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EXACT SAMPLING USING BRANCHING PARTICLE SIMULATION

CHRISTOPHE ANDRIEU, NICOLAS CHOPIN, ARNAUD DOUCET, AND SYLVAIN RUBENTHALER

ABsTRACT. Particle methods, also known as Sequential Monte Carlo methods, are a popular
set of computational tools used to sample approximately from non-standard probability distri-
butions. A variety of convergence results ensure that, under weak assumptions, the distribution
of the particles converges to the target probability distribution of interest as the number of
particles increases to infinity. Unfortunately it can be difficult to determine practically how
large this number needs to be to obtain a reliable approximation. We propose here a procedure
which allows us to return exact samples. The proposed algorithm relies on the combination of
an original branching variant of particle Markov chain Monte Carlo methods and dominated
coupling from the past.

1. INTRODUCTION

We are given measurable spaces (E1,&1), (Ea,&), ..., My a probability measure on Ej, for
each k > 2, a transition kernel My, from Ej_; to Ej and bounded measurable potentials (Gg)g>1
(G : Ex — RT, R" equipped with the Lebesgue tribe). All densities and kernels are supposed to
have a density with respect to some reference measures on Ej, (k=1,2,...,T). Moreover, in the
following, densities on enumerable sets will always be taken with respect to the counting measure.
In the case we write a density on a space defined as a product of spaces FE;, the reference measure
will be the product of the measures mentioned above. We want to draw samples according to the
law (on paths of length T') defined for any measurable function f by

E (/X1 X0) TS Gr(X)
T—
E( bt Gk(Xk))
where (Xj)k>1 is Markov with initial law M; and transitions (Mjy)k>2 (for all k > 1, X}, takes

values in E}). For all n € N*, we note [n] = {1,...,n}. Weset Zr =E (Hsz_ll Gl(Xl)) Then 7
has the following density at (x1,...,27) € Ey X -+ X Er:

(L.1) m(f) =

T-1
1
(1.2) m(x1,. .., o7) = 7 My(z1) [ Grlon) Misa (zr, wg1) -
k=1

In the following, all the random variables are defined on a probability space (92, F,P).

We would like to draw a random variable according to the law w. Moreover, we want the
complexity of the algorithm used to draw this variable to grow at most as a polynomial in 7.

There is a straightforward way of sampling according to the law 7. Suppose ||Ggllo < 1 for
all k, for the sake of simplicity (the argument could be adapted to our hypotheses). We can
use an accept-reject scheme by sampling the Markov chain (X1, Xa,...,X7) and U of uniform
law on [0,1] until U < G1(X1) X ...Gr—1(X7r—_1). The first accepted (X1,...,Xr) is of law 7.
Unfortunately, the cost of this procedure is, in expectation, exponential in T'.

In [ADH10], the authors propose a new algorithm called PMCMC (Particle Markov Chain
Monte Carlo). Applied to our case, it is essentially a Markov chain in some space of genealogy of
particles containing F x FE5 X --- x Ep as a subspace. It happens that this Markov chain has a
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stationary law whose marginal in F; X --- X Ep is exactly 7. In order to generate genealogies, the
PMCMC algorithm uses an SMC scheme (Sequential Monte-Carlo).

Given a Markov chain having this interesting stationary measure, we want to use CFTP (Coup-
ling From The Past) to generate random variables which are exactly of law 7. There are essentially
two cases where CFTP is easy to apply: Markov chains in a partially ordered space (such as in the
Ising’s model) and Metropolis-Hastings Markov chain with independent proposals. We recall here
a few references on CFTP: [FT98, PW96| (fundamental papers), [Ken05] (survey on perfect sim-
ulation), [CT02] (Metropolis-Hastings with independent proposals). In the present paper, we use
a Metropolis-Hastings with independent proposals to build an algorithm which produces samples
of law m. The proposals are inspired by the PMCMC algorithm. However, the use of the SMC
makes the stopping time in the CFTP difficult to control. So we replace the SMC part by what
we call “branching processes”’, which is another way of producing genealogies of particles.

The outline of the paper is the following. In Section 2, we define branching processes, which
are random variable on complex spaces. In Section 3, we describe a Markov chain in the space
of trajectories (E7 X Ey X -+ X Er) having the invariant law 7, this construction is inspired by
the PMCMC algorithm. In Section 4,we use CFTP to build an algorithm producing samples of
law 7. In Section 5, we discuss the implementation and the complexity of this algorithm on two
examples.

2. DENSITIES OF BRANCHING PROCESSES

2.1. Branching process. We first introduce some definitions concerning the elements of (N*)*
for k=1,2,.... If 1< g <mnandi=(i1,...,%,) € (N*)", we define i(¢) = (i1,...,4;) and we
say that 2(q) is an ancestor of ¢ and we denote this relation by i(q) < 4; we will also say that % is
a descendant of i(g). We introduce the following notation: if i = (iy,...,i;) € (N*)* and j € N*,
(i,7) = (i1, .-+, ix,§) € (N*)**1 For 4, j in (N*)* (k € N*), we write i < j if 4 is smaller that j in
the alphanumerical sense. For example, in the case k =2, (1,1) < (1,2) < (1,3) <--- < (2,1) <
(2,2) < ....

We now define a branching process. We start with n; particles, i.i.d. with law M; (n is a fixed
number). We then proceed recursively through time to build a genealogical tree. At time 1, the
particles are denoted by X1, ... , X]"*. We set

(2].) 51:{172,...,77/1}.

At time k, the particles are denoted by (X%);cs,, where Sy, is a finite subset of (N*)¥, and the
number of particles is N}, = #S, (the cardinality of S). For i € Sy, we say that X}; is the position
of the particle indexed by %, or, in a shorter way, the position of 4. In an abuse of notation, in the
case j <1 (j € Sy), we also say that Xg is an ancestor of X}; and that X,i is a descendant of Xﬁ.
Starting from the particles at time k < T — 1 with particles (X?)ics, (Sk C (N*)¥), the system
evolves in the following manner:

e For each i € Sy, the number of children of ¢ is a random variable N,i+1 with law fi1 such
that :

P(N} iy = j| X}) = frr1(Gr(XE), 7).

Here, fi41 is a law with a parameter Gj(X?), we will define this law precisely later. We
suppose that

(2.2) Je41(Gr(2),0) =1 — ag41Gr(x)

for some a1 in [0,1/]|Gg|loo]. This will remain true trough all the paper. The variables
N}, (i € Sy ) are independent. The total number of particles at time k + 1 is then
Nk"t‘l = Zies’k N;’é'

o If Npy1 # 0, we draw op41 uniformly in Sy, ,, (the Npyi-th symmetric group). If
Ni41 = 0, we use the convention Sy, ,, = 0 and the system stops here.
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e We order Sj alphanumerically: Sy, = {1,...,in, withé; < --- <iy,}. For r € [Ng], we

set
T s
Crii= {1+ZN;;1,2+ZN,:Z+1,...,ZN;IH} :
= = =

We set
Sky1 = UNE Ujeona(cy,,) () -
For r € [Ni], j € op41(Chyy), we draw X(“ 9 M1 (Xpr,.) in Egyy. To simplify
the notation, we write C(i,) = Cj, for all r G [Ni] and C(2) = C(i,) if i =i, € Sp.
We can then write that, for ¢ € Sy, the descendants of ¢ at time k + 1 are the (¢, ) for
J € or1(C(3)).
Such a system takes values in the space

E={(5,...,ST, (xz)ke[T},ieSk) . Sy, € (N*)*VE € [T], satistying condition Hr},

where the conditions Hy, Ho, ... are defined recursively:
e Hyis: S = [’I’Ll], Vi € Sh :1711 € F,
e (S1,...,5T, (xz)ke[T],iesk) satisfies condition Hy if
- Sr C (N*)T )
= (S1,.,S7—1, (2} )ke[r—1].ies, ) satisfies condition Hp_1,
— Vi€ Sy, 3j € Sp_q such that j <1
For (Sl, ceey ST, (ﬁc)ke[T],ieSk)) in F, we set
Vk € [T —1],Vi€ Sk, njyy =#{j € Shyr 1 6 <3}, mep1 = Y nhyy -
1€Sy
We remark that for any element (Si,...,Srt, (fi)ke[T],ieSk) of F and k € {1,3,...,T — 1}, if
ngr1 =0 then ngy1 =ngyo=---=ny =0, Spy1 = Spio =--- =S =0. A random variable on

the space E will be called a branching process.
At a point (S1,..., S, (2})rer) ies,) in E, the density of the branching process defined above
is given by

(2.3) q(Si,--., 5T, (fﬂz)ke[T],iesk) =

T-1
IT M) TT S T frea(Grlad)imign) e I Il Meadely)
1€51 k=1 |icSy k+ 1 1€ESK JESKy1:1<]

In the following, we use the short cut notation (Si.r, (z%)) for a point in E. For x € E, we write
Si(x), k € [T] for the corresponding subsets of (N*)*, k € [T, we write Nj(x) for the number of
particles at each time step k € [T]. We will use the same notations for a point x € E’ (E’ defined
below).

2.2. Proposal distribution. We introduce the space
E'=E x (N9)T,

Suppose we draw a branching process (S1.7, (X?)) with law ¢ and then draw B uniformly in Sz
if Np > 1, and set B=(1,1,...,1) if Ny = 0. This random variable takes values in E’ and, at
a point (S1,...,57, (#4)kerr)ies,.b) with (Si.r, (#})) € E such that np > 1, b € St it has the
density

1

(2.4) q(5, ..., 57, (ff@ke[T],z’esk,b) =q(51,..., 57, (ffi)ke[T],iesk) X g

We call this the proposal distribution. One can view the space E’ as the space of branching

processes where a particular trajectory is singled out, we will call it the coloured trajectory. At a
b(1) b(T)

point (Si.7, (z%),b), what we call the coloured trajectory is (z7 ’,...,xy ’) in the case np > 1;
in the case ny = 0, the coloured trajectory is (x1, :zzél 1), . ,z,(zl’ -1 ) where ¢ = max{k : ny > 1}.



EXACT SAMPLING USING BRANCHING PARTICLE SIMULATION 4

In Figure 2.1, we have a representation of a the realisation variable of law ¢ on the left. The
sets F1, Fo, ... are equal to R, we draw n; = 3 points at time 1 and a full branching process
according to the law ¢q. The terminal time T is equal to 4. The number of particles at time T is
Nt = 7. Two particles are linked when one is the children of the other. One particle is chosen
uniformly amongst the particles at time T". This particle is coloured and its ancestors are coloured.
This makes the coloured trajectory.

> >

space y space

Y \

time time

FIGURE 2.1. Examples

~

2.3. Target distribution. Let us denote by f(g,.) the law f(g,.) conditioned to be > 1, that is:
forallg >0,71>1, k>1,

(25) Fula.) = 1580

This quantity is not defined in the case g = 0 but we will not need it in this case. An alternative
way of building a branching process with a coloured trajectory is to draw a trajectory with law m,
say that is is the coloured trajectory and then build a branching process conditioned to contain
this trajectory. The indexes of the coloured trajectory embedded in the branching process are
denoted by a random variable B. The first coordinate B(1) is chosen uniformly in [n1]. The other
coordinates are deduced from the branching process in the following way: suppose that, at time
k + 1, the random permutation of the branching process is o1 and the numbers of children are
(N} 1)ies,, we set By1 = 041 (min{C(B(k))}) and B(k+1) = (B(k), Bi41). We thus introduce
what we call the target distribution. Its support is contained in {(S,..., ST, (‘/'C’]:c)k'e[T],iESk7b) €
E’' : np > 1} and it has the density:

(26) 7?(517 AR ST7 (xi:)ke[T],iESkab)

1 .
- — (;ﬂ;“% ...,xl;m) [ M)
1 €Sy, i#b(1)

T-1
i\ i n b(k)\ bk 1
<1 [I  Jen@led)ntn) | x Jen @™ m) x ——
k=1 i€ Sy ib(k) k1

X H H Mk+l($§c’%+1> ;

1€Sk,17#b(k) 5€Sk+1\{b(k+1)},i<j

where the term ﬁc+1(Gk (xz(k)),nz(ﬂ) corresponds to the simulation of the number of offsprings

of the particle xz(k). Using (1.2). (2.2) and (2.5), we can rewrite 7 into

(2'7) %(517 oy ST (*’L‘i)ke[T],ieSkvb)

1 ni ; T-—1 1 X . . L
= [T = I o IT | fenrGrlal) i) x [ Misa(ad,2?)
k=1

i=1 T ieSy JESk41,4<3
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1
X — .
ZTa1 67 g |
In Figure 2.1, we have a representation of a the realisation variable of law 7 on the right. We

draw a trajectory with law 7. This is the coloured trajectory. We then draw a forest of law ¢
conditioned to contain this coloured trajectory. The number of particles at time T is Np = 7.

2.4. Ratio of densities. We deduce from (2.3), (2.4) and (2.7), that at a point in the support
of 7, the ratio of 7 and ¢ is equal to

(2.8) T((2%) kerr)ies, (Mh)keq2,.. Tyiese 1 (Ok)kelo,.. 1, D) _ ny
() ke ies,> (M} keq2,... Ty iese_1s (Ok)kef2,... T}, b)  maZran...ar—q
3. A MARKOV CHAIN ON Ey X --- x Ep
We now define a Markov kernel @ on E; x --- x Ep. We start from a path (z1,...,27) €

FEy x --- x Ep. We will move to a new path in several steps.

(1) Draw of a conditional forest. We sample a random variable x with law 7 conditionally on
(Xf(l), ce Xg(T)) = (x1,...,27) . We use for this the expression (2.6). Such a sampling
can be done recursively in k € [T in the following way.

e We take B(1) = By uniformly in [ni]. We take (X{)icsizp, i.i.d. with law M;.

e Suppose we have sampled ((Xé)lgqgk,iesq, (N;)nggk’iesq_l, Sk) for k < T — 1. For

i € Sp, we take Nf,, with law fi41(Gr(XE),.) if 4 # B(k) and N2 with law
ka(Gk(Xf(k)), .). We set Niy1 = Ziesk Ni. We draw 041 uniformly in Snyps-
We set Byy1 = o041 (min{C(B(k))}), B(k + 1) = (B(k),Br+1). We set Sgy1 =
Uies, Ujeonsr () (8:7)-

—Forie Sy, ,i#B(k), j€ort1(C(3)), we take X,gi’jl) with law My1(XE, ).

—~ Fori = B(k), j € 0441(C(3)), j # Bit1, we take X7 with law M1 (XE,.).

(2) Proposal. We draw a proposal X with law ¢. It contains a coloured trajectory
~B(1) ~B(T)

(XPO  xB@)y - -
(3) Accept/reject step. We move to (Yf(l), o ,Y?(T)

) e Nz (%)
) with probability min (17 Ni(x)) and

we stay in (z1,...,27) with probability

(3.1) 1 — min <1, ]NV;&C;) .

Theorem 3.1. The law 7 is invariant for the kernel Q.

Proof. Suppose we start with a random variable (X1,..., Xr) with law 7. Going through step 1
of the construction above, we get a random variable
X = ((Xi)ke[T]ﬂ:ESk? (le)ke{Q,i..,T},ieSk,la (Uk)ke{2,...,T}aB)

in E’ such that (Xf(l), e 7X?(T)) = (X1,...,X7). By (2.6), x has the law 7. We draw a random
variable ¥ with law ¢ as in step 2 above. We then proceed to the step 3 above. Let U be a uniform
variable in [0, 1]. We set

o {x if U < min (1%3) ,

X otherwise.

The result of the random move by the Markov kernel @ is the coloured trajectory of ¥. By (2.8),
we have that

Nr(X) _ #®E
Nr(x)  a@)7(x)’

and so Y is of law 7 (we recognise here the accept-reject step of a Metropolis-Hastings algorithm).
This finishes the proof. O

(3.2)
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Remark 3.2. We use permutations in the definitions of the proposal and target distribution. It
might look as an unnecessary complication. However, this is what makes that 7 and ¢ have almost
the same support and that the acceptance ratio on the right-hand side of Equation (3.2) above
simplifies nicely into Nr(X)/Nr(x).

4. ALGORITHMS

4.1. Simulation of a branching process. One might be worried whether a process of law ¢
might be such that Np is very big or equal to 0 with a high probability. Such events are undesirable
in our simulations, as it will be seen later. For all k > 1, g € [0; ||G|oo], We want

fr1(9,0) =1 — g
(for some parameter ay11 € (0,1/||Ggllo]). Suppose we take the following simple law:

(4.1) fr+1(9,1) = Qpg1pr+1,ig for i € [qr1]
and fr4+1(g,%) = 0 for 4 > gr41 + 1, with pgt1,; > 0 for ¢ € [gr41], and with some integer gi4+1 to

be chosen. For example, one could choose pg+1,; = 1/qr+1 for all ¢ € [gr41] , in which case:

. « 7
(4.2) frri(g,i) = g x =

qk+1
Suppose we have built a branching process up to time k. We define a measure 7, on Ej by its
action on test functions:

E(f(X) [Ti2) Gi(X0))

(43) ’/Tk(f) - k—1 )

E(ITi=i Gi(X3))
where (X1,...,X7) is a non-homogeneous Markov chain with initial law M; and transitions Mo,
Ms, ... Mp. Suppose we make a simulation of a branching process up to time k. The particles

at time k are denoted by (X?);cs,. The empirical measure
1
N, > 0x;
1€Sk

is such that, for all bounded measurable ¢ : E; — R,

Nikzsw;) LN

niy——+oo
1€Sk

and Ny N +00o (see Section 6.1 for the details). Knowing Nj, we want the expected number
of children of the (k 4+ 1)—th generation to be Ny, that is:

qr+1 Ny
1 . i 1 i
(4.4) A Z Z Jakp1pr41,Gr(X}) = A Zml,k-HGk(Xk) =1,
1€S, j=1 =1
where
qk+1
(4.5) MUK+ = ) Ckt1Pht1,5d -
j=1

This is true asymptotically when ny — 4o0 if
(46) ml,;ﬁlﬂk(Gk) =1.

. o . 1 N . .
Suppose now we have approximated m, by an empirical measure + > ;_; 53’;@' with some particles

(V) 1<i<n coming from a SMC scheme (with N particles). We then have, for all bounded meas-
urable ¢,

N
1 i P
N ; o(Yy) N7 k()
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We set
LN
N )
Tk (Gr) = E Gk(YkZ)~
N < -
i—

We suppose now, we are in the sub case of Equation (4.2). We take a1 such that

2 2IIGloﬂ :
4.7 = upper integer part),
) apr1my (G) ’VWIJcV(Gk) (upp ger part)
and
2||Glls
4.8 = —1.
(48) ahit M(Gk)

Then Equation (4.4) is true asymptotically when n; — +00, N — 4o00. With this choice of a1,
qx+1, We have

2
(1.9) w1 2 1, anallGul € 2.1

We have here described a way of choosing the integers (qx)re2,... 7} before making a simulation
of the branching process. The arguments given are purely heuristic. Other ways of calibrating
(qk)ke{2,...,.r} are possible, the only important thing is that these integers should be fixed before
running the exact simulation algorithm described below.

We need that in practice, the number of particles in the branching process remains stable in
time. The next Lemma tells us that if we can perfectly tune the parameters, the number of
particles remain stable.

Lemma 4.1. For the branching process described above, if (0ky1, Qri1, (Pri1,i)iclanii]) kelT—1]
satisfy Equation (4.6) for all k and if the law fr11 is described by Equation (4.1), then

E(Nk) =Ny,
for all k in [T).

Proof. As in Section 6.1, we use the notation

1 N
m(xl,“';xN) = Nzézz
=1

for empirical measures. We want to prove the result by recurrence on k.
It is true for k = 1.
Let us suppose it is true in £ > 1. We have,

E(Nk—H) = E<2N2+1>

1€Sk
= E (Nkm(X;;,'L € Sk)(Gk)m17k+1) .
And, by Equation (4.6),

E (Nem(X},i € Si)(Gr)ma i) — E(Ng) = E((Ng —n1)(m(X},d € Si)(Gr) — mo(Gr))ma i)
+ nlE((m(X;;,’L S Sk)(Gk) — Wk(Gk))mLkJrl) .

By Lemma 6.2,
E((m(X,sz S Sk)(Gk) — Tf-k;(Gk;))mLk+1) — 0.

ni1—+oo

And we have

%E((Nk — ) (m(XE,i € 5)(Gr) — mk(G))m k)

< nilE((Nk — 1)) Y2E((m(XE,i € Sk)(Gr) — m(Gr))*md )"/,
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where
E((m(X}.4 € Sk)(Gr) — mu(Gi))?mi ) — 0

ni1—+oo

by Lemma 6.2, and

1 1 . .
—E((Ne —n)*)? = —E((D_ #{j €S :i=<j}—1)°
i i 1€S;
(see Remark 4.3) = B((#{j € Sk : 1 <35} —1)%),
which does not depend on n;. So we get
E(Nit1) _ ]
nq '

We set, for all k € [T,
o1(k)?> =V(#{i € Sy : 1 <1i}).
We have for all k in [T,

ni
(this does not depend on nq, see Remark 4.3). We set for all k € [T — 1],

qk+1

(4.10) ma k41 = Z Q1 Pk41,55°
j=1

(we recall that my k41 is defined in Equation (4.5)).

Lemma 4.2. Under the same assumptions as in Lemma 4.1, we have the recurrence relation, for
all k € [T —1]
o1(k+1)* = 01(k)* + m(Gr)ma k41 + Tr(GR)mT oy — 1.

Proof. We have 02 = 0. And for all k € [T — 1],

2
E(Niy) = E (ZN£+1>

i€Sk

= E Z( )+ Z Ni N
15k /"7.7 S Sk

i#J

= E| Y GuXDmapn+ Y. Ge(XDGH(XD)m? iy
1€Sy ’i,j € S

i 7]

We have (by Lemma 6.3)

E (Z Gk(X]i)mQ,kJrl) =E <n1 Z Gk(Xzi)mz,kH) =1 (Gr)M2 kt1 ,

i€Sk 1<i€Sy
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E Z Gk(Xz)Gk(Xi)m%,k+l - ”? =
i,j € Sk
i#j

E Y (GuXDCX])ME ey = 1) |+ EWNR(Ne — 1)) —nf =
1,j € Sk
17
( Nytakes its values in N )

ni(n1 — 1)E Z Z (GR(XE)GR(XT)m3 joiq — 1)

1<i€ Sk 2<j€Sk

+mE Z (Gk(Xli)Zm%,kJrl 1) | +moi =
1<i,5€8k
]
(Lemma 6.3 and Remark 4.3)

0+ nl(wk(Gi)mikH — 1)+ niop.

So
o1(k+ 1)? = al(k‘)2 + 7, (Gr)ma k41 + 7"k<Gi)mik+1 —1.
O
4.2. Representation of the Markov transition. Suppose we have a trajectory (x1,...,z1) €
Ey x -+ x Ep.  We want to sample a random variable of law Q((x1,...,x7),.). In practice, we

do not have to make a simulation of the random permutations appearing in the Markov transition
Q because the indexes are not used in the computation of the acceptance ratio in Equation (3.1).
We can simply run a simulation of the positions of the particles and forget about their indexes.
Having said this, we change the way we index the particles.

We take functions (mk)1§k§T7 ((Pk)kSQST’ (@k)2§k§T such that my : [0,1
{2,...,T}, n € N* my : Er_1 X [0,1] — Ey, o : Ry X [0,1] — N, (/ﬁktR_i_ X [
random variable U of uniform law on [0, 1],

| = E; for all k €
0,1] — N and for a

m1(U) is of law My,
and forany k € [T — 1],z € B, g € Ry, j €N,

(4.11) Mmp41(z,U) is of law M1 (z,.),
P(or+1(Gr(2),U) = j) = frs1(Gr(x), ) ,

P(@r+1(Gr(2),U) = j) = frr1(Gr(),4) -

For k € [T — 1), € Ep, u € [0,1] — @r41(Gr(x),u) is the pseudo-inverse of the cumu-
lative distribution function of the random variable of law fix1(Ggy1(2z),.), and v € [0,1] —
Or+1(Gr(x),u) is the pseudo-inverse of the cumulative distribution function of the random vari-
able of law fii1(Grp1(2),.).

Suppose now we are given a random variable © = (Us, U{, V;, V', W1, W) pen+ icn+)» made of
a family of i.i.d. random variables of uniform law on [0,1]. We denote by O the space in which
© takes its value. The space O is in bijection with [0, 1]N. The set [0, 1]V is equipped with the
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Cartesian product of the Lebesgue tribe on [0, 1] and so this bijection induces a tribe on O. Using

these variables and the functions above, we can build a random variable of law Q((z1,...,z7),.).
We start with a recursive construction of the conditional forest.
e We set B = (1,1,...,1) € NT. We set XB(l) = z1. We set X! = my(U;) for i €

{2,...,n1}. We set S1 = [nq].
e Suppose we have Si C (N*)¥ of cardinality N}, , containing B(k), and particles (X?);cs, -

For all i € Sp\B(k), we set Nf | = ppi1(Gr(X}), Vi), and for j € [N}], we set X,iﬂ) =

mkH(X,;,U(”)) We set NP = Gt (Gr(X2™), Vi), X2U™ = 2p41, and for j €

B(k),j B(k
{2,.. k+1 } we set X,£+(1 W) = mk+1(Xk( )
(2,7). We set Nipi1 = #Sk+1-

We now introduce an assumption about the existence of a dominating potential.

UB(k.5)- We set Sg1 = Uies, Ujerni, |

Hypothesis 1. At each time-step k € [T — 1], there exists a dominating potential ék :NF x By, x
O — R such that, for allx € Ey,, i € N*, © € O, Gp(z) < Gy(i,2,0) < ||Gill0o-
For further use, using the same random variables as the ones we used above, we can build a
bigger conditioner forest, again recursively.
o We take the same B as above. For i € [n], we set X{ = Xi. We set S = 5.
e Suppose we have Sy, C (N*)¥ of cardinality Ny , containing B(k), and particles (X?)ies, -
For all ¢ € S;\B(k), we set

(4.12) i ‘Pk+1(ék(i,)~(;i),vi,®) if ¢ is a descendant of B(1), B(2), ...or B(k),
. T onn (GR(XE), Vi) otherwise,

and for j € [N’] we set X(:’_Jl) = mk+1(X,i, Ugi,j)). We set

B ~ B
NEY) = G (Gu(B(R), X2, 0), V) ,

)?]CBillc+1) = Tk+1, and fOI"j € {2 . Nk+1 } we set X]gﬁ(lk) 7 = = mk—i—l(jsz(k)yU(B(k),jl)-

We set §k+1 = Ujeg, U eV ] (1, ) We set Nk“ = #Sk+1‘ The bigger potentials G

are used only on B(1), B(2), ... and their descendance. We use the potentials Gy, on the
other particles.

One can show recursively on k that for all k € [T], Sy C gk, for alli € Sg, X} = )?}C, N}CJrl < ]V};H
(almost surely in w). We then build a proposal forest in a similar way, recursively on k.
e We set S; = [n]. Fori € Sy, We set Y’l =mq(U}).
e Suppose we have Sy C (N*)* of cardinality N and particles (X})ies, . For alli € Sy, we
set Nk+1 = or1(Gr(X}),V/), and for j € [Nk] we set Y,(:Jrjl) = mk_i_l(yz,U(’i’j)). We
set Ski1 = Uies, UJ'GW?;H] (i,7). We set Npi1 = #Skyi1.
Then we order St alphanumerically: St = {i1,... yi%, - We set
r—1 r —
*:zrlfWG e — ,TEN .
g ' { N NT) (V]

We do not need to define B in the case N7 = 0. The accept/reject step then goes in the following
way:

N —B* —B"
ﬁmgm%LT)mmmmﬂ? XMy
Nr
otherwise, stay in (z1,...,z7). We will sometimes insist on the dependence of the variables on O,

T1y...,2T by Writing NT = NT(G), (11,‘1, . ,xT)), NT = ZVT((‘))7 W2 = WQ(@), N

Remark 4.3. For each of the branching processes in this Section, for all k, ¢ € [T7, 1 (N*) ,jin
(N*)4, if 4 is not an ancestor of j and j is not an ancestor of , then, conditionally on (X?, X7) (vesp.
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()Z',Z, )N(g), (YZ,Y{;)),‘the descendants of Xj (resp. )~(,’c, Y;) are independent of the descendants

of X7 (resp. )?g, X?). In the same way, when we sample a conditional forest (resp. a bigger

a
conditional forest) conditionally to (z1,...,zr), for all k¥ € [T — 1], the descendants of X,f(k)

(resp. )?]f(k)) with indexes @ ¢ {B(k+1),...,B(T)} depend only on © and xy.
4.3. Backward coupling. Suppose we are given i.i.d. random variables (0g, 01,02, ...) having
the same law as © (all of them are defined on a probability space (€2, F,P). Any of these random

variables is sufficient to perform a simulation of the Markov transition ). The following result is
a consequence of Theorem 3.1 of [FT98] (the original result can be found in [PW96]).

Theorem 4.4. Suppose we have a function
F:(0,2)eOx (FE1 XX Er)w Fy(x) € Ey X --- X Ep,

such that, for all x in By X --- X Ep,

0 — Fg(l’)
is measurable and Fo(x) is of law Q(x,.). If T is a stopping time with respect to the filtration
(0(O0,...,0n))n>0 such that for all (z1,...,27), (z},...,2%) in By X --- X Ep,

F@OOFQIO---OF@T(xl,...,.’I}T):F@(]OF@lO---OF@T(l‘/l,...,.’L‘&w),
then, for any (z1,...,z7) in By X --- X Ep,
Fo,0Fg,0---0Fg_(x1,...,2x7) is of law .

Trajectory space ®4 ®3 ®2 @1 @
r /////

start|with law

m__ -

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
f

FIGURE 4.1. Backward coupling

In Figure 4.1, we draw an illustration of the above Theorem. The vertical axis represents the
trajectory space Fy X --- X Ep. For a realisation of (0g,01,...), 7 is equal to 4. For various
points {(—1) in By X - - - x Ep, we draw the trajectories £(0) = Fo,(£(—1)), ..., £(4) = Fo,(£(3)).
By definition of 7, the endpoint £(4) does not depend on £(—1).

We suppose we have dominating potentials ék, k € [T — 1] as in Subsection 4.2 above. We
write for all n, ©,, = (Up, T’M., 7;1-, Vinis W1, Wh 2)ken- ieve)s - In our simulations, we use the
following stopping time

N
(413) 7=minq¢n : W, <min |1, = 7(On) ,V(z1,...,27) € By X -+ X Ep
NT(Gn; (l‘l7 - ,.TT))

N (0,
:min{n : Wh2 < min (1, il N) )}
SUP(gy,...,x1)EEL XX B NT(®n7 (1‘17 ce - 7$T)>
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Algorithm 1 Exact simulation
for n in N repeat until n = 7
draw ©,,, and store it
test whether n = 7 or not
pick any trajectory (z1,...,27) € E1 X -+ X Ep
set 5(71) = (xla v axT)
for n = 0 to 7 repeat
£(n) = Fo._, (¢(n — 1))

return £(7)

This stopping time satisfies the assumptions of the above Theorem. Algorithm 1 is thus an exact
simulation of the law m. At this point, this algorithm is merely theoretical. The following two
remarks will make it implementable, at least in some cases.

e We need to be able to compute sup{ Nz (0 (w), (21, ..., 27)), (x1,...,27) € By X ---x Bp}
for a fixed w. The easiest case is where Ey, Es, ..., Ep are finite. We will see below
how to reduce the problem to this case in cases where Fy, E5 ... are not finite. If F; is
finite, we can look for x; € F; maximizing the descendants of )~(11 at time T (using ©(w)
to make the simulation), and so on. As we said in Remark 4.3, once )?11, e ,)?;1""’1) are
fixed, their descendants are independent, this is what makes the use of branching processes
interesting.

o In Algorithm 1, we first sample O¢(w), ©1(w),... until 7. And then we need the same
realisations of the variables (©g(w), ©1(w), ...) to compute £(0), ..., £(7). The object
©¢(w) is an infinite collection of numbers so it is impossible to store. We set £(w) to be the
subset of indexes & € Up,eir)(N*)" such that U, ;(w) or V,,;(w) is used when computing
SUD (4. a0 ) By - x B Nr(On(w), (21, ...,27)). We remark that, for all n, we do not
need to store the whole O, (w); having stored the number of descendants at time T of

X2(w),..., XM (w) (these are the starting points in the building of the “bigger conditional
—B*(1) —B*(T)

forest above”), N1 (0, (w)), (X; ~,..., X7 ')(w) (this is the coloured trajectory in the
proposal above) and
(4.14) {(Ui(w), ‘/;‘(OJ), Wg(w))ie(N*)n’ne[T] : ’l,(l) = 1,’1: S E(w)}

is enough to compute Fg, (. (&) for any  in Ey x --- x Ep. The collection of numbers in
(4.14) contains the number which might be needed when we compute the descendance of
Xi(w), X3 (w), ..., X} | (w) in what is called above the “bigger conditional forest”, and we
do not need any other numbers. Another point is that we can code the simulation in such
a way that we sample the variables in (4.14) in the alphanumerical order of their indexes
1 at each time step. So, instead of storing these variables, we can store random seeds. For
example, instead of storing U1 (w), UML) (w), UML) (w), ..., we can store a single
random seed’.

We are now able to explain the purpose of Subsection 4.1. It is clear that when simulating a
branching process, whether it is a conditional forest or a proposal forest, we do not want the
number of particles to grow up. Such a growth would be exponential in 7', which would be very
bad for the complexity of our algorithm. On the other hand, if our branching processes become
extinct before time T, then N7(0,,) = 0, leading to 7 # n, and thus the first loop of Algorithm
1 could go on for a very long time. Again, this would be very bad for the complexity of our
algorithm.

IWe recall here that when the user asks for random variables U(1:1:1) (w), U(1:1:2) (), U13) (W), . . ., a computer
will return numbers picked in a non-random list. So instead of storing theses random variables, we can store only
the starting point in the list (the so-called “random seed”).
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5. EXAMPLES

5.1. Self-avoiding random walks in Z2. There exists an algorithm for simulating self-avoiding
random walks in Z? with approximatively the desired law (this law is described below). It is a
MCMC (Monte-Carlo Markov Chain) algorithm. See [Ken02] and the references therein.

5.1.1. Description of the model. We take By = 7%, Ey = 72 x 72, ..., Er = (Z*)T and for all
n e [T, (21,...,2n) € (Z°),

1 if 2z # z; for all 4,5 € [n], ¢ # j,

0 otherwise.

(5.1) Gn(z1, ... 2n) = {

We take My = (g, (the Dirac mass at the origin of Z?). For all n € [T’ —1], (z1,...,2,) € (Z*)",
we take

(52) M""rl((zla ERE ] Zn)? (Zla <.y 20,y Rn + (05 1)) = Mn"rl((zlﬂ R} Zﬂ)? (Zlv <oy %0,y Rn + (O’ 71))

1
=Mpi1((21,- oy 20)y (21, - oy 20y 20 +(1,0)) = My (21, -y 20)s (21, - -+ 5 20y 20 +(—=1,0)) = 1
Then the marginal of 7 on Ep_; is the uniform law on the set of paths (21, 22,...,27-1) € 72

such that z3 = (0,0), |2 — zi41| = 1 for all i (]...| being the Euclidean norm), for i,j € [T — 1]
with i # j, z; # z; (the path does not intersect with itself, one also says that it is self-avoiding).

5.1.2. Stopping time. We set B = (1,1,...,1) € NT. For k € [T], i € N*¥, ¢ € [k] such that

i(q) = B(q) and i(¢ + 1) # B(q+ 1), we set, for all x = (21,...,2x) € Ex, © € O, Gi(i,2,0) =
Gr—q(2q, Zg41, - - -, %) in other words

G (i, 2) 1 if (zq,...,2) is self-avoiding,
b :I; = .
y 0 otherwise

(as G}, does not depend on O in this example, we replace Gr (2,2,0) by Gr (2,2)). We do not need
to define G in the remaining cases. As we said in Subsection 4.3, we sample variables Og, O, ...

and we look for the stopping time 7 defined in (4.13). For fixed n, ©,,, and k € [T — 1], 2y, € E,

(k)

if we sample a bigger conditional forest with X 5 = 1z, we introduce the following notation:

Nr(On, x) = #{i € Sp(0,),i # B(T),i(k+1) # 1,B(k) <i}.

We do not need the values )?f @ for q # k to compute the above quantity. Due to the form of
the potentials G, the set {i € Sp(©,,),1 # B(T),B(k) < i} depends only on ©,, and

for all z, €(Z2)*, Np(0,,2) = Np(0,, ((0,1),...,(0,k))).
We set N (O, k) = Np(0,, ((0,1),...,(0,k))). Now we have, for all (z1,...,27) € By x---x Er,

~ T-1 _
(5.3) Np(On, (21,...,27)) = Nr(0n) := #{i € Sp(0,), 3k : B(k) <i} + 1+ > _ Np(On, k).
k=1
This equation means that the supremum in (4.13) is easy to find. And so, by Remark 4.3,

Tmin{nEO:ng §min<l,w>} .
NT(G’!L)

5.1.3. Complexity of the algorithm: a case study. We take here the following law for the simulation
of the number of children

for all k, fr41(0,0) =0, fr+1(1,1) = prgr, fr1(1,2) =1 = prya,
for some sequences (pr)2<k<7 taking values in (0,1). We now look at a branching process in Fj,
Es, ...,E7 based on the potential defined in (5.1), the transitions defined in (5.2) and the above
reproduction law. A sensible way of choosing the constants (pg)’s is to choose them such that
a branching process starting with n; particles will have a random number Nj of descendants of
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T = 5000
700 T T T T

600

500 .

400

3001 .

200 .

100 .

_10—0600 -500 —-400 —-300 —200 —100 0 100

FIGURE 5.1. Self-avoiding random walk in Z2.

[ T ] 100 | 200 [ 300 [ 350 [ 400 |
[C(T) [ 14.90 | 28.45 | 19.89 [ 23.28 | 30.48 |
TABLE 1. C(T) for the self-avoiding random walk

the same order of magnitude as ny (this requires some pre-processing). These numbers Ny, are
random but the law of large numbers makes them not too fluctuant. It turns out that a good
tuning is to have the (px)’s almost constant. By doing so, we are able to draw a trajectory with
law 7 by a matter of minutes if 7' < 1000 and by a matter of one hour if " < 5000 (see Figure 5.1).
Here, we ran a program in C. We used parallelization to make it faster (with the OpenMP library).
The program uses around five cores simultaneously. Laptop computers are multi core nowadays,
so the limiting factor is not the number of cores but the management of the memory. Indeed, the
genealogies we build in our algorithm can take a lot of space, if the code is not written properly.
An basic calculation shows that n; should be chosen as

— s 160’1(T)2 /,LQ(T)
m(T) = p( 11(T) ’mm)

where p1(T), u2(T) are expectations, o2(T) is a variance, these terms being defined in Section 6.2
(see Equations (6.4), (6.9)). The quantity (T is constant (equal to 1) and o3 (7)) is expected to
be polynomial in T'. So we write n1(T) = Co+ C(T) x T, with Cy a constant and C(T) depending
on T. We estimate C(T') by Monte-Carlo for T € {100, 200, 300, 350,400} (see the Appendix for
details, we use 1000 samples for each expectation and variance we have to estimate). We can then
compare T and C(T') (see Table 1). A simple least square regression in log-log scale gives a slope
of 0.27. So it seems sensible to take n, proportional to T or T3/2.
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FIGURE 5.2. Log-log graph of complexity versus time in the case of the self-
avoiding random walk.

We then want to estimate the average number of particles at each generation when we run a
simulation of a bigger conditional forest, assuming, we take ny = 73/2. For a fixed T, the average
complexity of drawing one sample of a bigger conditional forest is the sum on all generations of the
average number of particles at each generation times the number of the generation (this is the cost
of computing the potential). With this choice of dependency between n; and T, this complexity
is the average complexity of our algorithm (see Remark 6.4).

Using a Monte-Carlo method with 1000 samples for each expectation we have to estimate, we
are able to draw in Figure 5.2 the log of the expected complexity against log(T") (T' € [400]) with
ny = T%/2. We draw a linear regression on the same graph. The estimated slope is 3.85. So the
complexity seems to be polynomial in 7.

5.2. Filter in R3.

5.2.1. Description of the model. We are given the following signal/state ((X,)n>1 ) and observa-
tions ((Yy,)n>1) in R3:

Y’I’L Xn+Wn, VnZl,

with X following a law M; and (V;,)n>2 independent of (W,,)n>1, the V,,’s are i.i.d. with a law of
density f and the W,,’s are i.i.d. with a law of density g (with respect to the Lebesgue measure).
The coefficient A is a 3 x 3 real matrice. We suppose we have functions F' and G such that, for
all U € [0,1], F(U) is a random variable in R? of law of density f, G(U) is a random variable in
R3 of law of density g.

We are interested in L(X7,...,X7|Y1,...,Yr_1) for some T' € N*. From now on, we will
suppose that the sequence Y7, Y5, ... is fixed. In particular, all expectations will be conditional
to Yi.r—1. We set, for all k € N*, Gi(z) = g(Yr — ). We denote by My = M3 = --- =
M the transition kernel of the Markov chain (X,)n,>1. We set By = Ey = --- = R3. Then
L(X1,...,X7r|Y1,...,Y_1) coincides with 7 defined in (1.1). We make the following hypotheses.

{ XnJrl = AXn + Vn+1 ) Vn >1 )

Hypothesis 2. The matriz A is invertible. For all x,y € R, |Azx — Ay| < alx —y| (|... ] is the
Euclidean norm) with a € [0,1).

Hypothesis 3. We have g(z) — 0.

|z|—+o00
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5.2.2. Computing the stopping time. We take my, introduced in (4.11) to be, for all z € R3,
U € 0,1],
my(x,U) = Az + F(U).

We fix § > 0. For z = (z1,29,23) € R?, we set

iy~ 22 0|2 )< o2 2]+ B3] ]2 +9)
We set B = (1,1,...,1) € NT. We suppose we are given a random variable © as in Subsection

4.2. We consider k € [T], z € R3, i € N¥ such that there exists ¢ € [k] satisfying i(¢) = B(q),
i(¢+ 1) # B(g+ 1). There exists one and only one sequence (x4, Zg41,. - ., k) such that

Tg+1 = mq+1(xq7 Ui(q+1)) )
Tg42 - Mg4-2 ((Equlv Ui(q+2)) )
r =Tk = mk(a:k_l, Ui) .
For y € R3, we introduce:
Meqr1(y) = mgr1(y, Usgr1)) s
Mgq+2(y) = Mgr2(Mgq+1(Y); Uigr2)) »
mqk(y) = mr(mgr-1(y),Ui).
We set
(5.4) Grli,2,0) = sup  Gi(mgi(y)).
yeLJ(mq)

This implies that Gj(z) < Gi(i,2,0). The idea here is to bound the potential Gy(z) by its
supremum on a subset of R? containing z. Due to Hypothesis 2, the diameter of {m, x(y) : y €
Ls(x4)} in (5.4) is bounded by (6v/3)¥~9. Under the additional assumption that g is continuous,
it will make that Gy () is not too far from Gy (i,2,0) in the above bound. And so, the number
of descendants of )Zl?(k) should not explode when T' — k becomes big. These are only heuristics
and we will study the complexity of the algorithm based on these C~v' below. For the sake of
completeness, we define, for k in [T] for = in Ej, i in N¥ such that there exists no ¢ in [k] such
that i(¢) = B(q),
Grli,z,0) = G(x).

As we said in Subsection 4.3 and in the previous example, we sample variables ©g, ©1, ... and
we look for the stopping time 7 defined in (4.13). For fixed n, ©,, and k € [T — 1], 3, € R3, we
sample a bigger conditional forest with )?f(k) = 1y, (this bigger conditional forest is based on the
dominating potentials ék, as in Section 4.3). We introduce the following notation

N (O, k,xy) = #{i € S1(0,),i # B(T), B(k) < i} .

We do not need the values )?f (q), q # k to compute the above quantity.
Let us look at Figure 5.3. We have a realisation of a variable of a branching process using

potentials (ék)ke[T_l] (built with some variable ©). The coloured trajectory is coloured in red.
We have here

NT(Ga 17)?16(1)) = Oa NT(®727)?IB:(2)) = 43 NT(@737X’1€(3)) = 07 NT(63475€’1§(4)) =1.
We define

(5.5) Nr(©n k) = sup Np(On, k,a).

T ER3
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» Space
O\?
O
Y
time
FIGURE 5.3. Bigger conditional forest
We define N7(6,,) by
NT(G’IL) = sup NT(Gna(xlv"sz))a
(z1,.xr) ER3)T
it satisfies
~ T—1 _
(5.6) Nr(©,) =#{i € Sp(6,), Bk : B(k) <i} +1+ ) NT (On, k).
k=1

For fixed n, ©, and k € [T — 1], suppose zy,z} € R?® are such that Ls(zy) = Ls(z),) then
the descendants of )?,?(k) in the bigger conditional forest are the same whether )N(,?(k) = 1}, or
X ,f(k) = z}, (the bigger conditional forest is built with the dominating potential ék) Suppose we
have ©,, = (Un 3, U}, 45 Vi, Vs i W1, Wa 2)ienn n>1, as in Section 4.3. The number of children of

n,’
)N(kB(k) is NB(I) = Gry1(Gr(B(k ),XkB(k), 0), V., B(k)), which is equal to zero if |X Bk) — Y| is big
enough under Hypothesis 3. So, the number of operations needed to compute NT(G)n, k) is finite

for all k, ©,,; and E(Np (O, k)) is finite for all k. This implies that E(Nz (0, k)) is finite for all k.
So, once we are given O, O, ... the stopping time 7 can be computed in finite time.

5.2.3. Complexity of the algorithm. As explained in Section 6.2, the complexity of the algorithm
depends on constants o (k € [T — 1]) chosen such that ue, k > 1/4 and

= 1
(5.7) P(N7(©,k) > 4ps i) < i for all k € [T —1].

We suppose we are in the case of the Kalman filter. We suppose that the filters (7 )s>1 have all
the same variance (which is the case if the Markov chain (Y, 7 )rer) is stationnary). The case
where the filters do not have the same variances can be treated with the same ideas, but with
more complicated calculations.

Hypothesis 4. The random variables (V,,) are of law N(0,0%1d). The random variables (W,,)
are of law N(0,s%Id). The matriz A satisfies A = a x Id (a € (—1,1)). The law M, is chosen
such that for all k > 1, m, is a Gaussian with covariance matrix agofd.

We set m], = E(X|Y1,...,Yr—1) for all k. We have, by a basic computation,
(5.8) Yi —mj ~ N(0, (02, + s*)1d), Vk,
with

1
agozi( 2(1—a?) + 0% + /(s 1—a2)—02)2—|—40252),
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and the (Y — mJ)ire(r are independent. We suppose that

for some constant Cj5. We introduce € € [0,2/(v/3(e — 1))] such that

_C
_C,

for some constant C..

Hypothesis 5. We suppose we are in the sub-case of Equation (4.2) and that the constants
(ak)o<k<T, (qk)2<k<T are chosen such that

Apt1(qryr +1)

5 mk(Gr) =1, for all k in [T — 1],

with

2 G
i T(Gr) | T(Gr) ’
_ 201Gkl ]

Qr+1 = ’VWk(Gk) 1.

Under the above Hypothesis, we have
2
(5.9) w1 2 1, Gl € 3.1

Proposition 5.1. Under Hypothesis 4, 5, we can find constants ps i such that, when T' — 400,

(t2,k)ker—1) satisfies Equation (5.7),
1 -1 law

——h — 0.
g ; M2 k+1 T o too

for some v > 0.

Before going into the proof of this Proposition, we need to prove an auxiliary Lemma. For all
ke{2,...,T—1}, weset Z to be arandom variable of law 7. We define, for all k € {2,...,T—1},
0, x,

io=(1,1,...,1,2) e N¥

Nr(©,k,z) = E(#{i € 57(0), i < ,}|)}lz€o _—
Lemma 5.2. There exists n such that

sup E(Np(©,k, Z)) = O(1), a.s.
ke[T—1]

Proof. Let k € [T — 1]. We recall that, if X = Z, then its number of children is
@(ék(B(k)v Z, 9)7 V’io)
and the positions of these children are (mr41(Zk, Utiy,i)))1<i< (G (0, 24,0
ke[l —2],
E(NT(@v kv Zk)HA|Zk7Yk|>526/6)

@(Grli0,Zk,0), Vi)
:E( Z NT(@7k+ 1amk+1(Zk7U(iovi)))“é|zkfyk|>525/5)

i=1

= E(p(G (G0, Zi, ©), Vi ) N7 (0, k + 1, mp 1 (Zi, Utio, 1)) | Ze—Yi|>52¢/5)

Vig)* We have, for all

because ()?lgiﬁ’li))lgigga(ék(io,zk,e),v,-o) are i.i.d. conditionally on Z, (G (i0, Zk, ©), Vi, ). So
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T

(5.10) E(N7(©,k, Zi)F |z, —vi|>s2e/5) < Blo(Grlio. 21, ©0), Vi) | [ @ | ¥ize-vii>s2es6)
=k

(qr+1+1) a
k =~ .
:E OékJr]%Gk(szka@) H q] J'}£|ZI€*YR‘|>SZE/§
j=k+2
. N T
< sup G(io, 2,0) qj
ﬂ-k(Gk) z:|z—Yk\ZS§e j£F2
1 1 [s% 2 d
< —exp | —=— ( —\/§5> ) q;j
m(Gy) (2ms?)? < 221 8 JUL

For x such that |z —Y}| < s%¢/d, we have, for all y € Ls(x) ({.,.) is the standard scalar product)
=2 -V (y-wa Y

Cly =Yl
252 252 252 252
- Yi|? n V/36(s%€/9)
- 252 252
_ |z — Y2 V3e
T 2g2 + 2

And so (as €v/3/2 < 1)
Gr(y) < Gk(z)exp(\/geﬁ) < Gp(x) (1 + \/§’(612_e())6> ’

Gr(z) < Gr(z)(1+¢€).

We set € = v/3(e! —e%)e/2 (we have ¢ € [0,1]).
For Zj such that |Z;, — Y| < s%¢/d, we introduce new variables.
o If ap1Gr(Zk) x (1+€') <1, we set
Zir = i1 (Zi, U ryy)s for i € {1, .. oppa (es1Gr(Zr) (1 + €), Vi )}

N1 = rr1(ari1Gr(Zi) (1 +€), Vi)

o If a1 1Gr(Zk) x (1+¢€) > 1, we set
O/(Zk) =2 ak+1Gk(Zk)(1 + 6/) .

As ap11Gr(2) < 1 for all z, we have
O/(Zk) € [Oa 1] )

We define a function ¢4 such that

i ifV, e 4=l i=t o' (Zk)

o 0 S an

Prr1 (1 Gr(Zp)(1 4 €), Vi) = % iV e
t Vi, € qk+1 + Qk+1 7 dk+1

And we set
Ziyy = mis1(Zi, UGy i), for i € {1, Grpa (ar1 Gr(Zr) 1+ €), Vi )}

Nit1 = @1 (ari1Gr(Ze) 1+ €), Viy).-

We have
N (Z) 1 —ad'(Zy) (qr+1 +1) ,
E PX —— 4 2% x ————2 = T (a/(Z,) +2(1 — &/ (Z)))
Pl Qk+1 Qk+1 2

+1
= %%H@e(zk)(l +é).
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We have the inequality

@r11(Gylio, Zy, ©), Vio W\ 2 —vi|<s2¢/5 < Nit1, as.

So
]%k-}—l )
(5.11) E(Nr(©,k, ZiWF |z, -y, <sess) < B |z, —vii<s2ess Y Nr(©,k+1,Zi,,))
i=1

=EW\ 2, —vi|<s2¢/6 Nt 1 N7 (0, k + 1, Z} 1))

dk+1 ’
a1 Gr(2)(1+€)
= W a— s2¢ Méa 2 e 7 X
/Rs RS [2=Yi|<s%€/6" a1 G (2)(1+€)<1 (?_1, Tort

E(Np(0,k+ 1, 2")m(d2)Q(z, dz’)

L (1-a')
/Rs/ Wiz vii<s2e/f a1 Gr(z)(14e)>1 Z% X ——=+2ix ——=

Qk+1 dk+1
x E(Np(©,k + 1,2 ))Wk(dZ)Q(Z, dz")

« +1 o
— [ ] Feviconqs I 6 )1 4+ RO,k +1,))mu(d2) Qe d)

:/]R3 /RS%|27Y1C|§526/5@GI€(2)(1+6/)E(NT(®7k+173/))7Tk(dZ)Q(Z7dZ/)

< (1+€)E(Np(0,k +1, Z41)) .-
From Equations (5.10) and (5.11), we get

( fé) T
E(N(O,k, Z4)) < — e > 11 VE(N7(O,k + 1, Zysr)
TS ™ Sk)) = Tk(Gr) (27s2)3/2 . k+2Qz T k+1
<e ( \[6 + % H q; + (NT(@ k+1,Zk1).

i=k+1

As NT(G, T, Z7r) = 1, we get by recurrence, for all k,

fé) ) ,
< Z 1+€) " Dggipq ... (IT> +(1+e)TR.

i=k+1

E(Np(0,k, Z)) < e 2 (5

For all &,
2[|Gllos

P2 mo1(Groy)
and (using Lemma 6.6)

o (ml(;k)) =B (1/<2s12§(i01§7<)20§o>) - los <;%> |

Which implies there exists a random variable K such that

T
VT, Zlog(qi) < KT, as.
i=2

So, for all k, we have a.s.

E(N7(,k, Zy)) < e *7 +(1+e)T

. (Sif—\/%)iT((l + )" + (gag3 - - -q1)?)
2

<€ 2s ( fé) T 1+ )2T+€2KT)+(1+EI)T
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1,0 (0 N\ C ’
(for T large enough) < exp 232 <S2T€ <T§ A 1> Ve (6 A 1))
+
x T (exp (\/?;(e — 1)06) + ezKT)
+ exp (\/g(e - 1)06) =0(1)
O
Proof of Proposition 5.1. We fix k € [T — 1]. Let x € R. We set

JL‘{hLl = mk+1(zk, U(B(k),j)) for ] S {2, . qk+1} .

We have
N qk+1 . .
NT(Gvka‘rk) < Z NT(G)’k + 1’1.?64-1) :
=2

Let 6 > 0. We fix j in {2,...,qg41}. We have, for any z € R? such that Vg, >
ak+2Gk((B(k)7j)7x7®)7

E(N7(0,k + 1, Zk41)|©) > 67 x lglf( )7Tk+1(y) x Np(©,k+1,z).
yeLs(x

So
E(N7(©,k + 1, Z541)|0)
0% x inf{mp11(y), ¥ € Ls(@), &1 ViBry.j) > hr2Grir (B(K), 5),7,0)}
E(N7(0,k + 1, Z441)|0)
0% x inf{mp11(y), y € Ls(x),  : ViB(k),j) > th+2Grs1(2)}

sup Np(0,k + 1, z)

We set
A= E(NT(@7 k+ 1) Zk+1)|®) )
B =& inf{mi11(y), y € Ls(2), z : Vipr),j) > h42Gri1(2)} .
We are looking for a constant fi2 ;41 such that,
1
AT

o 4
P (supNT(@,k+ L,z) > ’“‘““) <
x qk+1

For this, it is sufficient to have (see Lemma 6.5)

p(l~s _Hehrn ) _ 1
B ~ 2q, 1 TE(A)) — 8T
By Lemma 5.2, we know that there exists almost surely a random variable ('t depending on
(Y%)k>1 such that for all T, k,

E(A) < Cy.
So we are looking for fig ;41 such that
1 M2, k11 1
5.12 Pl=—>—2r1— ) < —.
( ) (B - 2Cquk+1> - 8T

We have
§*inf{mi1(y), y € Ls(2), x : Vigr).j) > y2Grr1(2)}
53 1 i )
2 W exXp (_2(.,30(5‘/?:‘F Imiy 1 — Yeq1| + R) ) )
where R > 0 is such that
ViB(k),j) = Qk+2Gry1(R(1,1,1) 4+ Yiy1) .
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So

exp (5t )
(27s2)3/2 2 ViB).j) -

R < —2s2log <(27‘r32)3/2 (V(B(’“)J)>>
Qf+2

(5.13) (as apyo < 1/[|Griilloe) < \/f252 log (ViB().5))

We have mj, | — Yiy1 ~ N(0; (02, + s*)Ids) . So, to have Equation (5.12), is is sufficient to have

93 12 k41 1
Plov3 T — Y R> /2021 : < —
( f+ ‘mk-l-l k+1| + = \/ 05 108 ((27(0'20)3/2 20fT(]k+1 = QT )
which is implied by (with Z of density r € R — W¥g+(r)e *”2/2(";“2)(27(030 + 52)) 73/ 24712)
p (Z >1 <\/ 202,108 (g sis ) — 0V3 ))
P (R % (\/20%0 log ((27r(762 )3/2 25;'1%;11) - 6\/§)>

We have for all > 0 (using integration by parts)

2 ( T \V Ugo + 32) 67912/(2(020%92))

Q42

So

\ N

(5.14) o

ﬂ‘“

=
N
%
g
IA

T\VLie o«

(lf xr > 28) < g (1’ + 1) e*m2/(2(azo+sz))

T\ o + s?
< \/5( % /(4(02,+5%)) 4o 2/(2(02 +s )))
T

< 2 9e-r? /A% 5.
- ™

So, to have the first line of Equation (5.14), it is sufficient to have

1 3 M2, k11 T 1
= [ /20% 1 : -0 >24/02 2V [ (—4(c? 7)1 = X 50
2 (\/ 750108 ((2mgo)3/2 2C; Tar V3] 220k + 52y [ (A% + %) log (/5 % g5

that is

2C T qp41(2m02,)3/?
53

1 2 1
X exp | 5o 2(2y/0%2 +s2V (—4(U§C+52))log<\/;x 32T> +6V3

By Equation (5.13), the second line of Equation (5.14) is implied by

2
1 1 2 53 M2, k+1
— 52 (E (\/2Uoc log<(2 2372 chquJrl)*‘s\/?’)) 1
Pl Ve ,j) = exp = 67

(515) H2 k+1 = >

which is equivalent to

2
1 1 53 M2 k41
_ﬁ<§<\/2<7§o 10g<(2,m2 \3/2 QCquk+1>_6\/§>) < 1

~ 16T
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which is implied by

2
9C T g1 (2102 )3/2 1 1\\?
(5.16) W2 k1 > 1 T2 (2m05,) exp 5 V3 +2 <—2s2 log (167’))

03 202,

We take p9 p+1 to be the supremum of the right-hand sides of Equations (5.15), (5.16). And so
there exists C(o,s) (a constant depending on ¢ and s) such that

C(0,5)Cfqr+1

H2 k41 < 5—3T77
with
4(02, + %) 282
L R
4 2
(5.17) = 54—
So
4 C(o,5)Cy
Zﬂz,k < éigTWZfzz ax -
k=2
Under Hypothesis 5, we have for all k in [T — 1],
oy < Gl
- Wk(Gk)

By Lemma 6.6, we have that

2 \3/2 213/2 21 1/(202))
1 — (271—0'00) / (2775 ) / Y —mi] ﬁ(l/ms?)Hﬁugo))

m(Gr)  (2mo2 s2/(02, + s2))3/2

Let us set

2 1 1/(202,)
Y — ely"_mkl P(u(% )+1/(2ago)>

It satisfies
24/log(x)
z—too VL
So, by Hypothesis 5 and adapting the Generalized Central-Limit Theorem of [UZ99] (p. 62),

P(Y' > 2)

, Tl 1
Trie kz_l po k1 == 0,
for all ¢« > 0. g

Proposition 5.3. Under Hypothesis 4, 5, if we choose ni(T) satisfying Equations (6.4) and (6.9)

then
1 [Tl
— T
T (;“2”“—'—”1 ) T—>—+>ooO,

with the same ~'as in Proposition 5.1.

By Remark 6.4, we can than say that the expectation of the complexity of the algorithm grows
at most like a polynom in 7. Remember that we are talkin here of the expectation conditional to
the observations Y7, Ya, ...

Proof. By Lemma 4.2, we have, by recurrence,
T—1
o1(T)? < ) [m(Gr)maksr +me(GR)md oy — 1] + 1.
k=1
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For all k € [T — 1],

m _ (g 1) 1
Lk+1 2 Wk(Gk) ’
and
dk+1 a 1i2
+
mo 41 = B
_ ok (@rr + D2k +1)
6
_ 2qk4+1+6
37Tk(Gk)
2 -1 0o — 1 1
(using Equation (5.9)) < (37Tk(Gk)37T|(CZCH) )+
k(Gk
o A
Tk (Gr)?
By Lemma 6.6, (o< meaning “proportional t0”)
1 (—1/(20%)) 2 1/(203,)
G2 2 Y. — m™ 2 ( = o) e o)
Tr(GR)mY py1 X exp (| k= il 2 1/s2+1/(20%) + 952 1/(2s2) +1/(202,)

(—s%(s® 4+ 02) + s%(202, + 5?)
(203 +5%)(s* + 03,)
2
_ T2 O 1
= exp (|Ykmk| %02 152 X o > .

As the variable (Y, — m]),>1 are independent and of law N(0, (o2, + s?)Id3), we get that

1
= exp (|Yk - mZFS—2

=
T Z Wk(Gi)m%,k-&-l
k=1
converges almost surely when 7' goes to infinity.
As we have seen at the end of the proof of Proposition 5.1,

1
T

T-1

law
Zﬂ-k(Gk)mZ/ﬁ'l — 0
P T—+o0

for all ¢ > 0. The constant ~, defined in Equation (5.17) is bigger than 1. So
01 (T)z law
T'Y'H T—~+oco

We have supposed that n; (T) satisfies Equation (6.4) and (6.9). The expectation of the complexity
of the algorithm is then given by Equation (6.10) (in Remark 6.4). As 1 (T) =T by Lemma 4.1,
we get the result. O

0,Ve>0.

5.2.4. Complexity of the algorithm: a case study. We suppose A = 0.5 x Id3, the (V},)’s follow the
law N(0, (0.2)%1d3), the (W,)’s follow the law A(0,(0.5)%Id3), § = 0.1. We take here the laws
of the number of children of an individual to be the same as in Subsection 4.1, Equation (4.2).
We made a simulation of a sequence (Yj)1<x<7r and stored it. Then we calibrated the constants
(Qkt1, qer1)ker—1) (using Equations (4.7), (4.8)). In particular, these constants do not satisfy
Hypothesis 5 but are supposed to be not far off.

Here the codes were written in python and are thus relatively slow to execute. Nevertheless, it
takes a few minutes to sample a trajectory of length 50. Using Section 6.2, we decide to take

160, (T)? ﬂz(T)>
ny(T) = sup( , .
{T) p(T) " (T)
From looking at Proposition 5.3, we hope that n; = C(T") x T, with C(T') growing as a polynom
in T. We estimate C(T) =n1(T)/T for T € {1,2,...,20} using Monte-Carlo (for each T', we used
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[ T [ 5 ] 10 ] 15 [ 20 |
[ C(T) ] 165.6 | 466.4 [ 634.1 [ 766.5 |
TABLE 2. C(T) in a filtering case

10000 samples for the estimation of 1 (T), o1(T)? defined in the Appendix, we used 100 samples
for the estimation of each E(NT(@, k)) appearing in the definition of ps(7"). We can then compare
T and C(T) see Table 2 for T € {5,10,15,20}). A simple least square regression in log-log scale
gives a slope of 1.21. So it seems sensible to take n;(T') proportional to T or T3/2,

We now want to estimate the complexity of the whole algorithm. Due to Remark 6.4, this
complexity is of the same order of the complexity of sampling a branching process and finding
Nr(0,k) for each k. Let us fix k. When we compute Nr(0, k), we need to compute Np(0, )
for a finite number of z; in a ball around Y}, (see equation (5.5)). This number is, in expectation,
proportional to 6=3. Taking ny = |7%/2|, the complexity of the algorithm for a fixed 7" is of order
less than 73/2p; (T)+6 3 uz(T). We use the above estimates of iy (T) , po(T) for T € {1,2,...,20}.
We compare T%/2 11 (T) and p2(T) to T. A least square regression in log-log scale gives us a slope
less than 2 in both cases. This means the complexity, as a function of T, grows like T2. We
know that the coefficient of proportionality between the complexity and 72 includes 63, so the
algorithm is dimension dependent (it will be =% in dimension d).

6. Appendix

6.1. Convergence of branching process. In this Section, we are interested in the branching
process defined in Section 2.1. We suppose the following.

Hypothesis 6. For all k> 1, g € [0, ||Gglloo],

fk+1(ga 0) =1-agng,

with a1 € (0;1/||Grlloc]. For all k > 1, there exists qu+1 € N*, (prg1,5)
that, for all j in [qr41], for all g in [0, [|Ggll],

et € B, such
Jr+1(9,7) = Qpg1Pr41,59 -

We define my j41 (for all k£ > 1) as in Equation (4.5).

Lemma 6.2 below shows that its empirical measure at time k converges to 7 (defined in
Equation (4.3)).

We present here some results concerning the propagation of chaos for systems of particles. We
use the results and notations of [DPR09]. Similar results can be found in [BPS91] (around p. 177).

For g and N in N* | we define

[N][ = {applications from [g] to [N]},
(g, N) = {injections from [¢q] to [N]} ifq< N,
L= 0 otherwise.

For any sets E and F', we write
{injections from F to F'} ={a: E — F}.

For an empirical measure

1 N
M, an) = = 3O,
N’i:l

(where z1,2,...,2zy in some set F), we define measures on F? (for ¢ € N*, N € N) by their
action on a test function ¢,

) .
®q — ) N¢ ZaG[N][Q] <P(33a(1)7 s Tag) N >0.
m(z1,...,xn)%(p) {O ifN=0.
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(W —a)! ifg< N
m(xh...m)GQ(ga):{ N Zac(oN) $(Ta) o Tag) N,

0 otherwise.

The definition of m(...)®? above is consistent with the usual tensor product of measures. For
functions ¢1, ..., ¢q, we define

P1 @ @ Pg(1,. .., 2q) = P1(T1)P2(22) . . . Pg(2q) -
We recall that for a sequence (Xj)g>0 of random variables in R, and « in R,
k—4o00 k—+4o00
Lemma 6.1. Suppose that (N} )k>1 are a random variables taking values in N such that
N, 5 +co.
k—+oco

Suppose we have random variables (X}); p>1 taking values in a measurable space (E,E). Suppose
7 is a probability measure on (E,E). The two following points are equivalent.
(1) For all bounded measurable ¢,

N,

1 ,
— > e(XE) la_)w 7w(p) (constant random variable) .
Nk k—+oco

i=1
(2) For all g € N*, ¢1,..., ¢, bounded measurable from E to RT,
E(m(XL, ..., Xp )01 @@ 6,) — 72Ud1®--@ ).

—+

The variables NN, takes values in N. For k£ € N* and w € Q such that N} (w) = 0, we set, by
convention,

L
~7 D P(Xi) =0.
M
Proof. (1)=(2) We suppose we have (1). Corollary 4.3, p. 789 in [DPR09] tells us that for any ¢,
n in N* such that ¢ <n and any z1,...,z, in F,
1
m(x1, .. 20)%T =m(z1, .., 20)%7 + =g (21, Tn)
n

where 77, is a signed measurable such that |7, [|py < By, with a constant B, independent of n.
So, for any ¢ € N*, ¢1,..., ¢, bounded measurable from F to RY,

E(m(X}, ... X)) (g1 @+ ® ¢g)) = B(m(X}, ..., X 5) U1 @ -+ @ )
1 _
* mm‘I(XIL cee 7Xlin)(¢1 Q@ ¢q))
for some bounded measure m,. We have

q
Em(XE, ., X210 @ 0 6) = B[ m(XE, ., X2 (60) (= 7010 0,).
i=1
So we have (2).
(2)=(1) We suppose we have (2). For any bounded measurable ¢ on E, we set

praero(r) —m(p).
We have

E(m(XE, X @) = Bl Y axhe(x)

k 1<i<Ni 1<j< Ny, j#i
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1 o
+E N2 Z P(X3)°

k 1<i<nNy,
We have
1 .
E(-— B(X})?
ng - (P( k) k—>—+>oo 0
1<i< Ny
and
N ] Nip(Ng —1
v X Y eweed) - e xee)
k 1<i< Ny 1<j< Ny ,j#i k
— 0
k— 400
So we have (1). O

Lemma 6.2. Suppose that mi(Gy) > 0 for all k in [T — 1], then (under Hypothesis 6) for all k in
[T], all bounded measurable ¢ on E,

(6.1) Np 5 oo,
niy—+oo
lay .
(6.2) — ; n1—>+oo (@) (constant random variable) .
'l k

Proof. We prove it by recurrence. We use Lemma 6.1 many times in the following.

The number of particles at time 1 is Ny = ny. The particles Xll7 oo, X are iid. of law My
(remember that S; = [n1]). So the law of large number gives us, for any bounded measurable ¢
on E]_,

nlz<ﬂ mjw 1(p) = mi(e)

Suppose that Equations (6.1) and (6.2) are true for all j in [k] (k < T). We have, for all
bounded measurable ¢,

(6.3) i Do) B m) M Dy oo,

n1~>+oo niy——+oo
zeSk

Let us set Fj, = o(Sk, (X} )ics, ). For all i in Sy, we have
E(N/i-s-ﬂ]:k) < P( 12;-+1 > 1Fk) X Gy -
For any M in N*|

WnsmP (Z Ni < M|]-'k> <inf [ 1, > P(Ni,, =0,VieS|F) |,
1€Sk SCSg,#S=(N—M)

and

Z P(Ni, =0, VieS|F) < Z H(l_w>

SC Sk #S=Ny—M SCS,#5=(N—M) €S et

< Z )exp (_Z]E(Ni+1|fk)>

SC S, #S=(Np—M ics Tk+1

N
< ( N;f—kM >exp< kaZm1k+1Gk(Xk)+M>

i€eS
So
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P (N1 < M) <P(Np < M)

. N 1 )
+E (mf (1, ( N, —kM ) exp (—Nk X N, Z ma g+1Gr(XE) —|—M>>> .

1€Sk
Using (6.3), we see that

P
Ngy1 — +o0.

ny——+oo

For any i € Sy, knowing Xi, Ni_, is of law f(Gx(X}),.) and is independent of all XJ N,’H_1
for j # 4. For any q € N*, ¢1,..., ¢, bounded measurable, from N x Ej, to R™,

E (m((NiiHaX;i)iesk)@q(?ﬁl Q- ® ¢q))

1 1
=B [ Hro S v X)L, (V. X7

a:[gq]—Sk

Ny — ! Y a Y a
_E mzq% > BEY) B

a:[q]— Sk

:E(m«Xz)iESk) (¢1""7$ )) - Hﬂ-k(ij)v

j=1
where
. dk+1
¢Z(I) = Z ak+lpk+1,r¢i(’ra x) 5 Vo S Ek7v’t S [q] .
r=1
So, for any bounded measurable ¢ from Ej, to RT,
1 ; iy law
. > Niae(XF) it o Me(GEP) XM g1
1€Sk !
So
%Nk-#l?éo Z Nk+1<p(Xk) = “ANk+1750L1 i Z Nli+1(p(Xli)
Net1 o5, Yies, Nivn N o5,
Li;v} T (Gryp)
n1—-+0o0 Wk(Gk) .
Let us set
. G
Ti(p) = ms(Crp) :
mk(Gr)
for all j € Spy1, X3, = Xi™.
We have
1 =~ law  ~
N 2 P& ST ().
JESk+1
Knowing (X£+1)_’iesk+17 the (X£+1)2'65k+1 are independent and for all j € Sj41,
j ik
Xiﬂ ~ Mk+1<X1( )7 ) .
So, for any ¢ € N*, ¢1,..., ¢, bounded measurable, from N x Ej to RY,
. ik
E (m((Xz+1)j€Sk+1)®q(¢l ® - ® ¢q)) = E (m((Xi( ))jeSk+1)®q(Mk+1¢1 ®---® Mk+1¢q))
— WM @ @TMiy1(91 ®@ - @ @)

= Tht1 @ @ Trp1(P1 @ -+ @ @),
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where we use the notations

Mys16n(x) = / My (2, dy)én(y) , Vo € By,

YyEEK 41

e M (dy) = / % (2) M 11 (z, dy) (measure on Eyy1).
zeFEy,

This finishes the proof. O

For all k € [T], we define B1(E}) to be the set of measurable functions ¢ : Ej — R such that
lelloo < 1.

Lemma 6.3. We suppose here that the parameters (ax4 1, qrt1)kejr—1) are chosen such that Equa-
tion (4.6) is true for all k in [T — 1]. Then, for all ¢ in By(Ey), for all k in [T,

E{ > o) |=mo).

jeSk : 14]

Proof. We take k in [T] and ¢ in B1(E)). We set

Di;,n, () = ‘]\}.k > o(XE) —mi(p)]| -
1€Sk

We have, for all € > 0,

E( =S wx)) | - <Nkm(w)> < E <Nk6> +E (Nk X e toc) (D, W»)

1 jcs. ni ny ni
N,
(by Lemma 4.1) = e+ E X 2H (¢, 4 00) (Do, ()
1
(using Remark 4.3) = e+ E(#{i € Sk :1 <1} X 2 1o0)(Drn, (9))) -

As Dy, (¢) converges to 0 in probability when n; converges to +oo (Lemma 6.2), we can find
extract a subsequence, indexed by (w(n1))n,>1, such that

a.s.

H‘[E,+OO)(D]€,’U,(TL1)(¢>) — 0.

n1—+00

As #{i € Si, : 1 < i} does not depend on nj, we get (by dominated convergence)
e+ E(#{i € Sk : 1 <i} X 2 1oy (Diuiny) (@) —> €.

niy——+oo

We have (by Lemma 4.1 and Remark 4.3)

B LS et =k X wxd)

Ljesy JESK 1=

So, for any € > 0,

El > oX]) | —mp)|<e.

jGSk H 1<j

6.2. Number of particles.
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6.2.1. Choice of n;. We show here how to choose n; as a function of T'. It applies to both the
examples of Section 5.1 and 5.2. We set

Yk € [T], py(k) = E(#{i € Sp : 1 <1i}),
Ve [T], o1(k)2 =V(#{ie S, : 1<i)})

(the definition of oy coincides with the one given in Section 2.1). We suppose we have constants

1
po.r > 1/4 such that Vk € [T — 1], (NT(@ k) > 4dpop) < T

When the following expectation is finite, one can simply take, for all k,
M2k = T x E(NT(@, k‘)) .
We then choose n; such that
].60'1 (T)2
6.4 n—1>——>
(6.4) 1 (D)

It implies that (remember that, for any ni, N7(0) is a sum of n i.i.d. variables of mean yu;(7)
and variance 0% (7))

— T — T
P (W) < 4} — P (Fr) - mya(r) < -0
403(T) 1
— e <1
nypy(T) — 4
and (remember that #{i € S7(0,), 3k : B(k) < i} is a sum of ny — 1 i.i.d. variables)

(6.5)

(6.6) P (#{i € 51(0,),2k : B(k) < i} > 2u1(T)(ny — 1)) (mill% < i
We have
T—
(6.7) (ZNT@k Z ) SZ
k=1
We set
T-1
(6.8) p2 =1+ pak,
k=1

we write po(7T) instead of po when we want to stress the dependency in T. We choose n; such
that it also satisfies

(6.9) nipa(T) > p2(T) .

So, N (©) > ™D and #{i € Sp(0,,), 3k : B(k) < i} < 201 (T)(n1—1) and 143, _ N#(0,k) <
1+ 42{;11 2, implies (recall Equations (5.3), (5.6))

— nip (T)
Nr(©) > ( 2 )
Nr@©) 2T = 1)+ 1+43 0 e
1
> .
- 12

We have
P (NT(@) > %I(T),#{i € ST(G)n) Pk B(k) < i} <2u1(T)(ny — 1),
T-1 _ T—
NT Z )

k=1 k=1
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nip (T)

21—IP(NT(@)§ 5

) —P (#{i € Sr(0), 1k : B(k) <4} > 241 (T) (ny — 1))

T-1 T-1
-P (Z Nr(0,k) >4> M2,k> ;
k=1 k=1
and using (using (6.5), (6.6), (6.7)), we see this last quantity is bigger than 1. So
p <N<@> . 1) J L
Vo) 12) 7

Remark 6.4. This means that the expected number of steps in the “repeat” loop of Algorithm 1 is
bounded independently of T, provided n; satisfies (6.4) and (6.9). Due to the way the parameters
are chosen in Section 4.1, the complexity of our algorithm is of order

T—1

(6.10) Z pa g + T
k=1

in expectation.
6.3. Technical Lemmas.

Lemma 6.5. Let A, B be random variables in RY, R** respectively, such that A is L'. For all

M, p in RT™, we have
A 1 4p 1
P(—=>4 <P|—=> —.
(B = “) = <B = ME(A)) T

IP’<2 <4u)

Proof. We have

Y]

P (2 <d4p, A< ME(A))

> P (MH;}A) <dp, A< M]E(A))

Lp (MI;(A) > 4M) _P(A> ME(A)) ,

v

(B ze(b s i) ez oo <o (b i) o

O

Lemma 6.6. For the ezample of Section 5.2 and under the same assumptions as in Proposition
5.1, we have, for all k > 2,

(2m0% 52/ (0%, + s2)Y2 emalt st (b 1)
(2m02, )3/2(2n52)3/2 '

Fk(Gk) =

Proof. We compute

. ~lof*/ L) ola=Ciomu 2
= - m
me(Gik) /]R (2702 )3/2 (27 52)3/2
—12
T st
(2702.)3/2(27152)3/2 Jps
52
% e‘Ykimk‘Qﬁ(Wmil> da
- g2
B (2702 52/ (02, +82))3/2 ‘Yk*mklzﬁ(ﬁi/é@fl)
(2m02,)3/2(2ms2)3/2 '
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