tV) € M contains no cut point. As
is well-known, the inclusion Ny € Nconj holds; moreover, the map exp,,
sends the tangential domain Nyt (m) = Newy N Ty, M diffeomorphically onto
the open subset of full measure M \ Cut(m), where Cut(m) denotes the cut
locus of the point m [dC92, CE08].

The function (m, V) — Jac(exp,,)(V) occurs anytime one computes an
integral like [y, h(p)dVy(p), h € L'(M,dV,). Using the change of variables
m = exp,,(V),V € My, the integral becomes:

[ mavym) = [ oexp,) ac(exp,, ) (V)duy, (V).
M Neut (m)

where dvy,, stands for the Lebesgue measure on 7, M canonically associated
to the n-covector wy(m). If the manifold M is Riemannian locally symmetric,
as pointed out in the first paragraph of Section 2.3.2, we can calculate ex-
plicitly the expression of the Jacobi fields along the geodesic t — exp,, (tV').
The reader can do the exercise or find the solution in [Bes78, p.82] in the
positively curved case. In the notations of Section 7.1, we get in that case:

sin v (sin Y1 et
Jac(exp,,) (V) = < WD’/‘> < \Vlz ) . (2.20)
2

This expression factors as a function of the sole radial variable r = [V,
decreasing from 1 to 0 on [0,7). The computation of the above integral is
now tractable. Taking for instance h = 1 on a geodesic ball of radius r < m,
and zero elsewhere, we can compute in this way the volume of that ball.
Dropping local symmetry and letting the point (m, V') vary in T'M, the
expression of the function (m,V) — Jac(exp,,)(V) itself is given in any

couple of charts by:
OF"
det ((%j (x,v)) ‘ .

det (ggj(E(:c, v)))
det (gij(z))

Jac(expp,)(V) = \/
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Here, we have used a chart x (resp. ) at the source point m (resp. target
point m = exp,,(V)), set E(z,v) = Z(exp,,(V)), where x = z(m),v =
dz(m)(V'), and denoted by g;j(z) (resp. g;;(Z)) the local components of the
metric tensor.

2.4.3 Maps between Riemannian manifolds

Let ¢ : M — M’ be a map ranging in another unoriented Riemannian
n-manifold (with metric ¢’). For every point m € M, setting for short
Wi = wg(m),w;, = wy (¢(m)), the Jacobian of the map ¢ is the nonnegative
function Jac(¢) defined on the manifold M by:

Jac(o)(m) = det\wm\,|w,’ﬂ| (dd)(m)) (2.21)

If ¢p : M’ — M" is a further map between unoriented Riemannian manifolds,
the following multiplication property:

Jac(y o ¢) = Jac(e). (Jac(y) o ¢), (2.22)

can be infered from (2.19) in a straightforward way. In case ¢ : M — M’
is a diffeomorphism, the pullback tensor ¢*¢’ is a Riemannian metric on M
and the identity dVy«y = Jac(¢)dV; holds between the volume measures of
the metrics g and ¢*¢’, due to (2.21). So the change of variable formula
[op W dVy = [, (R 0 ¢)dV4y, valid for every function h' € L'(M',dVy),

becomes:

/ /h’dVg, = /M(h’o¢) Jac(¢)dV, . (2.23)

Besides, the volume measure of ¢*¢’ coincides with the pushforward of the
measure dV, by the inverse mapping ¢~ ' M’ — M, that is:

AVyeg = (¢~ 1) 4dVy, or else, (¢~ 1) pdVy = Jac(4)dV,. (2.24)

Indeed, on the one hand, setting b’ = ho¢~!, with h € L1 (M, dV,), the above
change of variable formula yields the identity [, (hogp™) dVy = [;, hdVyeg.
On the other hand, we have [, (ho¢™1)dVy = [, h ((¢71)xdVy), by the
very definition of the pushforward measure.

Finally, the expression of the function m — Jac(¢)(m) in any couple of

charts is given by:
d¢’
det (8:1cj (:z:)) ‘ .

det (g75(¢(2)))

Jac(¢)(m) = | ——L— 2
Here, we have used a chart x (resp. Z) at the source point m (resp. target
point M = ¢(m)), set abusively ¢(x) = z(¢(m)), where z = xz(m), and
denoted by g;j(z) (resp. g;;(Z)) the local components of the metric tensor.
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2.4.4 Maps factorizing through nonconjugating vector fields

In the sequel, it will be convenient to call nonconjugating, a vector field U
on M which ranges in Nconj (see section 2.1.3). Abusively, one may call so
the map (U*exp) : M — M, as well. Similarly, we call the vector field U
(and the map U* exp) noncutting, provided U ranges in Neyy € Neonj (see
section 2.4.2). Finally, we call U (and U* exp, as well) strictly minimizing,
if for every point m € M, there exists a unique minimizing geodesic joining
m to its image point exp,,(U(m)).

Let U be a nonconjugating vector field on M. Since U is so, we may
recast the expression (2.5) of the differential of the map (U* exp) as follows:

AU exp)(m)(©) = (P2 (m,U(m)) o (7 (m, Ulm))(€) + VU (m) ),

for every m € M,¢ € T,, M. From the multiplication property (2.19), we
infer for the Jacobian of that map the expression:

Jac(U* exp)(m) = Jac(exp,,) (U(m))
X )det(j(m, Um))(.) + V,U(m))‘ . (2.25)

A similar expression was derived differently in [Cab97, pp.632-635], under
the more restrictive assumption that U is noncutting.

3 Foundations of the PDE approach

Back to the Monge problem described in the introduction, and sticking to
the notations adopted there, let us investigate the smoothness issue raised
by McCann’s theorem. If, for every couple of C*< positive probability mea-
sures (po, /1), the potential function u (g, p1) is C¥T22, given such a couple,
the optimal maps Mc(uo, p11) and Mc (1, po) are C¥+5%, From the last part
of Theorem 1.1, these maps are now inverse of each other at every point of
the manifold M, hence diffeomorphisms of M. It follows that the potential
function u(ug, ;1) must be a classical solution of the Monge-Ampere equa-
tion (1.2). This is what we infer from McCann’s theorem; but we do not
want to rely on that theorem.

In this section, forgetting the map Mc(u1, to) and allowing provisionally
the given densities pg, p1 to be merely continuous on the manifold, we will
establish the following result:

Theorem 3.1. Let M be a closed Riemannian manifold and (po,p1), @
couple of continuous positive probability measures on M. A C? function
u: M — R is such that the gradient-mapping G, = exp(gradu) : M — M
pushes ug to py if and only if u is a classical solution of the Monge—Ampére
equation (1.2). Moreover, if so, the map G, must be a noncutting diffeo-
morphism and the function u must be c-convex.
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This statement yields the founding ansatz of the PDE approach, namely:

Corollary 3.1. Let M be a closed Riemannian manifold and (po, p1), @
couple of C* positive probability measures on M. McCann’s potential func-
tion u(po, 1) is C*2 if and only if the Monge-Ampére equation (1.2)
admits a C*T2% solution.

Proof of the Corollary. By the preceding theorem, if w(uo,p1) is
C*+2a it must solve (1.2). Conversely, if u is a C*+2% solution of (1.2), it
must be c-convex and the map G, be a diffeomorphism, hence push ug to
p1. In the latter case, McCann’s uniqueness theorem [McCO01, Theorem 8]
implies that the maps G, and Mc(ug, p11) coincide. So do the gradients of
the functions u and wu(po, it1), because the map G, is noncutting. Therefore
McCann’s potential function u (o, gt1) must be C*2: 0

The rest of the section is devoted to the proof of Theorem 3.1. We will
proceed stepwise, starting with a series of auxiliary results of independent
interest, then combining them all to derive the theorem itself. The first
lemma was the object of [Figl2].

Lemma 3.1 (Figalli). Let ¢ : M — M be a C* map pushing po to p1. The
minys po =0

Jacobian of ¢ must be bounded below by
max s p1

Proof. Claim 1: the open subset {Jac(¢) > 0} is nonempty.
Indeed, if it were empty, the image of ¢ would have zero volume measure, by
Sard’s theorem [Mil97]. For every Borel subset B of M\ ¢(M ), we would get:
w1 (B) = po (qS_I(B)) = 0, contradicting the positivity assumption made on
the target measure p;.
Claim 2: the subsets {Jac(¢) > 0} and {Jac(¢) > M} coincide.

maxyy p1
Fix a point mo € {Jac(¢) > 0}. The inverse function theorem, applied
to the map ¢ at my, yields a neighborhood Uy of mg such that ¢ induces a
diffeomorphism ¢ : Uy — <Z>(Llo). Setting 11 for the restriction of the measure

o to the neighborhood LNIO, we consider the measure 1 = 5#;70 on qzﬁ(ljo).
Since ¢ is a diffeomorphism, the measure 11 must be smooth positive; we set

_dp ~ .
p1 = divl We observe that p1 < p1, due to the assumption ¢xpug = p1 and

the obvious inclusion ¢ Y(B) C ¢~!(B) holding for every Borel subset B of
gb(Uo). Furthermore, we may write for ¢ the change of variables formula:

p1(6(m)) Jac(¢)(m) = po(m),

valid at every point m € ﬁo. From p; < pi1, we get the lower bound:

Jac(g) (m) > M. Since Jac is a local operator, we may drop the

p1(o(m))

tilda over ¢ in that inequality. We infer that Uy is contained in {J ac(¢) =
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minas po
maxjs P1
Conclusion: From the preceding claims, we know that the open subset

{Jac(¢) > 0} is nonempty and closed. It must coincide with the mani-
fold M, since the latter is connected. So the lemma holds on the whole of
M, due to Claim 2 [

}. In particular, Claim 2 is proved.

Lemma 3.2. If a C? function v : M — R is such that the Jacobian of its
gradient-mapping G, nowhere vanishes on M, the map G, : M — M must
be a diffeomorphism.

Proof. By the inverse function theorem [Lan02], the map G, must be
a local diffeomorphism. Its image is thus open. By compactness of the
manifold M and continuity of the map G, the image G, (M) must also be
closed. It follows that G, (M) = M, since the manifold is connected. So
Gy : M — M is a covering map. If the manifold is simply connected, we
are done: the covering map G, must be 1-sheeted, hence a diffeomorphism.
If not, let p: M — M denote the universal covering space of M. We endow
the manifold M with the pull-back Riemannian metric g. The projection
p is now an isometry and so is every element v : M — M of the covering
transformation group I' (isomorphic to 71 (M)). Let us consider the function
a: M — R given by: u = u o p. Set G : M — M for the corresponding
gradient-mapping. From the invariance of the function u under the action of
the group I', it is not difficult to figure out that fyoG G o, for every deck
transformation v € r. Furthermore, the naturality of gradient-mappings
yields the identity: p o éj Gy o p. In particular, the Jacobian of the map
G nowhere vanishes on M therefore, by our previous argument, this map
must be a diffeomorphism. We will use this result to prove that the covering
map G, must be l-sheeted. Arguing by contradiction, let us suppose the
existence of a point m € M and two distinct points m # m’ in M, such
that (dropping the subscript u): G(m) = G(m') = m. Pick a point m in
the fiber p~!(m) and another one 7’ in p~*(m’). Their images G(m) and
G(m') both lie in the fiber p~1(m), so there exists a covering transformation
v : M — M such that G(im) = v o G(i'). But v o G(i/) = G(y(’)) and
the map G: M — Mis one-to-one, therefore m = ~v(m') hence m = m/,
which is absurd O

Lemma 3.3. If a C? function u : M — R is such that Jac(G,) nowhere
vanishes, it must be c-conver.

Proof. For every C! function v : M — R and every point m € M, the
function p € M — —c(p,m) — u(p) € R is continuous. It thus assumes,
at some point p = m € M, a global maximum which coincides with the
value u®(m) taken at the point 7 by the c-supremal convolution® of u. For

5defined in the introduction
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p € M close to the point m, we have: c(p,m) — c(m,m) > u(m) — u(p),
hence the function p — c¢(p,m) is subdifferentiable at the point m. Being
also superdifferentiable [McCO01], it must be differentiable at m, from what
we may conclude that dc(m,m) = du(m) hence also, by the proof given on
top p.599 of [McCO01], that m = G, (m). Here, in the spirit of a convenient
notation used in [KM10, KM12], we have set dc = dc+ dc for the splitting of
the differential of the two-point cost function ¢ into dc(m,m) and dc(m,m),
respectively covectors at the points m and m.

Now, if u is C? and Jac(G,) does not vanish, the map G, must be
a diffeomorphism by the preceding lemma. We thus get: m = G '(m),
with m a differentiability point of the function ¢(., 7). Letting the point m
vary in the manifold, the function m — u®(m) is now given by: u¢(m) =
—c(G,'(m),m) — u(G,'(m)). It is thus differentiable.

Playing with u® the game just played with u, we fix the point m € M
and consider the function ¢ € M — —c¢(m,q) — u°(¢) € R. It assumes
at some point ¢ = m a global maximum equal to (u®)°(m). Recalling the
general inequality u¢(m) > —c(m,m) —u(m), we see that (u®)¢(m) < u(m).
If this inequality were strict, the definition of (u€)¢ would imply that u(m) >
—c(m, q) — u®(q), for every point ¢ € M. But this is false at ¢ = G, (m).
Therefore (u€)¢(m) = u(m) and since the point m € M is arbitrary, we
conclude that u is, indeed, c-convex [

Lemma 3.4. If a C? function u : M — R is such that Jac(G,) nowhere
vanishes, the map G, : M — M must be strictly minimizing.

Proof. If Jac(G,) does not vanish, we know from the preceding proof
that the function ¢ € M — —c¢(m,q) — u(q) € R must assume a global
maximum at the point ¢ = G,(m). In the neighborhood of that point, we
thus have: c(m, q) —c(m, Gy(m) = u(Gy(m)) —u(q), which shows that the
function ¢ — c¢(m,q) is subdifferentiable, hence differentiable [McCO01], at
the very point ¢ = G, (m). This result implies (see top p.232 of [CMS01]) the
nonexistence of two distinct minimizing geodesics going from m to G (m),
as claimed OJ

Proposition 3.1. If a C? function u : M — R is such that Jac(G.,) does
not vanish, the map exp,, : TimM — M must have full rank at the tangent
vector grad u(m) and the symmetric endomorphism Hu(m) defined by:

Hu(m) = J (m, gradu(m)) + V grad u(m),
must be strictly positive, for every point m € M.

Consistently with the term used in [DG10, p.69], we call the endomor-
phism Hu(m) : T, M — T, M the c-Hessian endomorphism of the function
u at the point m.
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Proof. Fix a point my € M where the function u assumes a local
minimum. The conclusions of the lemma are satisfied at the point mg. Let
Su(mg) be the connected component of the open subset S, C M, given by:

Sy = {m € M, Jac(exp,,)(grad u(m)) > 0 and Hu(m) > 0},

containing the point myg. It suffices to prove that S, (my) is closed. Indeed,
if it is so, the lemma holds because the manifold M itself is connected. Ac-
cordingly, let us consider a sequence (mz)Z N of Sy (mp) with limit point
Moo = lim; oo m; € M. For fixed ¢ € N, Lemma 3.4 and the definition of the
subset .S, imply that the point (m;, grad u(m;)) lies in Neyt. Besides, from
the positivity of Hu(m;), we have: j(mi,grad u(ml)) > —Cy1d,y,, where
the real Cy > 0 stands for the largest eigenvalue on M of the Hessian endo-
morphism field V grad u. Letting ¢ tend to infinity, we get at the limit point
Moo three inequalitites, namely: Jac(exp,, )(gradu(mes)) = 0, Hu(me) =
0, and J (Moo, grad u(me)) > —Caldp,.. . From the latter combined with
the last part of Proposition 2.3, we infer that the point (m«, grad u(meo))
lies in NMonj. It follows that the first inequality must be strict. But the func-
tion Jac(G,,) does not vanish on M. Therefore, reading the equation (2.25)
at m = my with the vector field U = grad u, we conclude that the middle
inequality, that is Hu(me) > 0, must also be strict [

Lemma 3.5. If a C? function u : M — R is such that Jac(G,) nowhere
vanishes, the map Gy : M — M must be noncutting.

Proof. For every point m € M, we know by Lemma 3.4 that the image
point G, (m) can be joined to m by a unique minimizing geodesic, namely
t € 10,1 = Guw(m) € M. By the first part of Proposition 3.1, we further
know that this geodesic contains no conjugate point. Therefore, indeed, it
contains no cut point [J

Proof of Theorem 3.1 With the preceding lemmas at hand, the proof
of the theorem is not difficult. Still, it should be provided since it contains
a major step of our method, namely the reduction of the Monge problem to
the classical solvability of the Monge-Ampere equation (1.2).

Proof of the first part of Theorem 3.1. Let the function u lie in C?(M, R)
and be such that the gradient-mapping G,, pushes pg to p1. The combination
of Lemmas 3.1 and 3.2 implies that the map G, : M — M is a diffeomor-
phism. Applying, on the one hand the change of variable formula (2.23)
read with M’ = M, ¢ = Gy, h' = hp1,h € LY*(M,dV), on the other hand the
pushing formula (1.1) read with ¢ = G, we see that the equation:

/ (hoGu)(p1 o Gu) Jac(G) dV = / (hoGpodV,  (3.1)
M M

holds for every function h € L'(M,dV). We infer from this identity that
the C? function u must satisfy (1.2) pointwise. Conversely, if the latter
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conclusion is now our assumption, on the one hand the identity (3.1) holds,
on the other hand the map G, must be a diffeomorphism due to Lemma
3.2. But if Gy, is so, the left-hand side of (3.1) can be equated to [,, hdpu
by means of the change of variable formula (2.23) read as we did above. It
follows that the map G,, pushes the measure pg to the measure pq. The first
part of the theorem is proved.

The proof of the second part of Theorem 3.1 is now straightforward.
Indeed, we just proved in either case that the gradient-mapping G, must be
a diffeomorphism. So we may apply to it Lemmas 3.3 and 3.5 and get the
desired conclusion [

Remark 3.1. The uniqueness, up to addition of a constant, of the C?
solution of the Monge—-Ampere equation (1.2), is another aspect of the PDE
approach, consistent with the uniqueness of the optimal map Mc(po, 1)
proven in [McCO1]. It will be established in Section 4.3 (Proposition 4.2).

4 Continuity method

Recall that we have fixed in the introduction a smoothness degree, namely
a couple (k,a) € N x (0,1), with £ > 2. Accordingly, we focus on the con-
struction of a C¥*2% solution u : M — R of the Monge-Ampere equation
(1.2) posed on a closed Riemannian manifold M, with volume measure dV,
endowed with a couple of C*® positive probability densities (pg, p1). By
Corollary 3.1, this construction is equivalent to showing that McCann’s op-
timal potential function u(po dv, p1 dV) is Ck+22 We will perform it by
means of the continuity method.

Specifically, we will argue by connectedness of the subset 7 C [0,1]
consisting of the all values of the parameter ¢ € [0, 1] for which one can find
a CFt2:2 solution u; of the deformed equation:

pi(Gulm)) Jac(Gy)(m) = po(m). (4.1)

where p; stands for the C¥® positive probability density given by p; =
tp1 + (1 — t)pp. For t = 1, the latter coincides with the original equation
(1.2) to be solved. For ¢t = 0, it has the obvious solution ug = 0, so the
subset T is nonempty and we will prove successively that it is relatively
open in [0, 1] and closed.

4.1 Openess part of the method

The idea of that part is to use an implicit function theorem argument.
Let us describe the related functional analytic setting. We say that a C?
function v : M — R is admissible, if Jac(G,,) nowhere vanishes. For each
integer ¢ and real number a, we set C5® for the affine Banach space of
C% real functions with average on M equal to a and denote by A¥+2< the
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open subset of all admissible functions in C’gH’a. By Lemma 3.2 and the
observation that, if u solves (4.1), so does u-+constant, we may take the
solutions of (4.1) in A¥*2® with no loss of generality. Besides, we consider
the open subset Plk " of all positive functions in C’f “. We note that the
tangent bundles to A*t2 and to Plk’a are both trivial, with constant fiber
consisting of the Banach space Cg’a, respectively with £ =k + 2 and ¢ = k.
Finally, we let @ : [0,1] x A¥+2> — Ck*(M,R) be the operator given by:
®(t,u)(m) = pr(Gu(m)) Jac(Gy)(m), for every point m € M.

Lemma 4.1. The operator ® ranges in Plk’a. Moreover, for fized t € [0, 1],
the differential d®(t,.) is an isomorphism from C§+2’a to C[If’a, at every
function u € AFt2e,

Proof. Fix a couple (t,u) € [0,1] x A**22 The C** function ®(t, )
must be positive on the manifold because so are the density p; and the
Jacobian of the map G,,. Indeed, the latter cannot vanish because G, is a

diffeomorphism. For the same reason, the density p, = ‘3‘—‘}‘ of the prob-

ability measure p, defined by pu, = (Gu) 4Ho must belong to Plk . The
identity ®(t,u) = ((;’—2) o Gu) po is thus satisfied on the manifold. Integrat-
ing it over M and applying the pushing condition (Gu) yHO = flu, WE get:
S @(t,u)dV = [, Z—i dpy = [, prdV = 1. Therefore the map ® ranges in

Plk “ as claimed. Let us pause for a remark of constant use in the sequel.

Remark 4.1 (actual expression of the Monge-Ampere operator). From the
combination of Proposition 3.1 with the expression of Jac(G,,) given by
(2.25) read at the vector field U = grad u, we infer that the operator ® is
actually given by:

®(t,u)(m) = pt(Gu(m)) Jac(exp,,) (grad u(m)) det (Hu(m)),

at every admissible function u € A¥*2 and point (t,m) € [0, 1] x M. Here,
the c-Hessian endomorphism field Hwu, which was defined in Proposition 3.1
by Hu(m) = J(m,gradu(m)) + V gradu(m), is symmetric and must stay
positive everywhere on the manifold.

Back to the interrupted proof, we set for short L for the differential of

the map ®(¢,.) at w. The map L is thus a continuous linear map from C’g t2ha

to C’g "“. We note that it can be viewed as a second order scalar differential
operator £ : C*+2%(M,R) — C5*(M,R), for every integer £ < k, that is,
an operator with C*® coefficients. Moreover, from Remark 4.1, the symbol
of the operator £ must be positive definite at every point of the manifold.
So L is elliptic. Besides, on the one hand, since ®(t,u) = ®(¢, u+ constant),
the operator £ must vanish on constant functions. On the other hand, since
the integral [ LvdV vanishes for every function v € C¥*%%(M,R), the
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formal L?(M,dV) adjoint £* of the operator £ must also vanish on constant
functions. Hopf’s maximum principle [Hop27, PW67, GT01] implies that
the kernels of the operators £ and £* are both exactly made of the constant
functions on M. So the map L : Cg Tha C’g "* is not only one-to-one but
also, by the Fredholm alternative combined with standard elliptic regularity,
onto. The lemma now follows from the open mapping theorem [

We are ready to prove that the subset T is relatively open in [0,1]. If
to € T, letting uy, € A*2% be a solution of (4.1) read at t = tg, we can
apply the implicit function theorem [Lan02] to the equation ®(t,u) = py at
the point (o, ut,). Indeed, this point solves that equation and Lemma 4.1
tells us that the partial differential 2%’(750, Ut,) is an isomorphism from the
tangent space to A*t2® at Uy, to the tangent space to Plk’a at po. We infer
the existence of a real € > 0 such that (top —€,t9+ €) N[0, 1] is contained in
T, as desired.

4.2 Closedness part of the method

Our present aim is to reduce the proof that the subset T is closed to a
uniform upper bound on the Hessian of the classical solutions w; of (4.1) for
t € T. Specifically, we will establish the following statement:

Proposition 4.1. The subset T is closed provided there exists a constant
Cs > 0 such that Vgradu, < Cold, for every t € T and every solution
uy € AF29 of the continuity equation (4.1).

Before proving the proposition, we will record straightforward, geometric
or algebraic, a priori estimates bearing on admissible functions. The proof
of the proposition itself is deferred till the end of the section.

Lemma 4.2. For every changing sign admissible function u, the following
estimates hold:

max |u| < (D)2, max!gradu‘ < Dy,
M M

where Dy stands for the diameter of the manifold M.

Proof. Let the function u be admissible. By Lemma 3.5, the map G,
is noncutting, so the length of the gradient of u cannot exceed Dj;;. This
estimate implies that the oscillation of u is bounded above by D%m So must
be max s |u| if u changes sign [

Lemma 4.3. There exists a geometric constant of the manifold Cpy > 0
such that V gradu > —Cyy Id, for every admissible function w.

Proof. If u is admissible, we know from Proposition 3.1 that, for every
point my € M, the point (my, grad u(mg)) must lie in Nyonj and the Hessian
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endomorphism V grad u(mg) must be bounded below by —7 (mo, grad u(mo)).
So the lemma follows from the first part of Proposition 2.3, read at Vj =
grad u(my), combined with the gradient bound of Lemma 4.2. Specifically,
we take C'yy = 1 if the manifold M is nonnegatively curved and, if not, we
take Cyr = Dyry/k coth(Dary/kar) where we have set —rpr < 0 for the
minimum of the sectional curvature function and used Lemma 4.2 [

For the next statement, given a C? real function u on M, it is convenient
to set ca(u) > 0 for the maximum over the manifold of the largest eigenvalue
of the Hessian endomorphism V grad u. We will stick to the notation p,, used
above for the density of the probability measure p, = (Gu) 4Ho-

Lemma 4.4. For every admissible function u, the following lower bound

holds:

WV

iy po

Cu + Cz(u)) _n,
maxps Pu

mj\}n Jac(exp,, ) (grad u(m))
where n = dim(M). Moreover, for every point m € M, the following pinching
holds in the sense of symmetric endomorphisms of the tangent space at m :

min,y po

1-n
m(CM + c2(u)) " Idm < Hu(m) < (Car + c2(u)) Idm,

where Byr > 0 denotes a geometric constant of the manifold.

Proof. Fixing an admissible function u, we note that the upper bound
asserted on the Hessian endomorphism of « in the lemma is trivial. From
the definition of the probability density p,, at every point m, we may write:

Jac(exp,,) (gradu(m)) = p(pg(% (det(Hu(m))) -1

This identity combined with the trivial upper bound on Hu(m) yields the
first lower bound of the lemma. Writing the identity the other way around,
namely:

det(Hu(m)) = % (Jac(expm) (grad u(m))) _17

and recalling the positivity of the eigenvalues of the symmetric endomor-
phism Hu(m), we infer that the smallest eigenvalue of Hu(m) is bounded
~1
[% <Jac(expm) (grad u(m))) (Cum + CQ(U))I_TL. Look-
ing here for an upper bound on Jac(exp,,)(gradu(m)), we note that, by
Lemma 3.5, the tangent point (m, grad u(m)) lies in the neighborhood Nyt
of the zero section of T'M. Bishop’s comparison theorem [Gra04, p.47] thus
implies that Jac(exp,,)(gradu(m)) is bounded above by the constant By

below by:
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equal to 1 if the manifold has nonnegative Ricci curvature and, if not, equal

sinh(Dar/Ta1)

n—1
o —F——————= , where we have set —(n—1)r); < 0 for the smallest
() (n=1)

eigenvalue of the Ricci curvature on the manifold and used Lemma 4.2. The
desired lower bound on Hu(m) follows OJ

Remark 4.2. The proof of Lemma 4.4 seems to indicate that the estimates
1 and 2 stated in the introduction are redundant, since one could take the

constant ¢ in Estimate 1 equal to WA‘". Let us explain why one cannot
M Pu

do so. Keeping in mind Remark 1.1, we allow max;¢ (o, ‘log pt| 2 to enter in

2
the control the constant A, whereas only max;¢g 1] ‘log pt‘ o1 should enter in
the control of §. Worse, the constant A in Estimate 2 is allowed to depend on
6. In practice, it will depend on §, because Estimate 2 will be derived from
a maximum principle argument exploiting equation (4.2), in particular, the
uniform boundedness of its first order term ;(m, grad u(m)). This bound-
edness will follow from Estimate 1. So one will really have to establish both

estimates, one after the other, to apply successfully the continuity method.

Proof of Proposition 4.1. Recalling Remark 4.1, it is convenient to
recast the continuity equation (4.1) as:

Flu)(m) — b (m, grad u(m)) = 0, with u € AF+2e (4.2)

where Flu](m) = logdet(Hu(m)) and v : Neonj € TM — R denotes the
function given by:

po(m) }
pr(expp, V) Jac(exp,, ) (V) |

Letting (ti)z‘eN be a sequence of T and setting to, = lim; ,o0 t; € [0, 1], we
must prove that t,, belongs to the subset 7. To each ¢ € N, we associate a
function u; € AFT2 solving (4.2) at t = ;. Under our present assumption,
the three preceding lemmas hold for the function wu;, the last one with ca(u;)
replaced by the uniform constant C5 of our statement. The sequence (uz)

Yi(m, V) = log{ with ¢ € [0, 1].

1€N
is thus bounded in C?(M,R). Since (4.2) is a second order equation, we would
like to extract a subsequence of (uz)Z oy converging at least in C?(M,R). So
we need to bound the original sequence in a stronger norm than the C? one.
This will be achieved by means of the interior Holder regularity theory for
second derivatives of Evans-Trudinger [Eva82, Tru83, GT01]. We thus focus
on verifying stepwise the conditions which this theory requires (see [GT01,
section 17.4]) in the case of (4.2).

First, let us deal with the v, term. By Lemma 4.4, for every couple
(i,m) € N x M, the tangent point (m,gradu;(m)) lies in a compact subset
K1 (depending on the constant C) of the open neighborhood NMeonj C TM.
The restriction of the function v, to the subset Ky is smooth.
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Let us now record three properties of the fully nonlinear differential
operator F acting on admissible functions. The differential of the operator
F at an admissible function u is given by:

dF[u](v) = trace(Fp, o V. gradv) , (4.3)

where F[,) stands for the endomorphism field on M such that, at each point
m € M, Fi,(m) is the symmetric endomorphism of the tangent space T;,, M
inverse of the Hessian endomorphism Hu(m). It follows from Lemma 4.4
that the symbol a(dF [u]) : T*M — R of that operator at a cotangent point
(m, &) satisfies the pinching:

(Car + c2(u) "' [€1? < o (dF[u]) (m, €)
< Barmaxas pu

min,y po (Cur + ea(w)" 2. (44)

The operator F' itself factors through the function f = logdet, acting on
the open subset Ends‘;m(TM ) of the vector bundle Endgym (T'M) — M of
symmetric endomorphisms, consisting of the ones which are positive. The
restriction of the function f to each fiber of the bundle is concave (for the
canonical flat connection of the fiber). Back to the sequence (uz)z ey e
may infer from the pinching (4.4) read at u = w; a uniform pinching on the
symbol o (dF [u;]) (m, £), namely the one obtained by replacing the constant
c2(u;) by the constant Co of Proposition 4.1. As already noted, we can do
similarly for the pinching of Lemma 4.4. Therefore the section Hu; of the
vector bundle Endgym (T'M) ranges in a compact subset Ky of Ends‘g,m(TM )s
depending on the constant Cy but independent of i € N. The restriction of
the function f to the subset Koy is smooth.

We are now in position to apply the interior regularity theorem of Evans—
Trudinger [GT01, Theorem 17.14] to the equation (4.2) read at u = u,.
It readily yields a real 5 € (0,1), independent of i € N, such that the
whole sequence (u;), ¢y 18 bounded in C%*8(M,R). By the Arzela—Ascoli
theorem, fixing v € (0, 3), we can extract a subsequence of (uz)l oy Which
converges in C?7(M,R) toward a function ue. This limit function has,
like each function wu;, zero average. It must satisfy the continuity equation
(4.1) read at t = t. In particular, by Lemma 3.2, it must be admissible.
We infer that the differential operator dF|us] is elliptic on the manifold.
Finally, since the given probability densities pg and p; lie in C*(M,R) and
the Riemannian manifold M itself is smooth, the Giraud-Hopf regularity
theorem for nonlinear second order elliptic equations [Gir30, Hop31] implies
that us, belongs to C*+2%(M,R), hence to A**%, In other words, the limit
number t,, belongs to the subset 7. The proof of Proposition 4.1 is thus

complete []
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4.3 Conclusion: proof of the general smoothness theorem

We wish to prove the general smoothness result stated in the introduction,
namely Theorem 1.5. So far, using the continuity method, given a couple of
C*« positive probability densities (pg, p1), we have reduced the existence of
a classical solution u € A*+2% of the Monge-Ampeére equation (1.2), to the
assumption of Proposition 4.1, that is, to the existence of a constant Cy > 0
such that Vgradu; < Co1d, for every t € T and u; € A¥t22 solving the
continuity equation (4.1).

Proof of the ’if’ part of Theorem 1.5. Let us show that our present
existence result is equivalent to the ’if” part of Theorem 1.5, in other words,
that the existence of a uniform upper bound on V grad u; is equivalent to
the existence of a couple of positive constants (J, A) such that the following
bounds hold:

, (4.5a)

Jac(exp,,)(grad ug(m)) > 0
Ald,,, (4.5b)

>
J(m, grad us(m)) + V grad us(m) <

uniformly with respect to the point (¢t,m) € T x M.
Indeed, if the preceding bound holds, we infer from Lemma 4.4, read
with w = wug, py = pr and co(u) replaced by the constant Co, that the

W(CM Oy
maxag ¢

and A = Cyy + Cy. Conversely, if the bounds (4.5) hold, we infer from (4.5a)

bounds (4.5) hold as well, respectively with 6 =

combined with Lemma 4.2 and the estimates on (8;;p>v(m, grad ut(m))

and (85‘);;)) (m, grad u¢(m)) which follow from (2.11), that the norm of the

Jacobi endomorphism at (m, grad us(m)) is bounded above by:

L1 22a+03) pni2

5
where C' stands for the geometric constant of the manifold appearing in
(2.11). In particular, a uniform lower bound on J(m, grad us(m)) follows.

The latter combined with (4.5b) provides an upper bound V grad u; < Cs 1d
on the Hessian endomorphism, with:

The "if’ part of Theorem 1.5 is thus established.

Before giving the proof of the ’only if’ part of Theorem 1.5, we require
the following result:

Proposition 4.2 (uniqueness). Any two C? solutions of the Monge—Ampére
equation (1.2) on a closed manifold M must differ by a constant.
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This result is a particular case of a general one presented in [Del04,
Theorem A.1]. For completeness, let us provide a proof of it.

Proof. Let wy and w; be C? solutions of (1.2). By Lemma 3.2, each
of them must be admissible. By Proposition 3.1, the c-Hessian of each
must be positive definite everywhere on the manifold. Set wy = wg + 6w
with 6 € [0,1] and w = w; — wp, and consider the nonempty closed sub-
set S = {m € M, w(m) = miny, w}. Let us argue by connectedness
in the manifold M and show that the subset S is open. Fixing a point
mo € S, we note that grad w(mg) vanishes while the symmetric endomor-
phism V grad w(my) is nonnegative. We infer that the latter vanishes. In-
deed, writing (1.2) at the point mg for the admissible functions wy and
wy, and noting that: Guy(mo) = Gu,(mo), Jac(exp,,,)(gradwo(me)) =
Jac(exp,,, ) (grad wi(mg)), J (mo, grad wo(mg)) = J (mo, grad wi(mg)), we
infer that det(Hwo(mo)) = det(Hwi(mo)), from which the vanishing of
V grad w(my) follows. Since the functions wg and w; are C?, we can find a
geodesic ball By centered at the point mg on which the differential of the
auxiliary operator u € C2(M,R) — ®(u) = (p1 0 Gy) Jac(Gy) € CO(M,R),
calculated at the function u = wy, stays elliptic with posmve symbol, for
every 6 € [0,1]. So the linear operator L, given by L= fo d®(wy) db, shares

the same property. Moreover, the operators d@(wg) and L are linear sec-
ond order differential operators with continuous coefficients on the ball By
and they vanish on constant functions. The identity ®(w;)—®(wy) = L(w),
combined with the vanishing of its left-hand side and Hopf’s maximum prin-
ciple [Hop27, PW67, GT01], thus implies that the function w is constant on
By, equal to w(mg) = miny; w. In other words, the ball By must be con-
tained in the subset S. It follows that S is open hence it must coincide with
the whole manifold [

Proof of the ’only if’ part of Theorem 1.5. By the ’only if’ part
of the theorem, we mean its final part, of course. So let us suppose the
existence of a couple (pg,p1) of O™ positive probability densities on M
such that either bounds (4.5) fails. By Proposition 4.2, we may consider
the solution map t € T — u; € A*2% defined by the continuity equation
(4.1). The proof given above for the ’if” part shows that the corresponding
family of functions {ut} +e7 must be unbounded in C?(M,R). Accordingly,
for each nonzero integer i, we can find a real ¢; € T such that the C?
norm of wu; := uy, is larger than . Setting 7 = lim; , t; € [0, 1], we claim
that McCann’s potential function u(pgdV, p; dV) is not C?. We prove it
by contradiction. If this function were C2, the combination of Lemmas 3.1
and 3.2 would imply that it is admissible, thus satisfying the continuity
equation (4.1) read at ¢ = 7. Moreover, the nonlinear elliptic regularity
argument used in the last part of the proof of Proposition 4.1 would apply
to the function u(pg dV, p, dV') and show that it belongs to C*+2%(M, R). We
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would thus infer that 7 belongs to the solution counterset 7 and, recalling
Proposition 4.2, that the difference between u(pg dV, pr dV') and the solution
ur € AF22 is constant. Finally, by Lemma 4.1 read at t = 7, the sequence
(ui)ieN* would converge toward u, in C’”Q’O‘(M, R). But this convergence
would contradict the blow up of the corresponding sequence of C? norms [J

5 Continuity method applied to flat manifolds

Let us digress briefly from our main topic and record a straightforward
application of Theorem 1.5, namely:

Theorem 5.1. If the closed Riemannian manifold M is flat, given a couple
(k,a) € N x (0,1), with k > 2, the potential function u(po,p1) must be
Ck+2a for every couple (uo, 1) of O™ positive probability measures.

As mentioned in the introduction, this theorem is known. It follows from
Cordero—Erausquin’s regularity result [Cor99] combined with further elliptic
regularity, once applied to the manifold M the Bieberbach theorem (see e.g.
[KN96a, section V.4]) combined with the covering space result of [DG10,
Appendix C]. Here, we present an alternative, direct proof of it.

Proof. Let us fix a couple (ug, p11) of C* positive probability measures
on M and apply Theorem 1.5. If M is flat, the following identities hold:

Jac(exp,,)(V) =1, J(m,V) = Id,,,

at every tangent point (m, V). In particular, the open neighborhood Ngon;
consists of the whole tangent bundle and the first requirement of Theorem
1.5 is trivially fulfilled. Moreover, the continuity equation reads:

log det (Idm + V grad ut(m)) = ¢ (m, grad uy(m)),

with i:(m,V) = log po(m) — log pt(exp,, V). Here, let us recall that the
function u; satisfies f y wtdV =0, hence also, by Lemma 4.2, the bounds:
‘grad ut‘ < Dy, Jug] < D%m Therefore the function u; solves on the manifold
M a Monge-Ampere equation of the type studied in Corollaries 2 and 3 of
[Del81]. The second requirement of Theorem 1.5 thus follows from the a
priori estimate carried out in [Del82, pp.428-429] to fix the proof of Lemma
6 of [Del81, p.351]. So, by Theorem 1.5, we are done [J

6 Continuity method applied to A3 manifolds

6.1 Main statements

Definition 6.1. A closed Riemannian manifold (M, g) will be called an A3
manifold if there exists a constant 8 > 0 such that the following inequality
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holds:
2

d
—@(Q(J(m,v +tW)(U), U))t_0 > QU2 W,

for every tangent point (m,V) lying in New and every couple of tangent
vectors (U, W) € T,, M x T,, M orthogonal to each other.

The inequality itself originates in the condition A3 of [MTWO05, p.154],
as will be clear from the proof of Lemma 6.1 given below. Read along the
zero section of T'M, it implies that the sectional curvature of M is bounded
below by %0 [DG10, p.101]. Since # > 0, we infer by Rauch comparison
[dC92, CEO08, Josll, Kli95] that the closure of the neighborhood Ncopj in
TM is compact. In particular, for every real § > 0 small, so is the closure
of the smooth strict subdomain A/C5onj of Neonj given by:

'/V’C(Sonj = {(mv V) € -/\/’conja Jac(expm)(V) > 5}

Fixing such a real §, one may thus define on the closure of A2 . Banach

conj
spaces of C? functions or sections of the pullback bundle wy, M, as ex-

plained in section 2.2. We will denote below the corresponding norms simply
by Héé). Our present aim is to derive from Theorem 1.5 the following result:

Theorem 6.1. Let M be a closed A3 manifold. Given (k,o) € N x (0,1),
with k > 2, the potential function u(jug, 1) is C*+t2 for every couple of CF
positive probability measures (o, 1), if, for each such couple, the infimum of
min,,eps Jac(exp,, )(grad us(m)), over the solution counterset T, is positive.

Proof. To prove Theorem 6.1, we fix a couple (ug, 1) = (po dV, p1 dV)
of C* positive probability measures on M and set § > 0 for the infimum,
over the solution counterset 7, of min,,¢cps Jac(exp,,)(grad us(m)) where uy
denotes the solution in A**22 of the continuity equation (4.1) corresponding
to the data (po, p1) and the value ¢t € T of the deformation parameter. All
we have to do for the proof is to combine Theorem 1.5 with the following
key lemma, formulated according to Remark 1.1:

Lemma 6.1 (Ma-Trudinger-Wang estimate). There exists a constant ©
under control, depending on 0, such that the trace Ti(m) of the c-Hessian
endomorphism Hui(m) is bounded above by O, for every point (t,m) € T X
M.

Indeed, by Proposition 3.1, this lemma implies Estimate 2 of the in-
troduction. Granted the lemma, the second requirement of Theorem 1.5 is
thus fulfilled and the proof of Theorem 6.1 is complete. As for the proof of
Lemma 6.1 itself, recalling Lemma 3.5, it may be reduced essentially to the
estimate carried out in [MTWO05, Section 4]. This reduction was performed
in [DG10, Appendix BJ; so we are done J
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We would like to point out that Theorem 1.4 of [LV10] follows at once
from Theorem 6.1. In other words, granted the Ma—Trudinger—-Wang esti-
mate, the PDE approach makes that result obvious. Here, the reader should
not be confused by the proof outlined in [LV10, pp.436-437]. Indeed, a key
fact was unobserved in [LV10] although clear from [DG10, Appendix B,
namely: on every A3 manifold such that Ney = News NN, fonj for some § > 0,
the two-point function ¢ = %d2 fulfills the assumptions made on the cost
function in [MTWO05]. There is thus no estimate to pursue any further.

6.2 Maximum Principle a la Ma—Trudinger—Wang

Instead of relying as above on the reduction to [MTWO05, Section 4] operated
in [DG10, Appendix BJ, it is instructive to give a proof of Lemma 6.1 featur-
ing an intrinsic control on the constant © of the lemma. For completeness,
we present such a proof in this section.

Outline of an intrinsic proof of Lemma 6.1 Fix ¢t € T, pick a point
mo € M such that T;(mg) = max T+(m) and write successively the critical
me

equality and the maximum inequality, namely (dropping the subscript ¢):

grad T (mg) =0, (6.1a)
dF[u](%)(mo) < 0. (6.1b)

To derive from (6.1) a controlled upper bound on ¥(mg), we must first
cope with the third and fourth order terms appearing in (6.1b). This will be
achieved by using, besides (6.1a), the continuity equation (4.2) differentiated
twice. We will be left with an inequality involving terms of order at most two.
To reach the desired bound on %(my), we will sort these terms according to a
criterion inspired from [MTWO05, bottom p.162]. Let us define it, assuming
with no loss of generality that T(mg) > 1, sticking to the notations used

in the proof of Proposition 4.1 (see section 4.2) and using the norms Hé&)
introduced above (after Definition 6.1):

Definition 6.2. Any of the terms of order 0, 1 or 2 under study at the point
mg will be called MTW-bounded if it can be bounded above by:

C (1 + %2 (mg) + T(mo) trace(Fiy) (mo)))»

for some positive constant C' controlled by the dimension n and the diameter

Dy of the manifold M, the C* norm of its Riemann tensor, the norm ’j‘g;)

‘(5)
2 )

of the Jacobi endomorphism J and max Wt where the real function iy

te(0,1]
is the one appearing in the continuity equation (4.2).

With this outline in mind, let us get to a detailed proof of Lemma 6.1.
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Some local notations. Given a chart (x!,... 2") of the manifold M and
the natural chart (z!,... 2" v!, ... v") associated to it on T'M, we will set
for short:
0 0? 0 0? 0?
et~ awiow O gu = P Guigw = P gpiges = 0P
We will take the chart (z!,...,2™) normal at the point mg and such that

the matrix of the endomorphism Hu(my) is diagonal, with diagonal entries
A1 < A2 < ... < A\, (for simplicity, we drop the subscript ¢ until the end of
the proof). Components of relevant tensors will be denoted by:

gradu = V/u(z) 9;, Vgradu = Vgu(a:) dr' ® 9, J = jij(:c, v) dz' ® 0,
and Hu = H] dz' © 8, Fp,) = F! dz' ® 9;, thus with HEF] = 7.

Calculation of the conditions (6.1). Using (2.7), we find for the com-
ponents of grad ¥ the expression:

VIT = VIgF — ¢PTL V9 Dy Ji + DT Vit + VIV,

After commuting third derivatives of u, the condition (6.1a) thus reads:

—ViViu=0;7¢ + > DyJF 0ju— Rje Opu, at x =0, (6.2)
/=1

where the first derivatives of the local function J(z,v) are computed at z =
0,v" = 9;u(0), and Rj, dr’ ® dz’ stands for the Ricci tensor. Differentiating
the function ¥ once more yields for (6.1b) the expression:

f}(VfVﬁu + V{Vﬁu DyJE) + lLot. <0, at 2 =0, (6.3)

with the lower order terms given at x = 0 by:

. 1
7 k 12 1 k
lo.t. = F; (@jjk 3 (quj + Rjiq)Dﬁjk Oqu

+ @ng,f 8jgu + @ng,f O;pu + Dhgjkk O;put ajgu>, (6.4)

where one should sum over all indices and, again, compute the derivatives

of JF(x,v) at x = 0,v" = 9;u(0). Here, we have used the Riemann—Cartan

formula &T?q = %(Rgij + Rﬁiq), valid at the centre of any normal chart
[Carb1, p.244]. Let us observe that, at z = 0, the following identities hold:
Floyu =8¢ — FIJ!, Fioju = o) — Fi.J} (6.5a)

Floinudjeu = Opeu — TP + FITM T (6.5b)

They imply that the above scalar l.o.t. is MTW-bounded. We thus focus
on the other terms of the inequality (6.3), namely the third and fourth order
terms. We will calculate them by differentiating twice (4.2).
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Differentiating twice the continuity equation. Applying the gradient
operator to (4.2) yields in our chart z, for each ¢ =1,...,n, the equation:

]:fvéﬂg — Vé(wt(x,grad u(z))) =0,
or else, with the subscript of v; dropped:
]-";nggu = —f;vf (\,’Tij(x, gradu(z))) + V* (¢(, grad u(z))).

Commuting the third derivatives of u and using (2.2)(2.7) to calculate the
first derivatives of J7 and 1, we get:

FiVIViu = Fi(¢" R}, Viu - V'T! + g, VuD,J? — DpJ7 V")
+ Vi — g“T VIuDy + DV
At 2 = 0, we thus obtain the n equations:
FiviIViu = FI(R),,00u — 0,T! — DpJ Opeu) + 0ptb + Djipd;pu,

where one should sum over all repeated indices and compute the first deriva-
tives of J/ (z,v) and ¢ (z,v) at the point z = 0,v" = d;u(0). We infer from
these equations combined with (6.5a) that the term ]-"J’V‘Z Viu ngkk appear-
ing in (6.3) is MTW-bounded.

We are left with treating the fourth order term of (6.3). To do so, we
apply the Laplace operator to (4.2) and get:

FiViViu = FFIN HEV H]
~ Fivk (7 (z, grad u(z))) — A(¢(z, gradu(z))). (6.6)

After commutation of the fourth derivatives of u, the left-hand side becomes
equal to ﬂVgVﬁu + lL.o.t., with

Lo.t. = FI((V¥R),, + ViR)Viu + 2R}, V™ + Ry VY + R)Viu), (6.7)

an expression which, evaluated at x = 0, is MTW-bounded. Let us now
calculate the second derivatives of 7/ and v appearing in the right-hand

. 1
side of (6.6). Using (2.7) and the identity Z O, = —ng, valid at x = 0

k=1
due to the Riemann-Cartan formula [Car51, p.244], we find that the term
—.7-";5V,]: (7! (z,grad u(z))), evaluated at z = 0, is equal to:

~FUDe T ViV U + DypeJ? ViuVHu) + further terms.
The further terms in this equation are given by the following expression:

, 1 . . . .
—F;(0u T + S (BT} — Ry T + RyDyJ; Ou) + 0k De T Ope),
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where one should sum over all indices and compute the derivatives of jij (z,v)
at x = 0,v" = 0;u(0). So, we see that the further terms into question are
MTW-bounded. Besides, using (2.2), we get:

—A((z, gradu(z))) _, = Db ViViu+lot.,

with Lo.t. = Oty + %RiDﬂﬁ Ot + 20, Dytp Orpu + Dppth Ogous Oppu, where
one should sum over all indices and compute the derivatives of i (z,v)
at * = 0,0 = G;u(0). Tt is clear that the terms abbreviated here by
Lo.t. are MTW-bounded. In order to cope with the third order terms
—f;ngfV§Véu and DngQVZu at x = 0, we use the critical condition
(6.2). The latter implies that these terms are MTW-bounded. Last, we note
that the fourth order term —f;Dhe‘ZJ Vﬁuvkhu is equal to —]-"J’:DMZJH?’HZ
up to additional MTW-bounded terms. Altogether, we infer from (6.6) read
at z = 0 the inequality:

f;v{v’gu > — Z]—"J]Dkkjf (7—[’,2)2 + MTW-bounded terms, (6.8)
ik

in which one should sum over all indices and compute the derivatives Dkkjjj
at the point z = 0,v" = 9;u(0). Here, we have used the fact that the matrices
Fj and ’Hf are diagonal at x = 0. Since these matrices are inverses of

cach other, we have dropped the part of the sum —>7}_, ]-",kakak (7—[’]2)2
obtained for j = k, because it is MTW-bounded.

Back to the maximum condition. Since we have assumed that the
manifold M is A3, Definition 6.1 implies the existence of a real § > 0 such
that the sum — Y=, FJ Dy J; (Hf)” is bounded below by 63", F7 (Hﬁ)Q
Combining this bound with (6.8) and (6.3) and recalling that \; < ... < A,
stand for the eigenvalues of the symmetric (and positive) endomorphism
Hu(mo), each repeated with its multiplicity, we conclude that there exists a
constant C, controlled as in Definition 6.2, such that the following inequality

holds:
DISe C(1+ " M) +Z)\kZT).
j#k Y k=1 k=1  j=1""
)\2
The left-hand side is larger than HA—" while the right-hand side is bounded
1
An
above by C (1 + /\% + )\7)’ with another suitably controlled constant C' (say,
1
equal to n? times the preceding one). The resulting inequality reads:
0 An (0
() + 2 (=) < -
2 C +/\1 5 C C (6.9)
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Completion of the proof of Lemma 6.1. Let us distinguish two cases:
Case 1: either (% - C) or (g)\n — C) s less than 1.
If (4)\, — O) < 1, we get T(my) < Zn(C+1). If (% —C) < 1, we combine
this inequality with the continuity equation written as: [, \; = e¥, where
the function t(z,v) is computed at =z = 0,v" = Ju(0). It yields A, <
e’(3(C+ 1))n_1, hence T(mg) < Qn%, with another suitable constant C. In
either subcase, we are done.
Case 2: (% — C) > 1 and (g)\n — C) > 1.
Here, we infer from (6.9) that A2 + i—’; < C, which yields T(mg) < C with
another suitably controlled constant C' and, again, we are done [

7 Proofs completion: first order (stay-away) esti-
mates

So far, we know by Theorem 6.1 that, on a closed A3 manifold M, the po-
tential function of the optimal map Mc (g, p11) is C*T2¢, for every couple of
Cke k> 2, positive probability measures (ug, 11) given on M, provided Es-
timate 1 of the Introduction can be established for each such couple (pq, 1),
when we use the continuity method with the path p; = tug + (1 — t)pp. In
this section, we will prove Theorems 1.3 and 1.4 by establishing Estimate 1
on the manifolds successively considered in these two theorems, all shown
to be A3 manifolds [KM12, DR13, DG11].

7.1 Positively curved Riemannian locally symmetric spaces

In this subsection, we let the closed n-dimensional manifold M be Rieman-
nian locally symmetric, positively curved. We take it simply connected
with no loss of generality [DG10, Appendix C|. Whenever a manifold is so,
it must be a symmetric space (according to Cartan’s theorem, see [KN96a,
KN96b, CE08]) and each cut point must be a conjugate point [Cri62, Kar88].
Furthermore, all the geodesics must be simply closed of constant length
[Cha70, Kar88]. We take this length equal to 27. With this normalization,
we know [Cha70, Kar88] that, for every point (m, V) € TM with V # 0, the
Jacobi curvature endomorphism Y € T, M — R,,(Y,V)V € T,,M (see the
beginning of section 2.3.2) admits v eigenvalues equal to |V|? and (n—1—v)
eigenvalues equal to %]V!z. Furthermore, according to Cartan’s classification
(see [Kar88]), the integer v must be equal to n — 1 if M is the sphere S,
or equal to 1 if M is the complex projective space CP*, or equal to 3 if M
is the quaternionic projective space HP*, or equal to 7 if M is the Cayley
projective plane OP2, each with the appropriate sectional curvature (usual,
holomorphic, quaternionic, or octonionic) equal to 1.
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Proof of Estimate 1 Sticking to the notations used in sections 4 and
6, we fix t € T, that is, we fix a value of ¢ € [0,1] for which there exists
a solution u; € A2 of the continuity equation (4.1). Let mg € M be
a point of the manifold where the function m +— Jac(exp,,)(grad us(m))
assumes its global minimum. We seek a positive lower bound § for that
minimum. From (2.20), we know that the simpler function w; given by
wy(m) = 3| grad uy(m)|?> must assume a global maximum at the point mo.
Accordingly, recalling the ellipticity at u = u; of the differential operator
dF'[u] given by (4.2)(4.3), we may write the following critical equality and
maximum inequality (dropping freely the subscript ¢):

grad w(mg) = 0, (7.1a)
dF [u](w)(mg) < 0. (7.1b)

If w(mg) vanishes, we get Jac(exp,,)(gradu(mg)) = 1, so we are done. If
w(mg) > 0, let us choose a convenient chart to express the conditions (7.1).
We take along the geodesic path t € R — (t) = exp,,,, (t grad u(myg)) a par-
allel orthonormal frame field ¢ — (e1(t),...,en(t)) of the type described in
the first paragraph of section 2.3.2. Specifically, setting ro = | grad u(mg)|,

1
we choose it such that e,(t) = —Ao(t) and the vectors (ey(t),...,e,(t))
r

(resp. (ey+1(t),...,en—1(t))) span the eigenspace of the curvature endomor-
phism R 1) (-,50(t))50(t) associated to the eigenvalue r§ (resp. 1r3). As
the time parameter ¢ varies in a small enough open interval I containing
the segment [0, 1], this construction yields a Fermi chart defined in a thin
enough tubular neighborhood 9 of the image (/) in the manifold M. The
interval I and the neighborhood 91 are chosen such that, for every point
m € M, we can find a unique value 2™ = z™(m) of the arc length parameter
2" = rot and a unique (n — 1)-tuple of reals (z!,...,2""!) for which the
following defining equality holds:

M = €XPny(4) (zler(t) + ...+ 2" e _1(1)).

In the Fermi chart (z,...,2") so defined, the coordinates ! may be viewed
as cylindrical coordinates about the axis of the chart, namely the geodesic
0. Along the latter, the Riemannian metric of the manifold is osculating to
the local Euclidean metric Y1 (dz%)?. In particular, the Christoffel symbols
vanish: FZ-(O, ...,0,79t) = 0. We keep writing (z!,...,z",v!,...,v") for the
natural chart of TM associated to the chart =, and 0; (resp. D;) for the
local vector fields aii (resp. a?ﬂ‘)' We refer the reader to [Aub98, Gra04]
or [DG10, section 2] for an account on Fermi charts. In the present Fermi
chart, the critical condition (7.1a) reads:

Dinu(0) =0, (7.2)
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for every integer ¢ = 1,...,n. Besides, we get:
ng(O) = 100niju(0) + 78 Rinjn(0) + Z 0iu(0)0j,u(0),

after commuting third covariant derivatives of the function u, where R;;p(x)
stand for the chart components of the covariant Riemann tensor. Recalling
(4.3), the local expression of dF[u](w)(mg) is obtained by contracting the
right-hand side of the preceding equation with the symmetric matrix _7-";(0)
Here comes the reason why we have chosen the elliptic operator dF'[u] to ex-
press the maximum condition in (7.1b). Indeed, we can take advantage of the
continuity equation (4.2) itself, differentiated with respect to the arc length
coordinate z™ at x = 0, to calculate the third order term rof}(O)ﬁmju(O)
and express it by lower order terms. Specifically, we infer for .7-']’-' (0)0hni;u(0)
the expression:

F3(0)0hiju(0) = = F}(0)0, (T} (z, grad u(@))) | ,_o+0n (1 (w, grad u(z))) | ,_-

Combining (2.7) with (7.2), we find that each term 0, (\Zj(m,grad u(x)))
reduces at x = 0 to (an\zj)(o,grad u(0)). Moreover, the local symmetry of
the manifold M forces the latter derivative to vanish. Indeed, the com-
ponents of the Jacobi endomorphism J(y0(t),40(t)) in the parallel frame
(e1(t),...,en(t)) must be constant. Specifically, by the special choice of the
frame, one can readily verify (as in [DR13]) that the vector e;(t) is an eigen-
vector of J(y0(t),40(t)) associated to the eigenvalue \; with: A\; = rgcotrg
ifi <v, \j = FcotPific{v+1,...,n—1} and A\, = 1 as always (by
Proposition 2.1). So, the section ¢t — J(y0(t), Y0(t)) of the pullback bundle

vy End(T'M) — R is parallel. The equation dyj(%( t),%0(t)) = 0, expressed

using (2.7), read at t = 0 in the Fermi chart yields (8,.77)(0, grad u(0)) = 0,
as claimed. Besides, the term 8, (v(z, gradu(z))) calculated at & = 0 is
merely equal to:

8n (1/%(337 gradu(w))) ’r:O = 00 Pt

0,...,0,7“0),

because x = 0 is a critical point of the chart expression of the function
m — Jac(exp,,)(gradu(m)). We conclude that the maximum condition
(7.1b) reads:

0> F;(0) (1 Ringa(0) + Z D u(0);u(0) )

o, o,
+7’0< popo(())— ptpt(O,...,O,ro)>. (7.3)
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By (6.5b) and the special choice of our chart, we get:

-1

3

n—1
Fi(0)0u(0)0j5u(0) = Y 85,u(0) — T7 + FI(0)(77)?,
v=1

=1

2

where the components J, should be evaluated at (0, grad u(0)). But 0,,u(0)
is equal to H7(0) — J5 (0, grad u(0)). By Proposition 3.1, it is thus bounded
below by —J/(0,grad u(0)). As for the term ZQL: F7(0) (\7?)2, we know
by (4.4) that it is nonnegative. So is the term rg}"j’:(O)ijn(O), because the
manifold is positively curved. Altogether, we infer from (7.3) the inequality:

n—1
7] 7

0> -23" 720, grad u(0)) —i—ro( 20 gy — TP, . ,0,7‘0)>.

y=1 £0 Pt
Recalling Lemma 4.2, it yields the lower bound:
n—1 1
z:l JJ (0, grad u(0)) > —§DM (mﬁx |dlog po| + max |dlog py).
’Y:

Here, the diameter Dy of the manifold is equal to m and the expression of
the left-hand side is known [DR13], given by:

n—1

Z J,)(0,grad u(0)) = vrocotrg + (n — v — 1)%0 cot %0.
y=1
We thus obtain the uniform lower bound:
ro . To
t —v—1)—cot— = — dl .
vrocotrg+ (n—v )2 cot Wtr.erl[a)f]mj\%x\ og pt|

It yields the existence of a small real @ > 0, independent of the point mg €
M and of the value t of the deformation parameter in 7 C [0, 1], such
that: ro = |gradus(mg)] < ™ — a. Recalling (2.20), we infer Estimate 1

1 n—1-v
with § = ————(sina)” (2 cosg> . The proof of Theorem 1.3 is
(m— )1 2

complete.

7.2 Nearly spherical surfaces

In this section, the manifold M is the 2-sphere endowed with a Riemannian
metric g of positive Gauss curvature K normalized by miny; K = 1. We
set henceforth ex = ‘K — 1‘ c2 (M) and assume that ex is small. By Myers
theorem [CEO08], the diameter of M satisfies: D < m. In this setting, before
attacking Estimate 1, we require estimates on further geometric quantities.
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7.2.1 Two-dimensional perturbation tools

For each point (m,V) € TM and i = 0,1, let t € [0, +00) — fi(m,V,t) € R
denote the solution of the Cauchy problem:

fi + V2K (exp,,(tV)) fi = 0, £i(0) = 0, fi(0) = 61, (7.4)
where the dot stands for %. The ODE which appears in (7.4) is the scalar

Jacobi equation. The functions fy, fi so defined on TM x R yield the solu-
tion of the Cauchy problem for the, possibly inhomogeneous, scalar Jacobi
equation. Let us describe how. Fix a point (m,V) € TM with V # 0,
set y(t) = exp,,(tV) and let ¢t — (e1(t),e2(t)) be the direct orthonormal
parallel frame field along the path ¢ — ~(t), such that 4(t) = |V]ea(t). If
Y (t) = Yi(t)e1(t) + Y2(t)ea(t) is a Jacobi field along the geodesic 7, its first
component satisfies the above scalar Jacobi equation while the component
Y2 must be an affine function of the time parameter t. We infer from (2.8)

v
that the matrices of the linear maps (66XP> V(m, tV), and t(aae"jp) m(m, tv),

om

in the source frame (e1(0),e2(0)) and the target frame (e1(t), e2(t)), are re-
spectively equal to:

<f0(m6V,t) (1)> and (fl(mdv,t) (t)) (7.5)

For each prescribed couple of reals (a, b) and continuous function ¢ — h(t), it
follows now from (2.10), read with U(t) = h(t)e1(t),£ = ae1(0),v = be1(0),
that the solution of the Cauchy problem:

FHIVPE (expy,(tV)) f = h, f(0) =a, f(0)=b,

must be given by:

f(t)—afo(m7Vat)+bf1(m7V,t)+/0 A ((7),4(),t = 7)h(r)dr.  (7.6)

Another consequence of (7.5) is the identity:
Jac(exp,, ) (V) = fi(m, V1), (7.7)

from which we anticipate the need, for Estimate 1, to control the function
fi(m,V,1) together with its first and second derivatives. Before focussing
on that control problem, we observe that the neighborhhood Neonj admits
in dimension 2 the following characterization:

Neonj = {(m, V) € TM,Vt € 0,1], fi(m,V,t) > 0}.
Finally, if the point (m, V') lies in Neonj, we get at once from (7.5) the expres-
sion of the Jacobi endomorphism at (m, V') in the tangent basis (e1(0), e2(0)),

namely:
fo(m,V,1) 0)

7V = fl(mvvvl)
s (15

(7.8)
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Let us set fp and f; for the functions defined analogously to fo, f1 when
the function K is replaced by 1 in (7.4), that is, we set: fo = cos(|V]t)

and fi(m,V,t) = s1n‘(‘|/1T|t) By Sturm comparison [dC92, pp.238-239], the

curvature lower bound K > 1 implies that the upper bound:
fl(TTl, V7 t) < fl(ma V? t)? (79)

holds, provided the point (m,tV') lies in Neonj. If so, we infer at once the
further bound:
fi(m, Vi) <t.

Plugging this bound under the integral sign in (7.6), we get the estimate:
1
If = afolm,V..) = bfi(m, Vo) < SRl (7.10)

bearing on the solution f of the inhomogeneous Cauchy problem, where the
norm ||.|| is defined by: ||A[| = maxe(o,1) |h(t)]. Let us apply this estimate to
the function f(t) = fi(m,V,t) — fi(m,V,t), thus with a = b =0 and h(t) =
V(1 - K(exp,,(tV))) f1(m, V, t). With this choice of f, the combination of
(7.10) with the curvature pinching yields the lower bound:

fl(m7 Va t) = f_l(mv ‘/at) - 7726K7 (711)

valid for every (m, V) € Neonj and ¢ € [0, 1]. If [V| > 27, this inequality read
at t = 1 implies:

T — |V| < arcsin (7’ + 7f1(m, V, 1)),
hence the existence of a universal constant C' > 0 (equal to 73v/2) such that:
T—|V|<C(ex + fi(m,V,1)). (7.12)

So, the smaller ex and fi(m, V,1) are, the closer the length of the vector V'
must get to .

If the map t € [0,1] — 7(t) = exp,,(tV) € M is one to one, we may
associate to the orthonormal moving frame (ei(t),es(t)) defined above a
Fermi chart = (2!, 22) along the corresponding segment. In that chart,

the Riemannian metric g reads:
g =dz' @ dzt + &(2t, 2?) do? ® da?,

with &(0,2%) = 1, 9;6(0,2?) = 0. In the domain of the chart, the Christoffel
symbols vanish except the following ones:

1 0B 0 ®
F%Q = —53167 F%Q = 26’ %2 = o6
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Ve
V&

along the 2%-axis, the first and second partial derivatives with respect to z?
of the Christoffel symbols can be expressed in terms of K as follows:

Moreover, the Gauss curvature is given by: K = — . We infer that,

O3y = -T2, = K, 112, =0, and
oy = —onI2, = 01K, 0111% = —0,K. (7.13)

We set (z,v) = (2!, 2%, v!,v?) for the natural chart of TM associated to the
chart  and, X = X (z,v,t) = (Xl(x, v,t), X?(x, v,t)) = :U(expm(tV)), with
x = z(m),v = dz(m)(V), for the local expression of the geodesic motion.

Besides, we still set D; = Dol (while 0; stands as above for %). From (7.5),
we get at once: v
01Xt OpX! fo O D1 X! Dyx! fi 0
(a X% 9 X2> - <o 1>’ <D X% D X2> - (0 t)’ (7.14)
1 2 1 2
where each entry of the matrices should be calculated at the point (z,v,t) =
(0,0,0,]V],t), and the functions f;(x,v,t),i = 0,1, stand abusively for the
local expressions of the global functions f;’s precedingly defined.
When the point (m, V) lies in Neopj, the identity (7.7) prompts us to
evaluate the first and second derivatives with respect to the Fermi variables
27 and v¥, at the point (z,v,t) = (0,0,0,|V],t), of the function fi. If we first

do it for the function f; instead, we find that these derivatives, evaluated at
(0,0,0,|V],t), all vanish except the following ones:

Ds f1,011 f1, D11 f1, Daa fi.

As the length of the vector V' grows to m, the limits of the latter at ¢ = 1 are

1 2

1
respectively equal to: ——,1, ——, —. Let us now describe correspondingly
T

the behavior of the function f;.

Proposition 7.1. Let (m,V) be a point of Neonj such that the geodesic
path t € [0,1] — exp,,(tV) € M is one to one. Let x be the Fermi chart
associated to it as done above. There exists a universal constant C > 0 such
that, for each t € [0,1], all the first and second partial derivatives of the
function f1 with respect to the Fermi variables (z!,z% v, v?), evaluated at
the point (z,v,t) = (0,0,0,|V],t), have their absolute value bounded above

by Ceg, but the following ones:

Dy f1,011 f1, D11 f1, D2z f1.

Regarding the latter, evaluated at (0,0,0,|V|,1) with |V| > 2, the following
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estimates hold:

‘D2f1 +% Clex + £1(0,0,0, [V, 1)), (7.15a)
’811]"1 —1| < C(ex + £1(0,0,0,|V],1)), (7.15b)
’Dllfl + % Clex + £1(0,0,0, |V, 1)), (7.15¢)
’Dngl - % Clex + £1(0,0,0, [V, 1) (7.15d)

This may be the right place to mention that the curvature of the piece of
curve in T, M given by the local equation f1(0,0,.,.,1) = f1(0,0,0,|V|,1) is
D fr

0,0,0,|V|,1
B (0.0.0 V], 1). W
thus see from (7.15a)(7.15¢) that, the smaller ex and f1(0,0,0,|V]|,1) are,

equal, at the tangent vector v = (0,|V]), to k = —

the closer to —— is the curvature of that piece of curve, that is, the more

7r
that piece of curve looks in the tangent plane T, M like a piece of the circle
of radius 7 centered at the origin. For details on this matter, see [DG11,
Corollary 2]. This geometrical fact will appear essential for Estimate 1.

Proof for Proposition 7.1. The proof of the proposition is a lengthy
step by step procedure similar to the one used for proving the first part of
Lemma 1 in [DG11]. For completeness, we indicate it to the reader as a
sequence of ten guided exercises.

Exercise 1 Find the expression X (z,v,t) of the geodesic motion, when
x=0andv = (0, \V\ Using the latter and setting K(z,v,t) = K (X (2, v,t)),
calculate K and K (the dot standing for E) when x = 0 and v = (0, |V]).
Using (7.14), calculate the first partial derivatives of I with respect to the

x and v variables at z = 0,v = (0, |V]).

Exercise 2 Viewing the ODE satisfied by the f;’s as a perturbation of the
actual scalar Jacobi equation and using (7.6)(7.10), show the existence of a
universal constant C' (in the sequel of the proof, we will freely denote so any
constant of the sort) such that, for i = 0, 1, the norms || f; — f;| and ||fz f2||
are bounded above by Ceg (this was already done above for ||f; — fi| to
derive (7.11)).

Exercise 3 The first partial derivatives of the function fi(x,v,t) with
respect to the x and v variables, evaluated at x = 0,v = (0, |V]), satisfy
inhomogeneous scalar Jacobi equations and have zero Cauchy data at ¢t = 0.
Using (7.6)(7.10), show that, if we ignore the case of Ds f, the ||.|| norm of
each of the remaining partial derivatives of f; is bounded above by Ceg.
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Exercise 4 Show that |Daf; — Dofi||, evaluated at = = 0,v = (0,|V]), is
bounded above by Ceg and, using (7.12), infer the estimate (7.15a).

Exercise 5 Using (7.14), show that, if ¢ = j = 1, the second partial
derivatives: 9p; X", 93D; X", D20; X", Da; X", evaluated at (0,0,0,|V|,t), are
respectively equal to: 0sfo, 92 f1, D2 fo, D2 f1, evaluated at the same point
while, if (i,7) # (1,1), they vanish. For each of the nonzero ones, using
(7.13), write down the, possibly inhomogeneous, scalar Jacobi equation that
it solves. Combining Exercises 1 and 2 with (7.6)(7.10), prove that each of
the preceding nonzero second partial derivative of X has a ||.|| norm at the
point z = 0,v = (0, |V|) bounded above by C(1 + k).

Exercise 6 Regarding the six remaining second partial derivatives of X?,
evaluated at (0,0,0,|V|,t), the reader will admit that they satisfy the fol-
lowing inhomogeneous scalar Jacobi equations (obtained by differentiating
twice the geodesic equation, see equation (49) of [DG10] read with n = 2):

XY +|VPKX = —|V* (01K o X) f5,
01 X?) = |V[* (0K o X) f3 +4|VIK fofo,
IDi1X') + |[VPKOD1 X' = —|V|(K o X) fof1,

(
atz<
atz<
atz S (OD1X?) = [VP(0:K o X) fofi +2IVIE (fofi + o)

o

a— DuX") +|VPKDuX' = -V (01K o X) f7,
0? ,
>3 (D11 X?) = |[VI*(0:K o X) ff + 4|[VIK f1f1 .

In the same way we did at the end of the preceding exercise, show that

each of these six second partial derivative of X has a .|| norm at the point
x =0,v = (0,|V]) bounded above by C(1 + ¢x).

Exercise 7 As a sequel to Exercise 1, calculate the second partial deriva-
tives of the function K with respect to the x and v variables at (0, 0,0, [V, ).
Infer from Exercises 5 and 6 that each of these second partial derivative of
K has a .|| norm at the point x = 0,v = (0, |V|) bounded above by Ceg.

Exercise 8 The second partial derivatives of the function fi(x,v,t) with
respect to the variables z,v, at = 0,v = (0, |V]), satisfy inhomogeneous
scalar Jacobi equations and have zero Cauchy data at t = 0. Write down
these Jacobi equations. Combining Exercise 7 with (7.6)(7.10) and ignoring
011 f1, D11f1, Daa f1, show that the ||.|| norm of each of the remaining second
partial derivatives is bounded above above by Cek.
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Exercise 9 Write down the inhomogeneous ODE’s of Jacobi type satisfied
by 011 f1, D11f1, D22 f1, at & = 0,v = (0,|V]). Calculate the expressions of
these second derivatives.

Exercise 10 Treating each of the ODE’s found in the preceding exercise as
a perturbation of the scalar Jacobi equation satisfied by the corresponding
second partial derivative of fi, prove with the help of (7.6)(7.10) that the
[[I norms of i1 (f1 — f1), Dui(f1 — f1), Da2(f1 — f1), at @ = 0,0 = (0,[V]),
are bounded above by Ce . Combining (7.12) with the last part of Exercise
9, infer the estimates (7.15b)(7.15¢)(7.15d).

We will also require results of the same kind bearing on the function fy.
We record them here without proof:

Proposition 7.2. Under the assumption made on the point (m,V) at the
beginning of Proposition 7.1, there exists a universal constant C > 0 such
that, for each t € [0,1], the first partial derivatives of the function fy with
respect to the Fermi variables ', 2%, v' (excepting v?), evaluated at the point
(z,v,t) = (0,0,0,|V|,t), have their absolute value bounded above by Cek.
Moreover, if |V| > %’r, the following estimates hold:

)fo(o,o,o, V], 1) +1’ (ex + £1(0,0,0,|V],1)), (7.162)

<C
‘D2f0<070707 |V‘7 1)’ < C(EK + f1(070707 ‘V‘a 1)) (716b)

7.2.2 Analytic set up at the minimum point

The start of Estimate 1 is standard. We fix t € 7 and let mg € M be a
point where the function m — Jac(exp,,)(grad us(m)) assumes its minimum.
We seek a positive lower bound under control on that minimum. We will
derive it by writing at the point mg the critical equality and the minimum
inequality satisfied by the preceding function and by combining them with
the continuity equation (4.2) satisfied by the potential function u;. In this
process, we will have the freedom to shrink the curvature pinching parameter
ek as long as its size stays independent of the given density functions pg, p;.

By (7.7), we know that the test function which we are minimizing on the
manifold is nothing but the function m — fi(m, grad us(m), 1). Henceforth,
we drop freely the subscript ¢ and set for short:

¢1(m) = fi(m, gradu(m),1), 00 = ¢1(mo), Vo = grad u(mo), o = [Vol.

Here, we will be able to shrink the parameter dy as much as needed, provided
it remains under control (in the sense of Remark 1.1, still).We assume that
the length ro of the vector Vj is greater than %r. We may do so because
(7.11), read at t = 1 with |[V| < 2, yields the lower bound fi(m,V,1) >
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23% —2e g which can be made positive by taking € x small enough. Besides,

it is clear from Lemma 3.5 that the geodesic path t € [0,1] — ~o(t) =
exp,,, (tVo) € M contains no cut point. In particular, this path is one to
one and the point (myg, V) remains in the neighborhood ./\/COHJ of the zero
section of TM. Along the geodesic -y, we may thus take a Fermi chart = as
the one constructed above and use the estimates of Proposition 7.1 and 7.2,
including (7.15) and (7.16).

We first calculate the components of the gradient of the test function ¢
in the Fermi chart x and get:

grad ¢ = (aj,ﬁ + Dif1(99" 00w+ gkfﬁjzu»gij@i

where the ¢*(z) stand for the components of the matrix inverse of that of
the Riemannian metric ¢, that is, where ¢*gy; = 5;C . Letting = = 0, we find
that the critical condition grad ¢1(mg) = 0 reads:

P
0 f1+ Z Dy f105,u(0) =0, j=1,2, (7.17)
k=1

with the derivatives of f; evaluated at the point (z,v,t) = (0,0,0,70,1).
The estimate (7.15a) prompts us to recast these equations as follows:

algu(()) = a2 allu(O) + b19, (7.188,)
822u(0) = a99 811u(0) + bog, (7.18b)

with:
a1 — _Dify = A f oy — (D1f1>2 S Afi | (D1f1)(01f1)
Dy fy’ Dyfi’’ Dyfi/ Ds fi (D2f1)?

By Proposition 7.1, we infer from (7.18a)(7.18b) the existence of a universal
constant C' such that:

‘812u(0)’ < C&K(l + 811u(0)), |822u(0)‘ < Cé‘%((l + 311u(0)). (7.18c¢)

Differentiating once more the test function ¢; in the Fermi chart =, we find
that the minimum condition 0 < dF'[u](¢1)(mo) reads as follows:

0K T+IT+IIT+1IV 4V, (7.19)
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with:

2
=Y Fi0)d;f,
ij=1
2
II =1 Z -F; Dkfl zgg (0)
1,7,k=1
2 .
IIT=2 %" Fj(0)(Dyd;f1) 0ixu(0),
irjk=1
2 .
> Fi0)(Drefr)0iu(0)d50u(0),
i,k =1
2
V=Y F0)(Drf1)dru(0),
i,5,k=1

where the derivatives of f; are still evaluated at (z,v,t) = (0,0,0,rg,1).
Combining (4.1) with Remark 4.1 and (7.8), we know that the potential
function u satisfies at * = 0 the equation:

0,0)
do det ’HJ pol 7.20a
° ( © )) Pt(o 7o)’ ( )
with the matrix #(0) symmetric positive definite, given by
; L £6(0,0,0,79,1) + 011u(0)  D12u(0)
Hg 0) = §0f0( s Uy Uy 10, 11 12 ) 7.920b
Z( ) ( 612u(0) 1+ 822u(0) ( )

The positive definiteness of that matrix combined with (7.16a) implies that
the minimum g under study satisfies the inequality:

1-— C&}(
00> —F——.
0 C+811u(0)

The latter shows that we may suppose 011u(0) larger than any suitable con-
stant under control: for the moment, we take it larger than 1. Accordingly,
we will freely replace 1+ 011u(0) merely by 011u(0) in the estimates (7.18¢c).
Here, we should warn the reader that plugging the expressions (7.18) of
O012u(0) and O22u(0) into (7.20a) yields for 011u(0) an affine equation which,
by itself, provides no controlled upper bound on 9;1u(0).

We will require below the expressions at x = 0 of two further matrices,

namely:
. 1 1
\7]’74(0707077,0) — <50f0(07(())707T07 ) ?) , (722)

(7.21)

which is known from (7.8), and:

; . pt(o,ro) 50(1+622U(0)) —50812’&(0)
70 =" 50 < =50 1u(0) fo(O,O,O,ro,l)+50811u(0))’ (7.23)
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obtained from (7.20) by inversion.

7.2.3 Second order terms calculations

In this section, we will calculate successively each of the terms I to IV
which appear in the minimum condition (7.19), making use of the equations
(7.17)(7.20a), the estimates (7.18c) and the expressions (7.20b)(7.22)(7.23).
For short, we will not specify repeatedly that the derivatives of the functions
f1, fo are evaluated at the point (z,v,t) = (0,0,0,79,1); it will be implicitly
understood throughout the calculations.

The term I We calculate the term [ using (7.23) and find:
0,7
I= pil07o) (50(1 + 922u(0)) D11 fr

p0(0,0)
— 200 912u(0) Drzf1 — (fo + o h1u(0)) Oaa i ).

Recalling Proposition 7.1 and the estimates (7.16a)(7.18¢c), we infer the ex-
istence of a universal constant C' such that the following upper bound holds:

p+(0,70)

1<C
pO(OaO)

(EK + (50 811’&(0) + 50(1 + 622’&(0))) . (7.24)

The term II Direct calculation yields for the term II the expression:
II = —rgDof1 F1(0)0116(0). Noting that d118(0) = —2K(0), we infer that
0116(0) is negative. Furthermore, by (7.15a), taking ex + 09 smaller than
a universal positive constant, we may consider that Dyf1(0,0,0,7r9,1) is
negative. The whole term 171 is thus negative and, as such, negligible in the
minimum condition (7.19).

The term [I1 Using (6.5a), the term /1] becomes:

2 2
IIT =2 Didpf1—2 Y Fj(0)75(0,0,0,70)Dyd; f1,
k=1

ivj k=1
hence the combination of (7.23) with (7.22) yields:

2
HE =23 Didefy =2 ’ZO((O(;fg)) {Fo(1+ o2u(0)) D101

— fo 012u(0) D10y f1 — 60012u(0) D201 f1 + (fo + 50511U(0))D232f1}-

From Proposition 7.1 and the estimates (7.16a)(7.18¢c), we infer the existence
of a universal constant C' such that the following upper bound holds:

p(0,70)
po(0,0)

III<Cc+c¢C ((50 61111,(0) + 1+ aggu(O) + 8[(‘81211/(0)‘) . (7.25)
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The term IV Using (6.5b), the term IV may be recast as follows:

2 2
v = Z <H§(O) — 277 + Z f}(o)ﬂk\ﬁ)Dkefb

k=1 i,j=1

where the components of the Jacobi endomorphism field J are evaluated at
the point (z,v) = (0,0,0,79). Combining (7.20b) with (7.22) and (7.23), we
find this term equal to:

(811u(0) + Mfg(l + 822u(0)) — fO> D11 fi

50P0(0a 0) do
+ 2012u(0) (1 - Mfo> D12 f1
+ <50 /;:0((00,’7"8)) O11u(0) + Oo2u(0) + 7;0((0(;77”8)) fo— 2> Do f1.

From (7.15¢), (7.15d) and (7.16a), we may take for granted at the point
(x,v,t) =(0,0,0,79,1) the inequalities:
1

3
5.2 1 fo

—_

1 3
Diifi < — = =5 < Daaf1 < —,
2T s
provided e + d¢ is assumed smaller than a universal positive constant. The
combination of Proposition 7.1 with (7.18) thus implies the existence of a

universal constant C' such that the following upper bound holds:

1 pt(0,70) 1
< - L St A I
1V < 5.2 <811u(0) + 150 po(0,0) (1 + 922u(0)) + 250)
0 3
+ CE% 811u(0) + M CE}d@mU(O” + 750 311u(0) . (7.26)
p0(07 0) ™

The terms appearing in the first part of the right-hand side, all large negative
for g > 0 small enough, are the ones that will make our proof of Estimate
1 work.

7.2.4 Third order terms calculations

In this section, we will calculate the term V' of the minimum condition (7.19).
To do so, we cannot use directly the equations (7.17)(7.20a), the estimates
(7.18c) and the expressions (7.20b)(7.22)(7.23), as done for the preceding
terms, because the term V' is a linear combination of third derivatives of the
potential function u. We will overcome this difficulty by using the continuity
equation (4.1), differentiated once, to derive an expression of the term V'
involving only lower order derivatives of u. We will then complete as above
the calculation of that expression.
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Differentiating the continuity equation at the minimum point We
first describe a convenient way of writing the continuity equation near the
minimum point mg. Let x — ({1(x), (2(x)) be the local direct orthonormal
frame field given in the Fermi chart by:

rad u 1
==

(81u o + éaw 82),

1
V8| grad u|

- | grad u B | grad u

and thus: ¢ = (82u oL — Ou 82).

Setting H((;) = H, ZJ (;, we claim that the continuity equation (4.1), explicited
as in Remark 4.1, reads in the Fermi chart as follows:

¢1(z) det(H] (2)) = pt(’g(f(l)), (7.27)

with:

) = (# VG G)  Vdu(G,G)
Vdu(C2, (1) &(z) + Vdu((2, () )

where the functions fy and f; are evaluated at the point:

1

(z,v,t) = (x,grad u(z),1) = <$1,x2,81u(x), &)

dou(r), 1) ,

and Gy (z) stands for simplicity for the local expression of the gradient-
mapping G, equal to X(:cl, 22, 01u(z), %8%(:5), 1). Indeed, the claim is
straightforward at x = 0 and it can be checked elsewhere by using the Fermi

chart constructed there similarly to ours at x = 0.

Taking the logarithm of both sides of (7.27) and differentiating the re-
sulting equation at x = 0 (where the test function ¢; assumes its minimum
0p), we obtain the 1-forms equality:

Fi(0)dHI (0) = dp’;‘)(o, 0) — dp’f(o,m) o dGiy(0). (7.28)

Let us proceed to expressing this equation in the Fermi chart. Here, and in
the sequel of this subsection, it is implicitly understood that the functions
fo, f1 and their derivatives are evaluated at the point (z,v,t) = (0,0,0,rg, 1).
In particular, the function f; itself is equal to dg. From (7.14), we already

know that the matrix of the endomorphism dG,(0) in the Fermi chart is

fo+00011u(0) d0012u(0)

equal to ( Bglu(O) 1+822u(0)

>. Let us calculate the components of the
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dHij (0) using the vanishing of d&(0) and d¢,(0). We get successively:

0
81H11(0) = (15({0 — %31110( )O12u(0) + O111u(0),

OLH2(0) = Oy HL(0) = ro K (0) + :Oauu(()) (B11(0) — Ba2u(0)) + Brr2u(0),

2
O H3(0) = %(%w(())@lgu(o) + O122u(0), and:

15, 2
82H11 (O) = ;OfO — 6(812U(0))2 + 8112u(0),

82H12(0) = 82H21(0) = Tloamu(()) (81171(0) — 822U(0)) + 8122u(0),
62H22(0) = f()(alzu(()))z + 822210(0).

Let us plug in (7.28) these expressions of dG,,(0) and the dH. f (0), together
with those of the .7-"; (0) given by (7.23). Solving each resulting equation for
the third order terms, we find:

0
lf;( )0155u(0) = ;Tpo - E@lpt(fo + doO11u) + Dapy alQU)

HM“

~.

7]

+ % (alfo — D1 fo Oniu + (2507’0K(O) - D2f0)812u — 01 fo Oxu

2
+ %(50 - f())all’u, 812’11, — D1f0 811’11, 622u — Dgf() alg’u, 822u> y (7.29&)

2
19,
Z (0)25u(0) =20 _ - <5031Pt O12u + O2pe (1 + 822u)>
Po Pt

po ( D2 fo — D1fo Or2u — (02.fo + Dafo)dazu + (50 — fo) (312u)2

— D1 fo D12u dagu — D3 fo(O2au) ), (7.29D)

where, of course, the prescribed density functions pg, p; and their first partial
derivatives are evaluated respectively at x = 0 and x = (0,7), while the
second partial derivatives of the potential function u are evaluated at x = 0.
Remarkably, in the process of this calculation, the cubic terms in 0*u which
the reader would expect to appear in (7.29) have cancelled.

The term V' With (7.29) at hand, we are ready to calculate the term V =
Zzzl Dy fr (Z” 1]”( )0ijku(0)). Here, three simplifications occur based
on the combination of the critical conditions (7.17) with (7.29). Indeed,



60 Philippe Delanoé

on the one hand, we gather the terms in 0%u involving the gradient of the
prescribed density function p;, namely:

1
T <5081pt(D1f1811u + Dy f1012u) + O2p:(D1 f1012u + D2f1822u))
and, using (7.17), we find their sum equal to:
1
5(5031@531]01 + O20:02 f1).

On the other hand, we gather the quadratic terms in 9?u, namely:

pp; < (00 — fo)(D1.f1011u + Do f1012u)012u

— (D1 fo(D1 f1011u + Do f18012u) + D2 fo(D1 f1012u + D2f132zu))a2zu> ,
and find, by (7.17) again, that their sum becomes linear in 0%u, equal to:

f/));<_7“20(50 — f0)01 f1012u + (D1 fodr fr + D2f032f1)622u>-

Finally, we gather the terms in D; fo Dy f10;,u and get similarly:

Z D; foDy.f10ju =2 ZD fod; 1.

Pojk 1

Altogether, we obtain for the term V' the following simplified expression:

0 0 s, 15,
v le( 1po  Oipt )+D f1< 2P0 2Pt>
o P po pe

+ %(D1f081f1 — D1 f101fo + D2 foD2f1 — D2 f102f0) (1 + do2u)

2
+ 2 (250T0K(0)D1f1 — — (0o — f0)31f1>312U-
Po 0o

Combining Propositions 7.1 and 7.2, we infer the existence of a universal
constant C' such that the following upper bound holds:

V< C(mj‘/afx\dlog pol + max|dlogpt])

(0,79)
Po

+C——= pe ( K(l + 82271(0)) + €K|812u(0)\). (7.30)



Smoothness of the optimal transport potential function 61

7.2.5 Minimum condition: final discussion

Let us sum up the main reductions operated so far at the minimum point
mo of the function ¢;. We know the existence of two universal positive
constants, C' (large) and ¢ (small), such that, if the geometric parameter
€K = !K — 1‘(}2(M) is smaller than ¢, either the positive minimum under
study §p = minys ¢ is bounded below by ¢, in which case we are done, or
if not, the length r¢ of the vector Vj = grad u(mg) must be larger than %’r
(due to (7.11) read at t = 1). Moreover, in the Fermi chart constructed
along the geodesic segment vo(t) = exp,,, (tVo),t € [0, 1], the second partial
derivative d11u(0) must be larger than 1 (due to (7.21)) and the following

inequality holds:

1 pt(07r0) 1
0<——=|(0 0 — " (140 0 —
@ ( 1u(0) + 450/30(070)( + 02u(0)) + 250)

+ Ce% 011u(0) + C(mj\z/a[ux |dlog po| + max |dlog py|)
0,
+ o0 (50 D110(0) + 1 + Bz2u(0) + x| Dr2u(0) y). (7.31)
pO(Ov 0)

This inequality is obtained from the minimum condition (7.19) after plugging
in the upper bounds derived in sections 7.2.3 and 7.2.4, namely: I] < 0 and
(7.24)(7.25)(7.26)(7.30). To discuss (7.31) complying with the statement
of Theorem 1.4, we should beware that the size of the parameter ¢x must

stay independent of the given densities pg, p1. We thus fix the value of ex
in (7.31) once for all equal to min( ) This choice, combined with

(7.31), yields the inequality:

b 602

max s py 1 pe(0,70) 1
< 00— — | +———=(1 T 167284
0 < dnu(0) ( OcminM ) 6#2) p0(0,0) (1+02u(0) { € 167250

1
+ (C(mj\z}xldlogpd —i—mﬁx\dlogpﬂ 4 oM pt) - >

minpyz po
(0, 70)
+ | ———=( C|012u(0
<P0(0,0)< 912u(0)

where we have intentionally split the right-hand side into four pieces. Let
us focus provisionaly on the last one. We require the pinching:

— 167r1260(1 + 822u(0))) - —

s 1
— <
2 |Da2f1]

< o, (7.33)

which is valid due to (7.15a) and the smallness of the constant ¢. Here and
below, the derivatives of the function f; are still understood evaluated at the
point (z,v,t) = (0,0,0,7r9,1). On the one hand, from (7.18a) combined with
Proposition (7.1) and (7.33), we may write: |d12u(0)| < 27| Dy f1| 811u(0) +
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Cek. On the other hand, from (7.18b) combined with Proposition (7.1) and
(7.33), the lower bound: 1 + Jyu(0) > %Q\lelfanu(()) holds. The last
piece under study is thus bounded above by:

maxnps Pt 1 1 maxM pe
o 0)|———=1|D 2rC' — ——|D ) C——
1 )[minMp()' 1f1‘( 4 6450‘ 1f1‘) 67T2] + minpys po’
hence also by:
1
011u(0) (506477202% - w'
mings pg 672 minas o

Replacing by the latter expression the last piece of the right-hand side of
(7.32), we obtain the inequality:
1
oganmmkdc+mﬁcﬁm%M”—2}
minps pg 3T

+ 20y 10) (1 + D20u(0)) [C : }

p0(0,0) - 16726
maxps Pt 1
dl dl 2 ) _
| (e atog ol + g g ] 4 2L ],

from which we conclude that &y, or else miny; Jac(exp,, ) (grad uy(m)), must

be bounded below by:

. 1 minps po
min | ¢
tefo,1]\ ~ 1672C7 372C(1 + 6472C) maxys pt

1
4m2C (maxM |dlog po| + maxyy |dlog pe| + QmaxMﬂt) )

min s po

This minimum is therefore bounded below by the constant § > 0 defined by:

1 e 2P 1
6 = min| ¢, , ) )
16m2C7 3m2C (1 + 6472C) " 4w2C (290 + €2™0)

with My = maxyeo 1 ‘log Pt This constant is, indeed, under control

‘Cl(M)'
in the sense of Remark 1.1. The proof of Estimate 1, in the case of Theorem
1.4, is thus complete [

A Assumptions comparison: curvature closeness
versus metric closeness

So far, two different assumptions bearing on the Riemannian metric ¢ of S?
have been used to study the regularity of the optimal transport potential
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function: a metric closeness assumption [FR09, Theorem 1.2] [FRV10, The-
orem 5.1] and the curvature closeness assumption used in Theorem 1.4 and
in [DG11, Theorems 1 and 2]. They go respectively as follows:

(i) the metric g is C* close to a Riemannian metric gy of constant Gauss
curvature, say, equal to 1;

(i) the Gauss curvature of g is C? close to 1.

The distinction between these two assumptions is tacitly ignored® in [FR09,
bottom p.1695, top p.1696] [FRV11, p.872, section 7]. To clarify this topic,
we will prove that conditions (i) and (i7) are not equivalent. The former
implies the latter, but the converse is not true. Here is an example:

Lemma A.l. Let gy be a metric on S* with constant Gauss curvature
Ky = 1. There ezists a sequence (g;)ien+ of metrics on SQ, pointwise con-
formal to go, converging to go in C>* norm, for every a € (0,1), but not
in C* norm, and such that the corresponding sequence of Gauss curvature
functions (K;)ien+ converges to 1 in C? norm.

Proof. Working with the metric gg and setting A for its positive Lapla-
cian, take a function f : S — R of zero average, twice continuously differen-
tiable and not better, and such that the solution ¢ : S — R of the Poisson
equation Agp = f is not C*. Set p; for the orthogonal projection of L?
on the eigenspace A; associated to the first positive eignevalue of Ag, and
u > Klu] = e 2%(Agu + 1), for the conformal Gaussian curvature operator.
For every a € (0,1), the map:

u e C**(S?) - Flu] = K[u] + p1(u) € CH* (82)

is locally invertible near u = 0 [Del03, p.35] hence, for each small enough real
t, there exists a unique function u; close to 0 in C3 (SQ) , solving the equation
Flu) =1+ tf. The solution u; vanishes for ¢ = 0 and is differentiable with
respect to t. We infer that its derivative @y = % o satisfies the equation:
Agtig— 20+ p1 (UO) = f, or else: Ag ((p—iLo) =m (ﬂo) — 24, where the right-
hand side lies in C**(S?). The Schauder estimates yield (¢ —tg) € C5*(S?).
Claim: we can find a sequence (t;);en+, with ¢; € (O, %), such that, for each
i € N*, the function u;, does not belong to C*(S?).

Indeed, by contradiction, if not, there exists ¢ € N* such that all the
functions u; belong to C* (82) provided ¢ lies in (0, %) If so, the limit of the

ratio % as t — 0, equal to 1y, must belong to C* (82) as well. Recalling

the above Schauder regularity result, we conclude that ¢ € C* (S2), getting
a contradiction. So the claim is verified.

Sworse, the assumption quoted in [FR09, pp.1695-1696] is not the condition (i¢) but a

mere positive curvature pinching, namely the one required in [DG10, Theorem 1]
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By construction, the sequence of C3 (SQ) conformal metrics defined
by gi = €%“igg, for i € N*, satisfies }KZ - 1‘02 = ‘tif — pi1(uy,)

o2 hence
lim ‘KZ — 1‘ c2 = 0, while ‘ gi — go| o4 18 infinite, which proves the lemma [
71— 00

Remark A.1. In the condition (i7) above, we did not mention the normal-
ization mingz K = 1 used in Theorem 1.4 because we did not care quantifying
the closeness condition in a scale invariant fashion. In any case, given a met-
ric g with Gauss curvature K sufficiently close to 1 in C? norm, one may
consider the rescaled metric ¢ = gming2 K. The Gauss curvature K’ of ¢’
satisfies the normalization ming: K’ = 1 and one can readily verify that it is
still C2 close to 1. The reader may wish to apply this remark, for i large, to
the metric g; just constructed. The resulting sequence of metrics will satisfy
the conclusion of Lemma A.1 as well.

On the 2-sphere endowed with a Riemannian metric like” g; (for i large),
how can we tackle the smoothness issue in optimal transport ? The continu-
ity results [FR09, Theorem 1.2] and [FRV11, Theorem 1.3] combined with
[FRV10, Theorem 5.1] cannot be applied because the metric is not C*. We
cannot apply Theorem 1.4, as stated, either. This difficulty motivates the
following ad hoc extension of the results of the present paper:

Proposition A.1. If we allow the positive probability measures (pug, pi1) to
be only C?, the conclusions of Theorems 1.3 and 5.1 remain valid with k = 1
and o € (0,1) arbitrary. Moreover, if we let the Riemannian metric g be only
C3, but require that its curvature tensor be C?, keeping unchanged the other
assumptions possibly made on the manifold (like having Gauss curvature C?
close to 1, or like being an A3 manifold), the conclusions of Theorems 1.4,
1.5 and 6.1 remain valid with k =1 and o € (0,1) arbitrary.

Proof. Let M be a closed manifold endowed with a C® Riemannian
metric g, the curvature tensor of which is C2. By a standard result in ODE
theory about regularity with respect to initial conditions [Car67, Har02],
applied to the geodesic equation, the exponential map must be C2. Actually,
it is even C?3 because we have assumed that the curvature is C?. Indeed, a
standard result in ODE theory about regularity with respect to a parameter
[Car67, Har02], applied to the Jacobi equation (see section 2.3.1), implies
that the differential of the exponential map is C2. In dimension 2, it further
implies that the functions fo and f; defined by (7.4) are C?. Therefore one
can still carry through the proof of [DG11, Theorem 2]. Moreover, in any
dimension, the positive function (m, V') — Jac(exp,,)(V) € R and the Jacobi
endomorphism field (see section 2.1.3) are C? on the domain Neonj C TM. In
particular, it makes sense to say that the manifold M is A3 (see Definition
6.1). Finally, given a couple (pg,p1) of C? positive probability densities

"rescaled as just explained
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on the Riemannian manifold (M, g), the real function (m, V) — 1(m, V)
introduced in the log form of the continuity equation (4.2) is also C? on
the domain Nopj. For every fixed Holder exponent « € (0,1), we may thus
consider the operator ® defined in section 4.1 as a mapping from [0, 1] x A3
to PfL “. In this setting, all the arguments used in section 4 remain valid.
Besides, keeping in mind the preceding smoothness observations, one can
verify that the proofs given in section 7 remain fully applicable. As regards
section 6, though, the test function ¥; is not C? any more, but only C1.
So we must justify the maximum inequality (6.1b) on which the proof of
the Ma—Trudinger—Wang estimate given in section 6.2 is based. A similar
difficulty arises at the start of the estimate of [Del82, pp.428-429] quoted in
the proof of Theorem 5.1. Here, we will explain how it can be overcome in
the case of section 6.2. One can proceed along the same lines to fix the proof
of [Del82, pp.428-429], hence that of Theorem 5.1. The argument goes as
follows.

For convenience, we set 1 for the pullback on M by the vector field
grad u; of the function ;. The function 1/;t is C2. Dropping the subscript ¢,
we claim that the function ¥ satisfies weakly on the manifold the equation
dF[u](%) = Q[u] — At, where the auxiliary differential operator Q[u] is
defined by:

Qu] := FiDyJEVIV u + FiFINHIV ] — FIDy T/ ViV u + Lot

l.o.t. standing here for the lower order terms given by (6.4) minus those given
by (6.7). Let us take the claim for granted and defer its proof. Importantly
for us, the function Q[u] — Av is continuous. We want to prove that it is
nonpositive at the point my where the test function ¥ assumes its maximum.
Let us argue by contradiction and suppose that (Q[u] — Av)(mg) > 0. If
so, by continuity, the inequality Q[u] — At > 0 holds in a neighborhood of
mo. By the strong maximum principle for weak subsolutions [GT01, Chap.
8], the test function T must be constant on that neighborhood. It follows
that Q[u] — A¢(mg) = 0, hence a contradiction. Therefore the inequality
(Q[u] — A¥)(mp) < 0 holds, indeed. Relying on this inequality, one may
now carry through the proof given in section 6.2.

We are left with proving the above claim. Let (u N) be a sequence of

NeN
C* functions converging in C® toward the potential functeion u. For N large,
the function uy is admissible and it is convenient to set Hy = Huyn, Ty =
trace(HN), Fn = .F[UN], Gy = GuN, pn dV, = (GN)#MO,QN = Q[UN] and
Yn = logpo — log((pn o Gn) Jac(exp)(graduy)). For later use, we note
that, as N goes to 0o, the function Qy tends to Q[u] in C? while the tensor
Fn and the trace Ty tend respectively to the tensor Fp, and to the test
function 7 = trace(Hu) in C'. Furthermore, the probability density px and
the function ¢y tend respectively to p; and to ¢ = ¢ in C'. Fixing an
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arbitrary C! function v, let us consider the integral I,[uy] defined by:
Lfun] == — / ((fN);ViU + oV, (.FN);'.)VJ'TN v, .
M

This integral is, by construction, equal to [,,vdF[uyn](Ty)dV, since the
function uy is C*. The calculations of section 6.2, performed with ux instead
of u, imply that dF[uy](Ty) = Qn —Atx. We have singled out the function
1[) throughout this argument because there is no C° convergence available for
the sequence (ATZJN) NeN whereas there is one for the sequence (QN)
We are thus led to write:

NeN®

IU[UN] = /M(UQN — Vkv Vki,ZN)thq.

Letting the integer N go to oo and recalling the various C° and C! limits
recorded above, we infer that:

I[u] = /M (vQ[u] — Viv Vkv,Z)dVg,
or else, since the function ¢ is C2 :
Ll = [ QU] - Ad)av,,

Now, this equality holds for every function v € C?, so the claim is proved O

Proposition A.1 tells us that, with a C® Riemannian metric having a C?
curvature, and with C? positive probability measures, all the results of the
paper hold and yield C*® potential functions u (o, 1), for every a € (0,1).
In particular, regarding our preceding discussion, the following extension of
Theorem 1.4 is now known to hold:

Theorem A.1l. Let g be a C? Riemannian metric on S* with Gauss curva-
ture K of class C? satisfying the normalization ming: K = 1. There exists
a universal real € > 0 such that, if ‘K — 1‘02 < €, for every a € (0,1) and
every couple (po, 1) of C? positive probability measures on S?, the potential
function of the optimal transportation map Mc(uo, 1) is of class C3%.
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