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Regularity of optimal transportation maps on
compact, locally nearly spherical, manifolds*

Philippe Delanoé and Yuxin Ge'

Abstract

Given a couple of smooth positive measures of same total mass on a
compact connected Riemannian manifold M, we look for a smooth optimal
transportation map G, pushing one measure to the other at a least total
squared distance cost, directly by using the continuity method to produce
a classical solution of the elliptic equation of Monge—Ampere type satisfied
by the potential function wu, such that G = exp(gradw). This approach
boils down to proving an a priori upper bound on the Hessian of u, which
was done on the flat torus by the first author. The recent local C? estimate
of Ma—Trudinger-Wang enabled Loeper to treat the standard sphere case
by overcoming two difficulties, namely: in collaboration with the first
author, he kept the image G(m) of a generic point m € M, uniformly away
from the cut-locus of m; he checked a fourth-order inequality satisfied by
the squared distance cost function, proving the uniform positivity of the
so-called c-curvature of M. In the present paper, we treat along the same
lines the case of manifolds with curvature sufficiently close to 1 in C?
norm — specifying and proving a conjecture stated by Trudinger.

Introduction

We are interested in the regularity of the optimal transportation map G which
pushes a given positive Borel measure pg = pgdVol to another one 3 = p1dVol
of same total mass on a compact connected n-dimensional Riemannian manifold
(M,,, g) with Lebesgue measure dVol, when all data are smooth and the cost-
function c¢ is the Brenier-McCann one [5, 6, 34], namely:

1
¥(p,q) € My, e(p,q) = 5dg(p, ),

d, standing for the geodesic distance in (M,,g). The map G minimizes the
total cost functional

C(®) = /M elp. B(p)] dpto

among measurable maps ® : M,, — M,, which push pg to p1 (meaning uq(B) =
wo[®~1(B)] for each Borel subset B C M,,, written ® 4o = u1). The existence
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of a unique such minimizing map G is established in the landmark paper [34].
The smoothness of G is known in the following cases:

(i) anytime the densities pg, p; are close enough in C*°(M,) [16, p.157]; in
C%*(M,,) for some « € (0,1) is enough to have G € Ct;

(#4) given measures pg, 111 as above, anytime the metric g is C°°-close enough
to a metric for which the optimal map is smooth [16, p.159]; C*“-close
would suffice to get G € C12;

(#41) if the metric g is flat [16] (see also [7, 8, 9, 14]);
(tv) on the standard sphere [31];

(v) if the c-curvature is positive (a 4th-order condition on the cost-function ¢
put forward in [33], also expressed in Equations (2)-(4) below) and if the
exponential map is non-singular on the tangent cut-locus [32].

Here, let us observe that the result (iv) implies, by naturality and uniqueness,
that the optimal transportation map G is also smooth on any manifold (M, g)
with constant positive curvature; this was independently observed by Young-—
Heon Kim. Further regularity results in that spirit are announced in [28] (see
also Appendix C below). Besides, let us note that the second condition of
the regularity result (v) precludes positively curved simply connected manifolds
(with §-pinching if odd-dimensional) [29, 30] (see also [40, 1]).

In contrast with the preceding results, if the curvature of g is not non-negative
on M, one cannot expect G smooth for arbitrary smooth positive measures
o, 41 [31]. Worse, it was recently shown that positive curvature alone does not
imply G smooth [27, 32].

Neil Trudinger has conjectured that the smoothness of G should be derivable
from the positivity of the curvature provided the k-th covariant derivatives of
the curvature tensor are assumed to be small enough for 1 < k < r with a
suitable integer r > 2 (which trivially holds on the standard sphere). Con-
sidering the results (iv) and (i7) above, the issue here is to quantify how far
the curvature tensor may differ from a spherical one and to show that, indeed,
the allowed difference is the sole control required for proving the existence of a
smooth optimal transportation map G pushing pg to p1. Our present work is
essentially an attempt toward such a quantification and a proof of Trudinger’s
conjecture with r = 2.

The outline of the paper is as follows. In the sequel of the Introduction, we set
up our approach of the regularity problem for optimal transportation maps, a
PDE approach, via the so-called continuity method [21]. We further state two
theorems, our main results, and infer from them several regularity corollaries
presented at once with their proofs. The main theorems are proved respectively
in Sections 1 and 2. For the reader’s convenience, we also provide some auxiliary
material required in our proofs adapted from [31] (Appendix A) and [33] (Ap-
pendix B), as well as a folklore result mentioned above in the covering spaces
setting (Appendix C).

Acknowledgments: the authors are grateful to Neil Trudinger and Xu-Jia
Wang for giving them full hospitality while visiting the CMA (ANU, Can-
berra) in November—December 2006, during an Australian—French exchange
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programme (grant PHC FAST #12739WA) and for sharing with them their
expertise on the regularity issue for optimal transportation maps. The authors
would like to thank also Cédric Villani for his keen interest in the first part of
the present work which lead to a clearer statement of Theorem 1 and Erwann
Aubry for useful geometric discussions at Luminy (CIRM). The first author ben-
efited from stimulating conversations with Grégoire Loeper, Young—Heon Kim
and Robert McCann at the ICMS Workshop (Edinburgh, July 2007) where he
reported on the big-crunch argument of Proposition 1 below; he thanks Mc-
Cann, Kim and Villani for quick communication of the preprints [27, 28, 32].
The landmark reference [40] was found in [32].

The continuity method
The optimal map G has the following special form (with obvious notations
relative to the metric g):

Ym € M, G(m) = exp,, (grad,, v),

where the potential-function w, normalized by [ . udVol = 0, is a c-convex
function (see [34]). Set A for the open subset of the Fréchet space

cse :{UECOC(Mn),/ v dVol = 0}

n

consisting of those functions v such that the map exp(grad v) is a diffeomorphism
of M, to itself. One can readily verify that, for each (v,m) € A x M,, the
smoothness of exp(grad v) requires that the closed geodesic segment

{exp,, (tgrad,, v),t € [0,1]}

does not cross the cut-locus of m (henceforth denoted by Cut,,); in particular,
| grad v(m)| stays bounded above strictly by the diameter of (M,,g). Fixing
the metric g and the smooth positive measure g, let us consider the nonlinear
second order differential operator given by:

veAd— Fv):=[pv) —po] € C§°, with p(v) :

= Jyg lexp(grad v) ol
(Radon-Nikodym derivative). The operator F' is elliptic of Monge-Ampere type
and it is a local diffeomorphism which is one-to-one (hence a diffeomorphism)
onto its image [16] (see also [17, Remark 6] for an Erratum of the proof of the
second part of [16, Proposition 3]). Proving that the above optimal map G is
smooth thus amounts to proving that F'is onto C3°. To do so, given an arbitrary
measure 1 as above, one may use the continuity method as in [16, p.158] and
consider, for ¢ € [0, 1], the solution u; € A of the pointwise equation expressing
the optimal mass transportation of 1o to g := tug + (1 — t)po, namely:

(1) exp(grad uy)wpo = pu <= F(u) = t(p1 — po) ,

arguing by connectedness on the subset 7 C [0, 1] of ¢’s such that there exists a
solution u; € A. The set 7 obviously contains 0 and it is relatively open in [0, 1];
granted 7 is closed, one infers 7 = [0, 1] hence the map F is indeed onto (and
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G, smooth). By standard arguments [21, Section 17.4] (using the concavity of
the Monge—Ampere type operator v — f(z,dv, Vdv) := F(v) with respect to
the covariant Hessian variable Vdwv, where V stands for the Levi-Civita con-
nection of g), the closedness of 7 follows from a uniform pinching (independent
of t € [0,1]) on the eigenvalues with respect to the metric g of the symmetric
tensor Vdu;. A uniform lower bound on these eigenvalues is already known [16,
p.-154]; so the smoothness of the optimal transportation map G boils down to
carrying out a uniform upper bound on them.

The first genuinely interior bound of that sort (previous bounds would re-
quire affine boundary-value data [36, pp.73-76], they were thus never really
interior) was recently derived by Ma, Trudinger and Wang [33, Theorem 4.1]
dealing, in some open subset 2 of R™, with elliptic Monge—Ampere equations of
the form:

det (2 (2, v, dv) + ~20| = B, 0,d0) > 0
et |2 (z, v, dv) + it | = (x,v,dv) >
where 2;; = A;;(z,2,p) is a n x n symmetric matrix field on J'Q (first jet
space). If v is a solution such that the so-called strict regularity condition [39]
holds, namely (using Einstein’s summation convention):

622[7;j

2)30 > 0,Y(&,v) € T,Q x TFQ with v(¢) =0, —
(2) (&v) ©) Do

v = 01 |v]?

on the subset {[z,v(z),dv(z)],z € Q} C J'Q, they derived an upper bound
on the eigenvalues of the symmetric matrix (U;(z,v,dv) + 81-23»1)) in terms of
the constant 6, of the C''(€2)-norm of v, the C%-norms of (;;) and B, and the
distance of the point = € Q to the boundary 99 (see [33, 39]).

In local charts of M,,, equation (1) reads like a Monge-Ampeére equation of the
above form with a matrix field 2;;(x,dv) independent of the v variable (see
[16, 31] and Appendix B below). Specifically, in a generic chart = of M, the
matrix (;;) which occurs for equation (1) is given by:

(3) Y(v,m) € Ax My, (Us;(w,dv)+ 0%v) da’ @ da’? = Hess'” (v)(m)

where z = 2(m), and Hess”) (v) denotes the ¢-Hessian of v, namely the covariant
symmetric 2-tensor field defined by:

HeSS(C) (U) (m) = [Vd C('a Q)] | [m,exp(grad v)(m)] +Vd U(m) )

which is known to be positive definite on M, for each v € A [16, Proposition
3][17, Remark 6]. From this definition, we see that the local quantity:

Aij(x, Vav) == Uy (x, dv) + Ffj(x)ﬁkv

is actually intrinsic, hence globally defined (here the I‘fj’s stand as usual for the
Christoffel symbols of g in the chart = (¢f. infra) and Vv := Tx(grad,, v)
with & = z(m), stands for the local expression of the gradient of v). Indeed, we
have:

(4) Aij (7, Vyv)da' @ dv? = [Vdc(., q)] |[m,exp(grad v)(m)] »

and this is the quantity which we will consider below (see (9)) in place of the
Ma-Trudinger-Wang local quantity 2;;(z, dv)dx' ® dx?. Importantly, in that
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context, it follows from (4) that the left-hand side of inequality (2) is also intrin-
sic; it is sometimes called a ’cost-sectional curvature’ [31] (or c-curvature, for
short). An intrinsic definition of it, is given below (see (8)). More deeply, the
fact that the c-curvature depends on the metric g only through the cost-function

1
c= §d§, as written in [33], was recently interpreted geometrically [28].

Let us say that condition (2) holds uniformly for equation (1), whenever
this condition bearing on the matrix field ;;(x, dv) given by (3), evaluated at
[m, exp(grad u¢)(m)], holds at each point m € M, with a constant § > 0 inde-
pendent of (m,t) € M,, x[0,1]. Assuming it does (¢f. infra), the Ma—Trudinger—
Wang interior estimate will be shown (in Appendix B) to imply an upper bound
on the eigenvalues of the tensor Hess(¥) (u;)(m). Let us emphasize here that the
latter may not be enough to infer an upper bound on Vdu;. Indeed, on the
standard n-sphere, (n — 1) eigenvalues of [Vd c(., q)]|[m,exp(grad us)(m)] are equal
to: | grad us| cot(] grad us|)(m), hence they diverge to —oo as | grad ug|(m) tends
to 7, or else, as the image-point of m by exp(grad u;) gets close to a conjugate
point of m (its antipode, here). The latter occurence was ruled out in [18]. It
enabled Loeper to complete the proof of the smoothness of G after checking the
strict regularity condition (2) on the standard sphere [31].

Here, we wish to investigate along the same lines the trickier case of a metric g
with variable curvature.

Main results; corollaries and their proofs

Before stating our results, loosing no generality, let us scale the metric g so that
its sectional curvature K satisfies:

inK=1.
(5) mn

Remark 1 For later use, let us record the consequences of the normalization
(5) for the geometry and topology of M,,. By Myers theorem [13], it implies:

(6) D :=diam(M,) <=

and 71 (M,,) is finite (setting henceforth diam(S) for the diameter of a subset
S C M,, measured in M, with the distance d;). Let us set:

Ny = (1—%) €[0,1).

If 71(M,) is not trivial, the topology creates a gap for nas; specifically, the
Grove-Shiohama diameter sphere theorem [24] implies: ny; > 1. If M, is
simply connected, the Toponogov maximal diameter theorem [13, p.110] implies
nar > 0 unless (M, g) is isometric to the standard unit n-sphere, and no gap

occurs anymore (as shown by the example of an ellipsoid, see Remark 3 below).

The (open) geodesic ball of radius r centered at m € M,, will be denoted by
B(m,r) and the volume of a Borel subset S C M, for the Lebesgue measure
dVol, by Vol(S).
In section 1 below, we will prove an extension of the result of [18] required for
implementing the Ma—Trudinger—Wang estimate on simply connected manifolds
(see Remark 3):
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Theorem 1 Assume that the manifold M, is simply connected and that the
sectional curvature of the metric g (normalized by (5)) satisfies: K < 1.44.

; 1 1 1
Setting € := 1 T < g and
Vol [B(q, 5
G sup  pn2YelB@Smol
pel0,4].q€ M., Vol [B(g, Dy/p)]
assume on g the further sectional curvature pinching condition: €"/?Cy < 1.
d
Fort e [0,1], set p; := Wﬂtl If the measures g, p1 satisfy the inequality:
o
max|g,1]x M, Pt 1

(7)

minMn Lo Cl 77n/2
1
for somen € | e, 5 then:

|gradu| < (1—n)D ,

and
Vm € M, dglexp(gradu;)(m), Cuty,] > (n —e)m.

Section 2 will be devoted to proving a fairly general c-curvature estimate on
compact positively curved manifolds (Theorem 2 below), essential for any sub-
sequent proof of the regularity of the optimal transportation map G. We require
further notations. We set Cut for the closed subset of T'M,, defined by:

Cut = {(m,v) € M,, x T, M,,, exp,,(v) € Cuty,} ,

and consider the open connected component of T'M,, \ Cut containing the zero
section, let us denote it here (for convenience) by:

NoCut := {(m,v),Vt € [0,1] and (m,tv) ¢ Cut} ,
which thus satisfies: 9(NoCut) C Cut. For n € (0, 1), we also set:
NoCut,, := {(m,v) € NoCut, |v| < (1 —n)r}.

Remark 2 As already pointed out, for each (u,m) € A x M,, the couple
(m, grad,,, ©) must lie in NoCut. However, a priori estimates on the solutions u;
of equation (1) will require more, namely that the image-point exp,, (grad,, u)
stays uniformly away from the first conjugate point of m on the corresponding
geodesic, and this will be checked below via a comparison device with the (con-
stant curvature 1) spherical case. The reader may anticipate that, conceivably, it
will require the existence of some uniform 7 > 0 such that | grad,, u:| < (1—n)7
and, from Remark 1, that the simply connected case will be the only difficult
one. In the latter case, though, Klingenberg’s theorem [30] shows that, even
though n may get small, any point (m,v) in NoCut,, will stay uniformly away
from Cut, provided the curvature is sufficiently pinched. So much for motivating
the notation NoCut,,.
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Given (myg,v) € NoCut and two orthogonal unit vectors (¢,v) € (Ty,, My)?, let
us define intrinsically the associated c-curvature by:

(®) C(mo,vo)(&,v) := =Dd[v = A(mo, v)(&)]|v=v, (v, V) ,

where D stands for the canonical flat connection in T,,,, M,, and £ — A(mg, v)(&)
stands for the quadratic form on T,,,M,, given for (mg,v) € NoCut by:

(9) A(mo, v)(§) = Vd[m — c(m, exp,,, (0))]lm=m, (£, €) -

By formal analogy with the expressions occuring in the spherical case [18, 31],
let us set (using, of course, on T,,, M, the norm defined by g, ):

A g fv’U 2

Almo, )(€) = Ie? — (1 Pl co o) g7 — LD,

and define C(my,vo)(€,v) by formula (8) computed with A(mg,v)(¢) instead
of A(mg,v)(§). We will require the latter calculation (first treated in [31]); for
convenience, it is provided in Appendix A below.

Finally, we set Riem for the Riemann curvature tensor of the metric g, viewed
as an endomorphism valued 2-form on M,, and, given vector fields U, V., W, we
write Riem(U, V)W for the resulting vector field. It is convenient to define a
further tensor of the former sort, namely:

Cur (U, V)W := g(W,V)U — g(W,U)V .

Anytime a metric has constant curvature K = 1, it satisfies: Riem = Cur;. We
set Scal for the scalar curvature of g and recall the definition of the concircular
curvature tensor [4]:
Scal
Concirc := Riem ——Cury .
nin—1)

In dimension 2, this tensor identically vanishes; when n > 2, its vanishing is
equivalent for g to having constant curvature.

We further set ||.|c2(ar, ) for the C?-norm of tensor fields on M,, calculated
with the metric g and its Levi-Civita connection V. Dealing with the various
estimates derived in Section 2, we will say that a constant is ”under control”
whenever it only depends on: the dimension n, diam(M,,), the metric tensor
g and || Riem ||¢2(pr,, ,9)- Actually, due to the curvature assumptions made on
(M,,,g), each constant under control C' occuring in the proofs below will be
some universal function of the sole dimension n (with polynomial growth in the
variable v/n, ¢f. Remark 6).

The following result provides a curvature control in terms of which the c¢-
curvature can be bounded below, thus quantifying and proving Trudinger’s
conjecture:

Theorem 2 Let (M,,g) be a compact connected n-dimensional Riemannian
manifold satisfying (5) and

(10) | Riem —Cury [|¢2(ar,,,9) <6,



8 Philippe Delanoé and Yuxin Ge

for some real § > 0. Let (mg,v9) € NoCut; so |vg] = (1 — no)m for some
1o € (0,1]. Assume § is small enough such that:

(11) N S

sin |vg|

1
5 -
There exists a constant Cy > 1 under control (thus independent of (mg, vo, o, 9))

such that, for each couple of orthogonal unit vectors & L v in Ty, M,, the
following inequality holds:

(12) |C(mo,v0) (€, 1) — C(mo, v0) (£, v)| < Cs 5%_

It is a standard exercise to verify that the curvature statement (10) can be
written equivalently as follows (with another constant § of same order):

||Concirc||c2 (s, ,g) < 6, if n > 2,

or:
HK - 1||02(Mn,9) < (S, if n= 2;

we will use below the more convenient form (10).

We are now in position to derive a smoothness result, namely:

Corollary 1 Let (M,,g) be a compact simply connected n-dimensional Rie-
mannian manifold satisfying (5) and (10) with § small enough such that:

1 1

<
Vits cn

(where Cy is the constant defined in Theorem 1) and:

(13) 1—

) 1
647120y 24/n — 1

(where Cy is the constant occuring in (12)). Let (uo,p1) be smooth positive

(14) 0 < min

1
Borelian measures on My, of same total mass satisfying (7) for somen € (5, 5)

. _ - 1 .
with e = 1 N Assume furthermore that n is large enough such that
the following inequalities hold:

1
(15) 0 ———=11,
4v/n —1

1 .
(16) 5 < =)

Then the optimal transportation map G (pushing ug to py1) is smooth.

Here, the requirement (14) implies (16) and (15) when n = £, and the inequality
1 1

e=1-——L <L
v/ maxnpr, K

In the particular case of an ovaloid ¥; in R"*! represented as a radial graph
over the unit sphere: m € S* — M € ¥y with OM = ef(m)O—ﬂ)z7 the curvature
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assumptions (13)(15)(16) which, together with condition (7) on the measures
Lo, 11, yield strict regularity (in Trudinger’s sense [39]) for equation (1), amount
to smallness conditions on the C*-norm of the function f.

Proof. Condition (10) implies K < 1+ 4; so, the two pinching conditions of
Theorem 1 hold, respectively due to (14) and (13). Using the continuity method
and fixing t € T (cf. supra), we may thus apply Theorem 1 to u; and conclude
that the section gradu; of T'M,, ranges in NoCut,. Now we wish to apply
Theorem 2 at (mqg, vg) with vy = exp(grad us)(mo). We may do so because (15)
implies condition (11). Fixing an arbitrary couple of orthogonal unit vectors
¢ L vin T,,,M,, inequality (12) implies:

C(mg,v0)(&,v) — C(mo,v0)(§,v) > —Cs %

0

where 19 € [n,1] is given by |grad u;|(mo) = (1 — n9)7. Combining it with the
spherical case inequality:

_ 1 1
a7 Clomo.w)(€.) > 2 max (1,10
™ Mo
(proved in Appendix A below), we get the lower bound: C(mg,v0)(&,v) > 6y

with 5
1 1-—
90:—2max(1, 770)_02_4.
™ o Mo

We can improve this bound by writing

1 1
b = — {—2 max{ng, 75 (1 — no)] — Ca 5}
M LT

and by noting that the map
o € [0, 1] — maxng, 175 (1 = 70)]

is increasing, equal to n3(1 — n) for ny = n < %; we thus find:
1
oo > 0= —n*(1=n) = C2 0.

Under assumption (16), the latter right-hand side is strictly positive hence we
obtain for the c-curvature the uniform lower bound:

(18) C(mo,vo)(&,v) >60>0.

In other words, the strict regularity condition (2) holds uniformly for equation
(1). The Ma-Trudinger-Wang interior estimate [33] thus provides an upper
bound on the eigenvalues with respect to g of the covariant symmetric 2-tensor
Hess'® (u;)(m) (see Appendix B). A uniform upper bound on Vd u, follows, due
to Theorem 1, which implies that (setting UM, for the unit-sphere bundle) the
function:

(m,&) € UM,, — A(m, grad,, us)(£)

is bounded below uniformly with respect to ¢ € [0,1] (see e.g. [15, Lemma
2.3]). As explained above, it yields the closedness of the set 7 of deformation
parameters t for which the continuity equation (1) admits a solution u; € A (cf.
supra). So T = [0,1] and the optimal transportation map G = exp(gradu;) is
smooth, as desired.
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Remark 3 Unless (M, g) is isometric to the standard unit sphere, the constant
Ny introduced in Remark 1 is strictly positive. However, its value depends on
the curvature pinching parameter § and may vanish with him in such a way
that condition (16) of Corollary 1 no longer holds with n = ns. Indeed, if we
take for (M,, g) the ellipsoid of revolution of R? given by:

1,2 + y2
r2

+22 =1, withr <1,

1 1, while the

1
then (5) is satisfied and we find max K = — hence § >
M: rt ré

2
expansion of the right-hand side of the inequality:

D 1 1! 2,2
1_77]V[:_Z_/ 1+T—22d2j
P N PR 1-2

as 7 — 1 yields: nyy <1 —7r+0(1 —r). In particular, indeed, 1y, vanishes as

r T 1 d.e. as the ellipsoid approaches the unit-sphere. Besides, the ratio WT
M
blows up at least like (1 —7)~2 as 1 1 and condition (16) with 1 = 757, which
would serve to check the positivity of the c-curvature of our ellipsoid in the
absence of a precise calculation of it, fails. This fact explains why, in the simply
connected case, we require a condition like (7) on the data (po, p1).
Of course, it would be important (although quite lengthy and outside our present
scope) to investigate the sign of the leading blowing-up term which occurs in
the expression of the c-curvature of our ellipsoid of revolution at the point

(m07U0) = [(0707 1)a (0707 _(1 - "7)71-)] as r T 1 and n l 0

Interestingly, one can do without any condition imposed on the measures
provided the manifold M,, has nontrivial topology:

Corollary 2 Let (M,,g) be a compact connected n-dimensional Riemannian
manifold satisfying (5) and (10). Assume 71 (M) is nontrivial and § is small
enough such that:

(19) 0 < min (

1, 1
N
(where Cs is the constant occuring in (12)). Then the optimal transportation
map G (pushing pg to py) is smooth.

Proof. On the one hand, from the nontrivial topology and (5), we have: D < 7
[24]. On the other hand, recalling K < 1 + 4, the Rauch comparison theorem
[13, p.29][10, p.215] readily yields for the conjugate radius the lower bound:

conj(M,) > ——

“ V1446

1
Furthermore, since Cy > 1 and 7y < 1, inequality (19) implies § < — hence
s

1
conj(My) > m — 2—; in particular, we get:
T

conj(M,) > diam(M,).
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It follows that the exponential map must be nonsingular on Cut. Besides, since
nu > 3, arguing as above now with n = 7y such that max[n?, n3(1 — n)] =
n*, condition (19) combined with Theorem 2 implies that the c-curvature of
M, is positive. Corollary 2 now follows from the result (v) of Loeper—Villani
[32] mentionned at the beginning of the introduction. Alternatively, using the
continuity method and fixing ¢t € 7, we simply note that, for each m € M,,, the

inverse of the tangent map

d(exp,,)(grad,, us) : TrnMp — Texp (erad,, u)Mn

m

has its g-norm bounded above by a constant independent of m € M,, and t € T
(equal to /1 + (n — 1)72 as shown by the inequality (71) below, read here with
lvg] = 5). This key-estimate enables one to apply the Ma-Trudinger-Wang
device (see Appendix B) and conclude as above.

Back to the simply connected case, Corollary 2 yields an alternative (sym-
metry) condition on the given measures, sufficient for the existence of a smooth
optimal transport:

Corollary 3 Let (M,,g) be compact simply connected satisfying (5) and (10).
Let (po, 1) be smooth positive Borelian measures on M, of same total mass,

invariant under a non-trivial subgroup of isometries I' acting on M\; in a totally
discontinuous way. Set (M,,g) for the quotient manifold and

diam(M,,)
v =1—-————3
T

assume that the pinching constant § occuring on ,]an for (10) is small enough
such that (19) holds. Then the optimal transportation map G (pushing 1 to
w1) is smooth.

Proof. Set p : ﬁn — M, for the natural (covering space) projection and r
for its degree (fiber cardinal). From the I'-invariance of the measures, there
exists a couple of smooth positive Borelian measures (ug, 1) on M, such that
ru; = pufl; for each i € {0,1}. By naturality and under our assumption on
0, the manifold (M, g) fulfills the hypothesis of Corollary 2. Accordingly, let
G = expg(gradg u) : M, — M, be the smooth optimal transportation map

pushing o to p1. The map G = expg(grad'gv p*u) satisfies é#ﬁﬁ = p1 (a general
fact, see Appendix C); it is a smooth optimal transportation map for our original
data, the unique one [34, 16].

1 Distance from cut-locus

This section is devoted to the proof of Theorem 1. In the next two subsections,
we return to a compact connected n-dimensional Riemannian manifold (M, g)
with no particular curvature assumption. We will get back to assumption (5)
subsequently.
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1.1 2-monotonicity of optimal maps

Recall that a map ® : M,, — M, is called 2-monotonous with respect to the
geodesic distance d,, if it satisfies the following: V(mq,mg) € M2 ,

(20) dﬁ [ml, @(ml)] + d; [m2, ‘I’(mg)] < df] [ml, @(mg)] + d?][mg, <I>(m1)] .

For completeness, we will prove here the continuous version of a 2-monotonicity
lemma which would hold almost-everywhere under weaker assumptions — not
required below — as in [18, 31]. It is a particular case of a property (called
c-cyclicity) valid in a very general context [20, Theorem 2.7].

Lemma 1 For each couple of continuous positive Borelian measures (u,v) with
same total mass, if the optimal transportation map G such that Gup = v is
continuous, it is 2-monotonous.

Proof. We adapt the argument of [18, Lemma 1]. Pick two distinct points
(m1,mg) € M? and fix a small real 7 > 0. Set By, = B(mq,r) and take p > 0
such that the ball By, = B(ma, p) satisfies: u(B1,) = p(B2,). By [19, Theorem
8.6], there exists a p-preserving diffeomorphism ¢, : By, — By, out of which
we may define a p-preserving map ¢, : M,, — M, as follows:

Y, = @, on By,; 1, =@ ! on B—gp; 1, = Id elsewhere.
As in [18, p.301], write:

1
ﬂ(BlT)

and let » — 0 to get the desired conclusion.

[C(G) = C(Goyy)] <0

1.2 Big-crunch argument

Let us denote by N,.(S) the open r-neighborhood of a subset S C M, that is,
the set {p € M,,,3q € S,dy(p,q) < r}.

Proposition 1 Assume the following condition on the manifold (M,,g): for
s > 0 small, there exists a positive increasing function s — f(s) with liﬂ’)l f(s) =
S

0 such that: Ing > 0,Yn € (0,19),Y(m, q) € M,, X Cut,,,

Vol[B(g, 4D\/7) N Nipy(Cuty, )]
Vol[B(q, D\/1)]

(21) < f() .

1
Take ng < = with no loss of generality. Given two positive continuous Borelian

measures pyg = podVol and pu; = p1dVol on M, with same total mass and
n € (0,m0) such that:

max p, P1 1
- < )
mina,po  f(n)

the optimal transportation map G pushing g to py, if it is continuous, satisfies:

Vm € M,, d4im,G(m)] < (1—n)D .
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Proof. By continuity, the set {d4[m,G(m)],m € M,} C R is connected and
closed; we prove: maxyy, dg[m,G(m)] < (1 —n)D, arguing by contradiction.

d
Set d = Eq and fix m € M, such that d[m,G(m)] > 1 —1n. Let [m,m'] be a

maximal geodesic segment containing G(m). So m’ € Cut,, and d[G(m),m'] <
n. Consider the open geodesic ball B(m’,/n). By Lemma 1, for any p €
B(m/,/n), we have:

d*(m, G(m)) + d*(p, G(p)) < d*(m,G(p)) + d*(p, G(m)).
1
Using the triangle inequality, and since n < 5’ we get the lower bound:

d*(m, G(m))—d*(p, G(m)) > d*(m, G(m))—[d(p,m') + d(m’, G(m))]* > (1-3n)?,
which, combined with the 2-monotonicity inequality, yields:
(1= 30)* +d*(p, G(p)) < d*(m, G(p))-

On the one hand, since d(m,G(p)) < 1, it implies d(p, G(p)) < 3,/7, hence,
by the triangle inequality: d(m',G(p)) < 4,/7; on the other hand, we infer:
d(m,G(p)) > 1 — 3n. Altogether, we thus have:

G(p) € N3p,(Cuty,) N B(m',4D/7) ;
in other words:
G[B(m',D+/n)] C N3p,(Cut,,) N B(m',4D\/7) .
Since G po = p1, the preceding inclusion implies:

(22) IJI\I/IiIl po Vol[B(m/, Dy/n)] < max py Vol [N3p,(Cuty,) N B(m',4D/n)]

which contradicts the assumption.

1.3 Geometric estimates

In case M, is simply connected, let us show that condition (21) holds with 7
reasonably small, provided the curvature of g, normalized by (5), is sufficiently
pinched. We denote below by inj(M,,) (or i for short) the injectivity radius of
the manifold (M, g).

Proposition 2 Assume that M, is simply connected satisfying (5) and:
(23) Ja€(0,3), K < (1+a).

Then the following pinching holds for the distance from a gemeric point to any
point of its cut-locus:

(24) T < inj(M,) < diam(M,) < 7 ,
1+«
d, setti 1 ! have for each m € M,
ana, selttng € ‘= 1 — —(———, We€ have jor each m n-
g VvVi+ta

(25) diam(Cut,,) < 2em .
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Moreover, for a < 0.44 (or else € < %), there exists a constant Cp > 1 in-

1
dependent of € € (0, 6) such that, for each (m,q) € M, x Cut,, and each
1
neE (5, 6) , condition (21) holds with f(n) = Cin™/?.

Proof. Under condition (23), recalling (6), Klingenberg’s theorem [30] implies

) T
SV
In order to prove (25), we fix m € M,, (p,q) € Cut?, and consider the hinge
pmyq forming an angle 8 at m. Let us consider a comparison hinge pmg in the
standard unit-sphere S with: d4(m,p) = ds» (M, p), dg(m, q) = ds~(m,q) and
same angle § at m. From (24), we have:

proving (24).

(26) Vr e {pvq}v (1 - E)W < dg(m,r) <.

By Toponogov’s theorem [19], we infer: d,(p,q) < ds«(p, q). Setting m’ for the
antipodal point of m in S™, the triangle inequality yields:

dse (,q) < dsn (p,m!) + dsn (m',q) = m—dsn(im,p) + 7 — dsn (10, Q)
= m—dg(m,p)+m—dg(m,q) .

Altogether, recalling (26), we conclude: dy(p, q) < 2em, proving (25).
As for the final part of Proposition 2, given (m, q) € M,, x Cut,, and 7 € (5, %),
we note that the inequality (25) implies:

NSDT/(CUtm) C B(Qv 57”7) )

hence:

Vol[B(q,4D/n) N N3p,(Cut,,)] Vol[B(gq, 57n)] o
Vol[B(g, Dy/1)] = Vol[B(g, D/1)] < G

where C is the constant defined in Theorem 1, by:

Cl = sup p—"/2w .
pE€[0,3],.9EM,, Vol [B((L D\/ﬁ)]

Under our curvature pinching assumption, we can estimate the constant C; by
means of standard volume comparison theorems. Specifically, for p > 0 small
enough (see (27) below), the Bishop inequality [3] (applied with (5)) yields:

2 n/2 5mp
Vol[B(q, 5mp)] < 7T / (sint)"'dt ,
0

while the Giinther inequality [25] (applied with (23)) provides:

Vol[B(g. Dy/3)] > 2mn/2 /Dﬁ [Sin(\/H-—a t)r_ldt.

) Vita
Combining the two inequalities yields, after some calculations, the upper bound:
5m\" 1
Cl S (%) n_q 0.0472 .
T )
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Regarding the size of p in this argument, the Bishop—Giinther inequalities hold
on balls with radius smaller than the injectivity radius. Here, recalling (24), we

require:
T

27 max(bmp, ™ < ,
which, to be consistent with the condition n > ¢ = 1 — 11+a when p = 7,

implies for a the inequality:

1 / 1 1
max |51 — ——= ), /1 — < ,
[( \/1+a> V1+a V1i+a

satisfied for v < 0.44. The latter combined with (27) yields p < §.
Finally, using assumption (5), a lower bound on C; follows from the Bishop—
Gromov inequality [23, 12, 35, 37] which reads, for p > 0 small enough:

Vol[B(q, 57p)) S f057rp(sint)”_1dt
Vol[B(q, D\/p)] ~ fOD‘/ﬁ(sint)"_ldt ’

n+1
and which, recalling (6), yields: C; > ST; in particular C; > 1 as claimed.

1.4 Completion of the proof of Theorem 1

Under the assumption made on the manifold (M,, g), Proposition 2 holds. Its
final part ensures that assumption (21) of Proposition 1 holds provided 7 > «.
Applying the latter proposition with n € (6, %) and with p; replaced by p;, we
get:

Vm € M, dg[m,exp(gradus)(m)] < (1 —n)D

or else: |gradu;| < (1 —n)D, as desired. To derive the second inequality of
Theorem 1, we use the triangle inequality:

dglexp(grad us)(m), Cuty,] > dg(m, Cut,,) — dg[m, exp(grad us ) (m)]
combined with the preceding one, getting:
dglexp(grad us)(m), Cuty,] > ¢ — (1 —n)D

and we finish the proof using (24).

2 c-curvature estimate
Section 2 is devoted to the proof of Theorem 2; here is the strategy. Fixing

(mo,vo) € NoCut,,, we may assume vo # 0 with no loss of generality. Indeed, if
vg = 0 (so 1o = 1), recalling (5)(10), the c-curvature satisfies:

)

Wil N

|C(m07 0)(67 V) - z(mo,O)(f, V)| S

since it is equal to %k with k the sectional curvature of the manifold at mg for
the 2-plane defined by (&, v) [31, 28] (see Remark 5 below); so (12) readily holds
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Henceforth we take |vg| # 0. We will compute the quadratic form A(mg,v)(&)
for v € T,,, M., close to vy (section 2.2), then differentiate it twice with respect
to v at v = vg. Unless the curvature K = 1, the expression of A(mg,v)(&) is
not an explicit function of v; it is obtained from the value taken at time 1 by
the solutions produced by initial data variation along the geodesic which starts
from the point mg with the velocity v. So we must proceed stepwise, viewing
the initial data (m,v) as parameters in the Cauchy problem for the geodesic
equation; we will differentiate that problem with respect to those parameters,
three times successively (sections 2.3 to 2.5). To treat the resulting expressions
at each step, we will view them as perturbations of the corresponding ones in the
spherical case. Finally, putting intermediate quantities together, we will write
an expansion of the c-curvature (8) starting out with the spherical expression,
and estimate the order of the next term, adjusting the size of the curvature
deformation parameter § and of the, so to say, distance from conjugate-locus
parameter 7o (section 2.6).

2.1 Riemannian tools in Fermi charts

For completeness, let us recall auxiliary tools from Riemannian geometry [2,
22, 35, 37, 38|, thus letting again provisionally (M, g) be a compact connected
n-dimensional Riemannian manifold with no particular curvature assumption.
Our sign convention for the Riemann curvature tensor is:

Riem(U,V) = [Vu, Vv] = Vg v

where [.,.] stands successively for a covariant derivatives commutator and for
the Lie bracket of the vector fields U, V. In any local chart (,7:1, . ,x”), setting

0; = %7 the 4-th component R’;; of the local vector field [Riem(dy,d;)d;] is
thus given by: ' _ , ' _

Ry = Ol — 0%, + Ty 15, — T3,
where the 1"; s stand for the Christoffel symbols of the Levi-Civita connection
V, equal to:

= %g“ (Okgjt + 091 — ugjr) , with g'gy; =6 .
The sectional curvature tensor is defined by:
Sect (U, V, W, Z) = g[U, Riem(W, Z)V]
and its components, accordingly by Rijr = gis [y

Definition 1 (Fermi chart) Given (mg,vo) € NoCut, with vg # 0, and an

orthonormal basis (e1,...,en) of Tyme My with e, = %, the associated Fermi
Vo
chart x = (xl, ey J:") along the normalized geodesic:
5 € [0, Jvo|] — c(s) := exp,,, (sen)

(the latter will be called ’the axis’ of the chart, for short) is defined, after parallel
transport of the orthonormal basis (ey, ..., e,) along the azis, by:

n—1
x(m) _ (iEl, L ’xn) = m = f(;r) = ech(mn) (Z (po‘ea>
a=1
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The differential of F on {m ERMzl=...=2""1=0,0<2" < |v0|} is readily
found equal to the identity; so, indeed, with (mg,vo) € NoCut, there exists a
neighborhood of the axis on which the map F defines a chart.

Note that, in this definition, we keep the flexibility of rotating all basis vectors
at mg but the last one e,.

Along the axis, the geodesic motion: ¢ € [0,1] — exp,, (tvy) simply reads:
t— (0,...,0,t|vg|), and the chart is normal (in particular, Christoffel symbols
vanish), meaning:

V™ € [O, |’UQH,Vi,j,]€ S {17 . ,n}, gij(O,x”) = 6@‘, 8kgij(0,:v") =0,

(see e.g. [2, 35]). We will require higher order non-intrinsic quantities which
become of geometrical significance on the axis; specifically, letting latin indices
range in {1,...,n}, greek indices in {1,...,n — 1}, we will prove the following
explicit formulas (of independent interest):

Lemma 2 The following identities hold on the azis:

(28) Oapgnn = —2Rnang »  Oapiny = _g(Rvanﬁ + Rygna) 5
(29) 3af§n = R;an ) 60‘1_‘;3"/ = % ( %M + Riyaﬁ) ;
(30) Oaplly = VaRbg, +VaRb,, ;
() 0uiThy = gValRhy — Rig) = VaRiy |
(32) Oapl'n, = % (VaRg, + VR ,,)

1

A A
+ g Vn (Ragy + Bjay) -
Moreover, applying m times O, (azis-derivative) to any of the preceding non-
intrinsic left-hand quantities, yields on the axis the m-th covariant derivative
Vi of the corresponding intrinsic right-hand quantity. For instance:
O (0aly,) = VR, -
A further formula (the one for 8(1,311%)7 only required to implement the Ma—
Trudinger-Wang estimate, will be stated and established in Appendix B.

Proof. The first formula of line (28) is routine from the definition. The second
one is not; it is obtained by combining the first Bianchi identity with the follow-
ing Fermi analogue (read with ¢ = n) of a key-identity first proved in geodesic
polar coordinates by Riemann, namely:

(33) Z Dapgin =0,

(a,B,7)

where Z means circular summation on (a,3,7). The proof of (33) is a

(e,8,7)
straightforward adaptation of the one given in [38, chap.4, prop.4] (see Appendix
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B, proof of Lemma 16); we will thus omit it. Here, for later use, let us pause and
derive yet another identity of the type (33) known to Riemann as well, namely:

(34) Z (%agm =0.
(a,8,7)

We prove it by applying (33) to anyone of its summands, say to d,,,gag, which
makes the preceding circular sum equal to:
Oua9sy — OBvYpa -
By symmetry, it is thus also equal to:
1

g Z (a;wzgﬁ’)’_aﬁ’ygua) .
(a,8,7)

1
Now (33) yields equality to 3 Z Ouagsy proving the desired vanishing. As a

(a,8,7)
by-product of that argument, we get on the axis the further identity:
(35) Vo,B,v,pe{l,...,n—1}, 0uagsy = 98v9ua -

Back to the proof of Lemma 2, the first formula of line (29) can be routinely
verified from the local formula defining the curvature. As regards the second
formula, first with ¢ = n, direct calculation provides:

n 1
aozrg»y - i(aaﬁgn'y + 8orygnﬁ)

and the desired formula follows from the second one of line (28). Still for the
second formula of line (29), now with ¢ = X, the definition of the curvature

yields aargv = Ri‘;w + &Yfgﬁ = R%ﬁ + agfé‘m , hence also:

1
0Ty =5 | Riay + Blag + D 0aTh,
(e.8,7)

From the latter formula we are done: indeed, the mere definition of the Christof-
fel symbols provides the equality

1
Z 8argv = 3 Z (aaﬁg/\’y + Oarygrp — aa/\gﬁv)
(@,8,7) (a,8,7)

the right-hand side of which vanishes by (33) and (34).

The formula of line (30) follows from the first one of line (29) by applying J,
to the local expression defining R:‘Lﬁn and by using the final (obvious) formula
of the lemma.

As regards (31), brut calculation yields:

1 1
0ol = 50apy9nn 5 Oaplin = 5(20napgny — Oapygnn) -

Combining these equalities, we infer: dugl'y, = 0n(0apgny) — Oaply,, and we
conclude by using (30) and the second formula of (28).
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For (32), we first compute on the axis: VQR%H = 8QBP7);,Y — &wéF:\{ﬁ and infer,
by symmetry with respect to («, 3), the equality:

Daply, = [v R g, + VR, + 0n(0a1%5 + 0s12,)] -

But on the axis, using (33), we readily find: (aaf% + (%I‘%) = 0aBgyx hence,
circular summing on (a,,v) the second last equality and using again (33)
yields:

(36) > 0apTh, = > VaR)s, .

(a,8,7) (a,8,7)

Moreover, from the above equality we also get:

8aﬁrﬁv - aﬁ’Yri\wz = [v R'\/Bn + VﬁRian

- ngm VR g, 4 0n(0aT25 — 0,0 5)]

and we recognize that the final right-hand parenthesis is nothing but VnRga,y.

Combining this with a similar calculation for (ﬁagFf‘w — 8@7F25)7 we find for
the left-hand side of (36):

Z aaﬁrﬁw =3 8a,@I‘;\w + first covariant derivatives of the Riemann tensor,
(,8,7)

specifically:
[vﬁ( ayn R’?an) + v“/Rg\cBn \Y Rvﬁn V”Rga’Y
+ VOA(Rﬁfyn R'yﬁn) + V"/Rgan - vﬁR'yozn \Y Raﬁ'y] .

From the latter equality combined with (36), we obtain:

1 1
A _ A A
iy = 5| D VaRlsw | = [Va(RYy — Rlan) + VR

ayn yan
(a,8,7)

= VaRba, + Va(R3,, — Rs,) + Vo Rian — VR, — VR4,

\Y an

afn

1 1
= g Z VOtRiﬂn - E[Vﬁ(RQ'yn 2R:>ozn) + V’Y(Rg\zﬁn + Rgozn)
(e.8,7)

+ VO( (Rg'yn 2R’yﬁn) - V (Raﬁ'y + Rga'y)]
( 'y,@n + vﬁR’Yan) + _v” ( afy + R,Ba'y)
[

+ Va ( vBn Rﬁ'yn) 2vﬁ ( ayn R’?an) + V’Y (Réan Ra,@n)] .

S| = DN =

By the first Bianchi identity, we have: V, (an R?’w) VaR) s,

ilarly for the two other differences occuring in the last brackets. Combining this
with the second Bianchi identity now routinely yields formula (32). Lemma 2
is proved.

and sim-
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Finally, we will require yet another set of identities, involving third deriva-
tives of the Christoffel symbols. Unlike the preceding ones, they will hold only
modulo addition of a linear combination of terms, each of which being a com-
ponent (in the Fermi chart, on the axis) of one of the following three tensors:

(Riem —Cury ), V(Riem —Cur;) = V Riem, V?(Riem —Cur;) = V? Riem,

and the absolute value of each coefficient of the linear combination being bounded
above by some constant under control (thus independent of (mg,vy) € NoCut
and of 0 > 0). In the sequel, an equality modulo the addition of such a linear
combination will be denoted by ”"~". Recalling (10), if two scalars A and B
satisfy A ~ B, there exists a constant under control ¢ such that |A —B| < ¢ 4.
This is exactly the type of inequality allowed for proving Theorem 2. The proof
of the next lemma will illustrate the use of these notations.

Lemma 3 The following ’equalities’ hold on the axis:
n A 4
8065’)’an ~0, aCEB’Yan = _g Z 6>‘0‘5’Yﬁ :
(a,3,7)

Proof. Brut calculation yields on the axis:
VQQRZ'WL = aaﬁRZ'yn + (aarg/\) R:\L’yn - (aarén) S\lﬁ/n .
Using (29) and the identity:

(37) Riem ® Riem = Riem ®(Riem —Cur;)
+ (Riem —Cur;) ® Cury 4+ Cur; ® Cury ,

we readily infer: dog Ry, ~ 0. Calculation again yields:

OapRy s = Oapy Uiy — On (0apThy)  +  0aD,08T7; + 0uT7,05T5,,
— 0a19,08T0; — 0aT;05T7

Now we use (31), and (29) combined with (37), to obtain:
aaﬁRZ'yn = aaﬂ‘YFZn )

thus proving the first formula.
For the second formula, we first observe the ’equality’:

Vop(Riem fCurl)i‘wn =~ Jop(Riem —Cury )}

nyn

and compute each term of the right-hand side. Using (28) and Riem ~ Cury,
we find:

(38) 8a5(Cur1);\wn = (5,?80459”” o~ —2(5)\75045

Brut calculation yields for the other term:

OBy = 0apy T, — On (0aplhn,)  + 0l 08175, + 01,0614,
(39) — 0aTY, 05T, — 0alp;0817,, .
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Combining (29) with (37), we find for the last two terms of the right-hand side:
—(0aT7,08T 0 ; + 0T ;05T7,,) ~ (Oaaldyp + Oagdya) -

To cope with the two preceding terms, we apply to (39) the circular sum over
(o, B,7); by symmetry, the last ’equality’ and (38) yield, recalling (32):

4 1, 1 :
OapTn = =3 Y (Oradys + 106T0003T7%; + 70aT3,05T0) -
(a,8,7)

To treat the last two terms, noting the ’equality’ 9,1, ~ d,; which follows
from (29), we are lead to study the circular sum: Z (agf% + 8041"%). Brut

(@,8,7)
calculation on the axis yields:

1
aﬁrf)\y(, + 8{1F:\/ﬂ = 75(65/19(17 + aaugﬁ'y - aaﬂgu’y) y

0, by (33), circular summation cancels the last term of the latter right-hand
side and we readily find:

Z (Q@Ff‘/a + aaf%) = - Z Dopn9py
(a,8,7) (a,8,7)

which vanishes by (34). Lemma 3 is proved.

2.2 Hessian of the squared distance from a point

Let us fix a point mg € M, and a normal chart = = (z',...,2™) centered at

mg. For an arbitrary geodesic segment [m, exp,,(v)] contained in the domain of
our chart, with (m,v) € NoCut, it will be convenient to stick to a normalized
‘time’ parameter ¢ € [0,1]. We will set (1)17 . ,v") for the fiber coordinates of
the chart of T'M,, naturally associated to the chart x, and:

X =X(z',...,a" v, . 0" t) ==z o fexp,, (tv)] = (X1,...,X")

thus with v = v?9;. To compute the local expression A(z,v) of the quadratic
form defined by (9) at = 0, we start from the well-known identity [26, p.156]:

(40) P2 = exp,, [— grad,, c(p1,p2)]

valid whenever (p1, p2) € M2 are not cut-points of each other. Taking the points
Po’s lying in the domain of our chart and setting z, = z(p,), we differentiate
(40) with respect to the coordinates z7’s at x; = 0, getting for X (x1,v,t) at
x1 = 0,t =1 and at v = v'0; given by exp,,, (v) = p2, the following identity:

X! 29X 9%c
7 (0.0.1) = 37 55 (0,0,1) = [0, X(0,0,1)]
Ox] e v Ox10x7

0=

We may thus write, in matrix form (and dropping the subscript of x1):

(41) A(0,v) = [%—f(o,v, 1)] - {%—f(o,v, 1)} .
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This is the fundamental formula to be used for the calculation at mg of the c-
curvature (8). It leads us to compute the matrix coefficients of [%—f(w, v,t)] and
[%—f(x, v, t)] in the next section, then the first and second partial derivatives of
[%—;((O,v,t)] and [%—f((),v,t)} with respect to the fiber variable v respectively
in sections 2.4 and 2.5.

2.3 First derivatives of geodesic motion

Preliminary bounds.

In this section and the next two, we will proceed stepwise, deriving first a bound
under control on the g-norms of the x and v derivatives of X and X = % under
study calculated at (0,vg,t). Then we will compare these derivatives with the
ones which would occur in the constant curvature 1 case and prove that the
g-norms of the differences between the two are ~ 0.

The strategy to get a bound under control on derivatives of X and X with re-
spect to the initial conditions (z,v), calculated at (0, vo,t), goes as follows. Any
such derivative of X, denote it by J(¢), will satisfy constant initial conditions and
solve the Jacobi equation along the geodesic 7 (which reads t — X (0,vq,t)),
possibly in non-homogeneous form, which we write here (with standard nota-
tions specified below):

J + Riem(J, %)% = P,

where the right-hand side P will be a polynomial expression in the (previously
kept under control) lower order derivatives of X and X , with only local Rieman-
nian invariants as coefficients. Granted this, the estimation scheme is standard;
let us sketch it here once for all.

Standard estimation scheme. Transform the Jacobi equation into a first
order system (S) bearing on the auxiliary variable:

o ()

d .
and compute — of the squared norm |K|? = |J|? + |J|2. Using the system (S)

combined with the triangle and the Schwarz inequalities, get a constant under

control C such that: K2
K
IEE <o),

and conclude: 1+ |K|?(t) < [1+|K[*(0)] e“".

First derivatives calculations

Henceforth, we fix (mg,vg) € NoCut with vy # 0 (unless otherwise specified)
and an associated Fermi chart. The n-tuple X = X (z,v,t) is the solution of
the following Cauchy problem:

(42) X 4T (X)X/XF =0, X'(0) = 2", X'(0) =" .

dots standing for time derivatives. By differentiating that problem with respect
to the parameters 2 or v, we get the following equation satisfied by J, (equal
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to either 0ye X or Oya X):
(43) Ji 4+ Ol (X)XIXFJL 4 20 (X)XIJk =0,

with the correspondingly differentiated initial conditions, namely either:

(44) Opa XH(0) = 6, 0p0 X7(0) =0,
or: ) . }
(45) Dye XP(0) = 0, e X7(0) = &7

On the axis, setting for short Xo(t) := X (0,v9,t) and recalling (29), equation
(43) becomes:
(46) I+ 0o Ry (Xo0) J3 =0

nan

or else, in coordinate-free form, setting vo(t) := exp,, (tvo) (so Xo = x 0 y0)):
Jo + Riem(Ja,Yo)Yo = 0 ;

we recognize the Jacobi equation®. For later use, let us record a basic fact (cf.
supra) from second order differential equations theory:

Lemma 4 There exists a constant ¢ > 0 under control such that, for each
t €[0,1], the following g-norms:

10X (0,00,1)], |8.X(0,00,8)|, |9sX(0,v0,1)], |8,X(0,v0,t)|,
are all bounded above by c1; here, the g-norm of 0, X (x,v,t) is defined by:

0xX? 0X7
2 kl
0. X (2,0, )" = gi5[X (2,0, )|g [X(IvUJ)]@(%UJ)W(%UJ)

and similarly for |0, X (x,v,1)|, |0, X (z,v,1t)],]10,X (z,v,t)|.
Let us rewrite the Jacobi equation in the perturbative form:
Ja + Cury (Ja,Y0)7o = (Cury — Riem)(Ja,50)70

(where it is understood, here and below, that the tensors Cur; and Riem are
considered at ~p) which will enable us to use assumption (10). The preceding
equation reads J? = 0 and:

(47) Va < n, Jo+ |ug2Je = Jve|?(Cury — Riem)®, J7 .

nynva

We will require the notation 9, Xo(t) (resp. 9,Xo(t)) for the solution J, of the,
so to say, unperturbed equation

ja + Curl(ja,Xo)Xo =0
satisfying the same initial conditions (44) (resp. (45)) as 0, X (resp. 0,X).

Lemma 5 In the Fermi chart, on the axis, the first derivatives of the geodesic
motion with respect to the initial conditions satisfy, for each t € [0,1], the
following g-norm bounds:

max (|83;X(O,’U0,t) — 83;X0(t)|, |8UX(O,U0,t) — 8vX0(t)D < 2615 .

Lin [18, p.307], equation (43) is improperly called so
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Proof. From (47), we readily find for 9, X (0, v, 1) (resp. 9,X (0, vg,t)) and for
0. Xo(t) (resp. 0, Xo(t)) the same axis components, namely:

(48) @CnX(’)’ == ]., 5‘an3 :t, 8maX6L :avaX{)l == aang = 8'0"X(()1 :0 .
We thus focus on the J§ components. We require a lemma (easily verified):

Lemma 6 (representation formula) Given a function t — @(t) and a real
number wy # 0, set:

b =@ +wip, A=9(0), p=@(0).
The following identity holds:

sin(wot)

. Pl T
o +sm(w0t)/0 W [/0 sin(wof)1(0)do | dr.

Applying Lemma 6 to ¢ = J§ (with wo = |vo|), equation (47) implies

o(t) = Acos(wot) + 1

Dus X5 () = 05 cos([volt) + Ega(t) = (8:X0) 5 (1) + Ea(t)

with the z-correction term given by:

t 1 T
2 (t) = |vol? sin(|vo\t)/ — {/ sin(|v|6)(Cury — Riem)s;,, 0,5 X (6) dO] dr,
o sin®( ) Lo

|lvo| T

’ i (| |t)
sin(|vg
Ops X§(t) =05 —————=
P 0() 3 |’Uo|

with the v-correction term given by:

+ &5 (t) = (m); (t) + & (t)

t T
2 (t) = |vol? sin(|vo|t)/ % {/ sin(|vg|0)(Cury — Riem)s ., 0,5 X (6) dﬂ] dr .
o sin”( ) Lo 7

|vol| T

Using (10), Schwarz inequality and Lemma 4, we infer for the Euclidean norm
of both  and v error (n — 1) x (n — 1) matrices £ = [Eg(t)} the upper bound
|(€| < dcy %‘m(t) with:

t T
S (1) := wi sin(wot)/ 2; {/ sin(wOH)dG} dr .
o sin“(wo7) LJo

Now Lemma 5 follows from the following technical one (left as an exercise):
Lemma 7 For (wg,t) € [0,7] x [0,1], the following equality holds:

S (t) =1 — cos(wpt) .
Remark 4 For later use, dealing with |9, X (0, vo, t) — 9, Xo(t)], let us note that
the constant ¢; of Lemma 5 may be taken equal to v/n — 1. Indeed, on the one
hand, the proof of Lemma 5 combined with Lemma 7 and Schwarz inequality
provides the g-norms inequality:

a v 2
0, (0. v0.1) ~ 9. Xa(1)] < 20 masx. ﬁZ[aUﬁX(?(oﬂ .

)
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On the other hand, for each 8 € {0, ...,n—1}, using (5) and the strict inequality
|vg| < 7, we can apply the Rauch comparison theorem [13, p.29] [10, p.215] to
the Jacobi field 9,5 X(t) along the axis and readily infer from it the upper
bound:

Weln, Y aegor <Y 50 - () <

7 |vo]

The claim follows by summing over 3 < n the resulting inequality, taking the
square root of each side and the maximum over 6 € [0, 1].

We will require a similar result for the time derivative of 9, X and 0, X, namely:

Lemma 8 In the Fermi chart, on the axis, the first derivatives of the time
derivative of the geodesic motion with respect to the initial conditions satisfy:

max (|8IX(0,v0,t) T Xo )], 10, X (0,v0, 1) — 8UX0(t)|) <)o

or some constant under control ¢| > 0 independent of t € [0,1].
1

Proof. All axis components of the differences under study vanish, so let us
focus on the sole components £§ (the subscript 3 standing for either 2 or v?)
which satisfy, recalling (47):

EG + |vol?E§ ~0
with null initial conditions. The latter yields the representation:
. t ..
Eg(t) = /0 Eg(ﬁ')dr ,
hence the former, combined with the triangle inequality and Lemma 5, implies:

€l <o

with a constant ¢j under control, as required.

2.4 Second derivatives of geodesic motion

Differentiating with respect to the parameter v” (component of the initial veloc-
ity in the Fermi chart) the Cauchy problems (43)-(44) or (43)-(45), and stick-
ing to the notation J! used there, yields the following equation satisfied at
X = X(0,v,t) by Jap = Jpe (an admittedly loose but typographically convenient
abbreviation, in which the subscript a will be the sole one to stand for either z¢
or v, other subscripts b, c, . . . standing only for v, v, .. .; it will enable us, in the
next subsection, to write (for short) sums involving the Jy3’s as circular sums)
with J, equal either to Qfava = ai%bX(O, v, t) or to 812)(1va = 83%1,)((0, v, t):

(49) “Z,b + (8l].—‘3k) XJXkJéb + 2F;kX]J5b =
— () XOXF T = 2 (o) X7 (JE L+ L)
o ) Ik
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and (in either case) the null initial conditions:
(50) Jap(0) =0, Jop(0) =0 .

Along the axis, recalling (29), equation (49) reads:
Jap + [00* By, (X0) Iy = —vol® (O T5u) Ja i — 2[vol Ry, (ijf + ijf) :

Using (29)(30) and Lemma 4 to treat the latter right-hand side, we may once
again record a standard result of second order differential equations theory,
namely:

Lemma 9 There ezists a constant co > 0 under control such that, for each
t €10,1], the following g-norms:

|6§’L)X(07v07t)|’ ‘aivXa)vUO’t)L |83vX(O’U07t)|’ |83vX(0’U07t)|a
are all bounded above by co.

Let us rewrite the above equation in perturbative form, namely:

Jiy + [vol?6%J7, = |vg|? (Cury — Riem),,,, J7,
(51) — Joof? () Ty = 2ol Rl (J5 2+ TET])

Using (29)(30) to treat the right-hand side, we find:

Jby + Jvol?6L

oy = —2[vol (Curl)zﬁn (JlfJg + JL’fJbB)

—20v0] (8:50kn — dindus) (JfJf + jg;Jf) :

or else, if i = a:

(52) T+ o020, = 2ol (JpJ2 + T35
while if 7 = n: )
(53) Jn, = 2lvl 3 (JfJf n JEJ,?) .

=1

Recalling (48), if a = b = n, we infer at once:

(54) Jo o vel?6 ), ~0;

yYnn

moreover, if a or b is equal to n, we get from (53), say with b = n:
(55) Jr ~0.

Let us treat equation (53) in the remaining cases for (a,b). If a = A # b = p,
the combination of (53) with Lemmas 4, 5 and 8, implies the existence of a
constant co; > 0 under control such that:

. _ .
(56) )\#ﬁae)[co’l] ‘JM‘ (0,v0,t) < €910
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Finally, if a = b = ), sticking to the auxiliary notation j}l of the preceding
subsection, we write:

T = T+ TL (8= I0) + (9= IR)

and, recalling Lemmas 5 and 8, we obtain the existence of a constant under
control cgo > 0 such that either (if a = b = v*):

n—1
(57) jmax |5 = 4l Bz_:l OB
or (if a = 2, thus b = v*):
. n-1 . L
(58) )\Itrg[ig(l] J)T\L/\ - 2‘U0| Z (JfAJffA + Jf/\‘]f)\) S C22 o )

B=1

Let us turn to equation (52) in case a or b differs from n; we must distinguish
cases. If both differ from n, we infer from (48) that the quantity (Jg‘ Jo 4 Jn J,?)
vanishes; so there exists a constant under control co3 > 0 such that:

Ja 2 T
w 5 0P o

If a stands for 2™ (b thus differing from n), we infer similarly the vanishing of
(.fglJ{‘j‘ + .ng,?) hence the existence of a constant under control cas > 0 such

that:

60
e VR

Jg'rl,)\ + |U0|2J$n)\ S C24 0.

If a or b stands for v™, still using (48) and taking (say) a = v™,b = A, we find:
JZ’J(? + J(’;Jé’) = Jg. If X # «, Lemma 5 implies the existence of a constant

under control co5 > 0 such that:

(61) max  [J%y + [vo2 TS| < cos 6,

A#a,te(0,1]

while if A = «, it implies the existence of a constant under control cog > 0 such
that:

(62) max

j;)]"a + |UO|2J§”0¢ + 2‘1)0|j3
a,tef0,1]

< cg6 0.

At this stage, sticking to the intermediate notations J¢ of the preceding section,
let us introduce the solutions 92, Xy and 92, X along the axis of the unperturbed
equation:

(63) Tt + vo|28° T = —2/vo] (8:50km — Sindks) (jfjf + ij;v)

yYab
still with null initial conditions.

Lemma 10 There exists a constant cay > 0 under control such that, for each
t € [0,1], the following g-norms:

821)X(0’ Vo, t) - 8%vXo(t) ’ 612}’UX(07 Vo, t) - agvXO(t) )

are bounded above by ca70.
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Proof. Setting £ (t) for the components of the difference under study and
combining (54)(55)(56)(57)(58)(59)(60)(61)(62), we find that £, satisfies:

Ely + [vo|?88 €], = 0

with null initial conditions. Applying Lemma 6 to Eéb, as done above, yields
the desired upper bound on its g-norm.

Besides, since &, solves the preceding Cauchy problem, we may argue as in the
proof of Lemma 8 and immediately obtain:

Lemma 11 There exists a constant under control ¢, > 0 such that, for each
t €10,1], the following g-norms:

02, X (0, v9,t) — 02, Xo(t)|, |02, X(0,v0,t) — 32, Xo(1)|

are bounded above by ch0.

2.5 Third derivatives of geodesic motion

Differentiating with respect to the initial velocity component parameter v¢ the
Cauchy problems (49)-(50) yields on the axis the following equation for Jgp.(t)
equal to, either 92, . .X(0,v0,t) or to 92 X(0,vg,1), after use of (29):

vapbyc

—‘1}0|2 (8lmp ) Jl Jme
- |UO‘2 (almrzzn Z Jangn

(a,b,c)
— 2ol (mThy) Y JESIE
(a,b,c)

— 2Jvo| Ry, Z (j(lfJbCJFJbJ’B)
(a,b,c)

— 2(0sT%) > JIIpTP
(a,b,c)

(64) abc + |’U()| Rn'yn abe

still with null initial conditions. Here, we will require the full strength of Lemmas
2 and 3 to check the intrinsic character of the right hand-side coefficients of the
J’s and J’s. Granted this is done, recalling Lemmas 4 and 9, we may already
record a standard result of second order ODE theory, namely:

Lemma 12 There exists a constant cs > 0 under control such that, for each
t €10,1], the following g-norms:

O ’Uo,t)‘,

0 UO? | vUU

‘ TVU
are bounded above by cs.
To proceed further with Equation (64), let us distinguish cases.

First case: i = n. The equation reads:

j;lbc = Iabc + IIabc + IIIabc + Ivabc + Vabc
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where:
Lape := —[vo|? Ormplip,) JoJ3" I?

is >~ 0 due to a combination of (29)(30) and the first formula of Lemma 3, with
Lemma 4; then:

Mape = —|vol? (O D) Y Jhy "
(a,b,c)

is ~ 0 due to (29)(30) combined with Lemmas 4 and 9; besides:

IIIabc = 72|U0| (almFZk) Z Jtllc‘]li‘];n
(a,b,c)

is ~ 0 due to (29)(30)(31) combined with Lemma 4; furthermore:

Wape == 2|v0|Rgn’y Z (‘]g‘]l;yc + Jfb‘](?/)
(a,b,c)

becomes, using Lemmas 4 and 9:

Ivabc =~ 2|U0‘ Z Z (J(?Jbﬁc + Jbecﬁ) )
B<n (a,b,c)

or else, in terms of the above spherical quantities J,, Ji., after use of the finite
differences trick combined with Lemmas 5, 8, 10, 11:

Wape 2ol Y. D7 (ST + T JE)
B<n (a,b,c)

last: o
Vabe 1= =2 (0sT75,) Y JidET2
(a,b,c)

splits into a sum over j < n and k < n, which is by (29) equal to:

9 oo
5 (BRus + Bing) > JaJfJ?
(a,b,c)

and so, using Lemma 4, which is ~ 0, and a sum for j or k£ equal to n which,
by (29), reads:
2R, S (Jadg a8+ It
(a,b,c)
hence, by Lemma 4:

Vare =230 S (J2d0a8 + 020t
B<n (a,b,c)

and, finally, combining the finite differences trick with Lemmas 5 and 8:

Vae =223 30 (jgj5j§+jfjgj§) .
B<n (a,b,c)
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Altogether, Equation (64) with ¢ = n thus yields:

B2 S (ool (F2T0 4 T5I2) + (Fedf 72+ 2T TE)]
B<n (a,b,c)

Let us set J”

abe

e =232 3 ol (FET+ T T2) + (Fp g 72 + 727y 32|
B<n (a,b,c)

(t) for the solution of the unperturbed equation:

with null initial conditions, and £ for the difference J7; —

J . Which satisfies:
5abc - O gabc( ) - ;bc(o) =0.

The latter implies the existence of a constant under control ¢ > 0 such that:

(65) Yt € [0,1], |E%.(B)] < b .

Second case: i = p < n. In that case, Equation (64) written in perturbative
form reads as follows:

P ¥ o020, =10, + 118, 4+ T2, +1VS, +V?, +VI?

abe abe
with:
Igbc = |UO‘2 (Curl Rlem)n’yn Jz;ybc ’
1 m
10, = ol (Gup ) S LTI
(a,b,c)
10, o= —[vol® (OmTh,) D> Tl
(a,b,c)
V0, = —=2vo| Oumlhy) D JERT
(a,b,c)
Vi, = —2[vo| Ry, Z (Jf‘]bﬁc + jbecﬁ> ;
(a,b,c)
VIG,, = —2 (01, Z Ji ke .
(a,b,c)

Deferring the treatment of I?, . let us proceed with the other terms. Each
summand of II?, with [, m, or p equal to n, is ~ 0 by (29) and (30) combined
with Lemma 4; using the latter and the second formula of Lemma 3, we infer:

4 , 4
Wiy = glool* D0 D7 Onebu DI TE = glool* Y JE Y T
(AN ov) (a,b,c) (abc)  pu<n
After use of the finite differences trick combined with Lemmas 4 and 5, we thus

obtain:
I, ~10,. = |v0|2 Iy g

(a,b,c) pn<n
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By (29) and (30) combined with Lemmas 4 and 9, we have IIIY, ~ 0. Each
summand of IV?, with I, m, or k equal to n, is ~ 0 by (29) and (30) combined
with Lemma 4; moreover, by (32) combined with Lemma 4, the remaining sum
bearing on (I, m, k) = (A, u,v) is ~ 0 as well. Next, Lemmas 4 and 9 yield:

ngc - _2|U0| Z (Jl?']bpc + J b‘]p)
(a,b,c)

combining the finite differences trick with Lemmas 5, 8, 10 and 11, we thus get:

VZb(' - Vabc = —2|’U0| Z (j;‘j,fp + jgbjcp) .

(a,b,c)
Finally, let us write VI?, = (VI-1)?, + (VI-2)?, + (VI-3)?, with:
(VI- 1)abc' (aﬁrnn Z ‘]n‘]b
(a,b,c)

(VIS = =2(0sT%,) > (Sl + Jzdpag)

(a,b,c)
(VI-3)2,, = 2(851“§H) S dragag.
(a,b,c)
From (29), we have:
(VI-1)!,, = —2Rf Z Jripge
(a,b,c)
(VI-2)8,, = —2R8 ;. > (Jjngf + jg‘J,,Uf),

(a,b,c)

2 .
(VI3 = =5 (RS + Ropn) Do 2L
(a,b,c)

Using Lemma 4, we get (VI-1)”

ab(‘

~ -2 Z(a b,c) Jan Jp (VI'Q)ZbC ~ 0 and:

(VI-3)7,. =~ _§ (255% — 0065s — 55%) S gl
(a,b,c)
= % S (et + dwig) g —2dwdpe].

n<n (a,b,c)

Combining the finite differences trick with Lemmas 5 and 8, we find:

(VD) = (VI o= =2 Y JrJpJt
(a,b,c)

(VI-3)?, ~ (VI3)',, i= Z 3 [(fé’fgurf#jlf) JE— 2T .

abc
H<n (a,b,c)
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Back to the, yet untreated, right-hand term I?,  we may now use Lemma 12
which implies: 17, ~ 0.

Let us set J?, (¢) for the solution of the unperturbed equation:

Jope + vol? L, = Iy, + Vi + (VIL)o,, + (VI3),

abe abe

with null initial conditions, and £, for the difference J?, — J?, . By construc-
tion, £7, . satisfies:
~0,&°

abc

5/’

abce

(0) = €5,.(0) =0,

hence there exists a constant under control ¢/ > 0 such that:

(66) vt €[0,1], [E7, . (8)] < 5.

Setting 92, Xo(t) = J'. . ()dz® @ dv® ® dv° ® 52 and similarly for 03,,Xo(t),

Vv xr® U Ppc

we can express our results (65)(66) by the following statement:

Lemma 13 There exists a constant under control cg > 0 such that, for each
t €10,1], the following g-norms:
63

Vv (Oa Vo, t) - 8§va0(t) ) (Ov Vo, t) - 8§va0(t) )

are bounded above by c36.

2.6 Perturbative c-curvature calculation

We are now in position to complete the proof of Theorem 2. Given a fixed couple
of orthogonal unit vectors £ L v in T,,,M,, let us go back to the defining
expression (8) of the c-curvature C(mog,v0)(&,v) and compute it in a normal
chart at my, starting from the local formula (41). Set, for short:

oX? oxX?

J:; 8k(0’l)1) :v’f_ak(

and (Y}) for the n x n matrix inverse of (J,Z:}k)- Near v = vg, the local matrix
field v — (V) satisfies:

0,v,1),

(67) Y/ Ji, =6}, ,hence in turn del = —Yiledezk
From (9)(41), setting &pda® = g(&,.), we thus start from the expression:

A)(€) = A(mo,v)(&) = YFIL G, ,

0.
apply twice to i e (vertical, flat) derivative 0, = v"*——, then let v = vg.
ly twice to it th tical, flat) derivative O mamth let
v

Using repeatedly (67), we routinely obtain (with obvious notations to abbreviate
second and third derivatives of J* = X"(z,v,t) at (0,vp, 1), as well) the general
local expression of the c-curvature in any normal chart at mg, namely:

(68)  C(mo,v0)(&v) = =02 m AW)(E)|v=v,
RYPY T L 1 S on
— (YTYPY +YPYJYE)VTL T Tim

o YleJ'u Ly —I-YkaJl Jq ] lymfjé-k )

vlymoyp
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Remark 5 As a simple application of that formula, let us calculate the ex-
pression of the c-curvature in the special case vg = 0. The geodesic vy(t) =
exp,,, (tvo) is then constant, equal to mg. Using a Riemannian normal chart at
mo, Eq. (43) (resp. Eq. (49)) read along X (0,0,¢) = 0 and supplemented by
the initial conditions (44) or (45) (resp. (50)) yields immediately:

Opa X' (t) = 6%, 0pa X'(t) = t5°, 02, X" ((t) = 0.

In particular, we thus have: Y, = §¢. Moreover, differentiating Eq. (49) with

K3
respect to v°, taking null initial conditions and using the preceding equalities,

we get at once:

; 1
aia'u bye l( ) = _tQaaF?}c(O) = _g ( bac + Rcab) ( )

% t3 i
av ayb 'ch ( ) _g Z aarbc(o) =0,

where the former identity goes back to Riemann [11, Eq. (22), p.244] and the
latter vanishing is thus due to the first Bianchi identity. Plugging all these
values into Formula (68), we obtain:

C(m0,0)(§,v) = —Jgsyuym V' V" & = szm( WmEE ;

in other words, indeed [31, 28], we find C(my, 0)(&, ) equal to the 2/3-rd of the
sectional curvature of (M,,g) at the 2-plane defined by mg and (§,v).

Using the local barred quantities introduced in the preceding three sections,
henceforth understood taken at ¢ = 1 (unless otherwise specified), and setting
(Yy) for the inverse matrix of (.J!,), one can express similarly the spherical c-

curvature C(mg,vo)(&,v). Doing so, and using the finite differences trick in a
systematic way, we find for the c-curvatures difference the following expression:

(69) C(mo,v0)(€,v) — C(mo, v0) (€, v) =

{Z(Yp - Y'p)iquj;jul jgmvp + QYP(Yk - quk)j;jvl jgmvl’
st — Tt ) e + 2YEYFTL, (T — T
—[(Y = YO)YPYS + Y (Y2 = YOS + Y YP(Y) - V)

\/ vy k T T\ k T k k 7 s
HYP =YY VS + YP(V) = YOVE +YIY (V= YO Tg T s
Je

+ 2YPY (L

vlyp Yv™mUT

—(YTYPY) + YPYTYE) (L = Ti) T8y Tamr + T (T — T4 o) Tomr
+J;J Jg vp(JimvT jimvr)} - (Yk Yk)JiM; Lym Yk(‘]ih) Lym Ji”} Um)
F VP = VDT Ty + YO = VT Tl
+}/7,p}/qk(‘];ﬂ - J; )Jg Lymyp + }/zp}/qu;: (Jg vmvp vl vmvp)} Vlymfjgk

It is important, here, that we record (in connection with the constant Cy of
Theorem 2) the particular structure of the right-hand side of Equation (69):
apart from the unit-vectors &, of course, it involves only Y,Y, the .J’s and
the J’s; it does it in a polynomial way; moreover, each summand contains
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exactly one of the differences (Y —Y'),(J — J). With the view of proving the
estimate (12), let us evaluate a difference like (Y!—Y]) in terms of the differences
(J2, = J7,). To do so, we first write:

i = T 00 = Y7 (T = J)]

and, setting provisionally ,ué. = (J JF J ), we infer the formal expansion:

o0
<5l + o+ g, + Z I T #m) Vi

Assuming vy # 0 and using a Fermi chart associated to (mg, vg), we have

- sin(|vo |t
e
as well-known (¢f. e.g. [18]), hence:
Yo = 5% [vol Y =4,
@ @ sin |vg]’ .
Moreover, recalling (48), the sole differences (J!, — J!.) to take in account

will be those for k and [ smaller than n. Recalling Lemma 5 and Remark 4,
we set D := J/B J§, thus with the g-norm bound |D| < 26v/n — 1; writing

I _ sl sB [vol
Hi 7 sin |vo|

formally equal to:

2
567 (Lol ) pa
¢\ sin v K

The condition (11) of Theorem 2 implies:
si

D§, we infer from the above expansion that (Y} — Y}) is

N
574 vl 5 vl \" py i prr |
st sm\v0| Z sin |vg| e s

N=

v 1
[vol |D| < =, which ensures the
n |vg| 2
uniform convergence of the latter expansion and yields the g-norm upper bound:

(70) |Y—Y|g4m( Ivol )25

sin |vg|

The latter, combined with the triangle inequality and (11), provides the upper
bound:

(71) Z(Y“) <ovn=it%l

" sin |vg|

By a lengthy but routine inspection of each of its summand, we can now estimate
the right-hand side of (69), using repeatedly the triangle and Schwarz inequali-

ties combined with (70)(71) (and Y* = §7,Y,2 = §2), the inequality si‘n”ﬁ)lol >1

and Lemmas 4, 5, 9, 10, 12, 13, and obtain the existence of a constant Cy > 1
under control such that:

4
|C(mo,v0)(&,v) — C(mo,vo)(&,v)| < 02< .|'UO| ) 5

sin |vg|
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Last, we note that the function 6 +— ﬁ is increasing from 1 to oo on [0, ),

where it satisfies the following (easily verified) inequality:
0 T
— < .
sinf — w—10

The latter yields for |vg| = (1 — no)m, with ng € (0,1), the upper bound:

vl _ L

sin [vg] ~ 7o

so the proof of Theorem 2 is complete.
In order to test the sharpness of the resulting bound (12), let us exhibit a

4

)
summand of (69) which is O <—> as 1o goes to 0. Among the terms of the
o

sum: -
SYTYPY S = YT Tl it V" €06

fixing @ € {1,...,n — 1}, take those with:
l:’[’n:’n7 p:q:’r:k‘:s:a
(the latter equalities imply ¢ = j =: 8 < n), which reads:

=Y G WYY (Y - YD) T ()’ = Ta
B<n

At t =1, we have jfﬁ = cos |vp| for each § < n, and:

e = W(|vo| cos |vg| — sin |vg|),
as readily checked. So there exists a constant ¢ > 1 (independent of (mg, vg),d
and n) such that:

(Tol < eyg| [y =¥ 3 |v3

B<n

hence also, by (70)(71) and the expression of Y. (¢f. supra), such that:

4
IT.| < 16(n —1)%c <ﬁ) )

sin |vo|

)
A bound on |T,| of order O < ) thus, indeed, occurs as ng | 0.
o

Remark 6 In Theorem 2, we may take the constant Co such that, for some
integer k, the quantity Cyn~"/? remains bounded as n — co. The existence of
such an integer k follows by a careful inspection of our estimates of Sections 2.3
through 2.6, provided the initial standard estimation scheme used for Lemmas 4,
9 and 12, is replaced by the improved ad hoc scheme described below. Granted
it, using extensively the triangle and Schwarz inequalities (for the norm and
scalar product g,,,) combined with (10) and (11), each estimate derived in the
aforementioned sections turns out, indeed, polynomial in the ultimate variables:

max |0, Xo(t)| = max |0,Xo(t)| = v/n, and |Cury| = \/2n(n — 1),

tefo,1] telo,1]
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with universal constants as coefficients (N.B. the bounds for the barred quanti-
ties are obtained from the others by letting Riem = Cur; and § = 0).

Ad hoc estimation scheme. Rewrite the non-homogeneous Jacobi equation
under study in the form:

J + Cur1(J,%0)%0 = (Cury — Riem)(J,40)30 + P

and use the representation device of Lemmas 6 and 7 for its solution, combined
with condition (10) and the Schwarz and triangle inequalities, to get:

max |J(t)] < [J(0)] + |J(0)| 4+ 26 max |J(¢)| + 2 max |P(t)|.
te[0,1] te[0,1]

te[0,1]
Recalling (11), conclude:

s 170) < 2 (17001 170)] 2 s [P(0)] )

Here, either |.J(0)] or |J(0)] is equal to v/m, the other one vanishing, in case we
deal with first derivatives of X (z,v,t) at (0, vo,t), or |J(0)| = [.J(0)| = 0 in case
we deal with higher order derivatives.

Derive the estimate on |.J(¢)| from the equation, by writing:

J(t) = J(0)+ /0 J(t)dr = J(0) + /O [P(7) — Riem(.J, %o)%o|dr

and by using the preceding estimate on |.J(7)| (combined again with the Schwarz
and triangle inequality).

A Spherical c-curvature calculations

For completeness, we provide here the proof of inequality (17) and thus redo
formally some of Loeper’s calculations [31]. Fixing (mg,v9) € NoCut with
vo # 0 and a couple (&, v) of orthogonal unit vectors in T,,, M,,, let us compute

C(mo, vo)(&,v) = —Dd[v — A(mo, v)(§)]lv=u, (v.v)

where D stands for the canonical flat connection of T},,, M, and A(mog,v)(€) is
given by A(mo, )(f) =1— p(v)h(v) with p(v) = ®(|v|) := 1 — |v| cot |v| and
h(v) :=1—- <&, — E | 2 (setting <.,.> := g, (.,.) for short). We readily get for

C(mo,vo)(&, V) the expression:
h(vo)Ddp(vo) (v, v) + 2dp(vg) (v)dh(ve) (v) + ¢(ve)Ddh(vg)(v, v)
or else:
h(vo) { @' ([vo])[Défv| (v, )]u=v, + 2" (|vo])[dlv] (V)3 }
+2®'([vo ) [d|v](¥)] o=, dh(v0) () + ¢ (vo) Ddh(vo) (v, ).

Using the auxiliary formulas:

v v
dv|(v) = <v,—> , Dd|(v,v) = ( — <, —>2) )

|v] [v] v

1 v

d<§, >v)= -— <§, > <y, —>
|v] o] |v] o]
-~ 2
o'(r) = w , () = —5—B(r) ,

sin“r sin“r
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and setting for short: r = |vg|,Tg = U—O, we find C(mq, vo) (€, v) equal to:
T

r—cosrsinr 2(sinr — rcosr
[1— <& 15> {42 (1 - <v,5>7] + (,—3)<u,%>2}
rsinr sin® r

r —cosrsinr) .
—3 <v,09>" + 5
rsm-r resmr

2(sinr — rcosr)

+<€,05>7 [4( (1-4<v, %>2)} )

Applying the easily established inequalities:

t3 t3
Vt € [0,7], sint —tcost > —, t —sintcost > —,
T T
and setting:
P(z,y,z) = z[z1—-2)1—y+2yz)+2z(1-y)],
U(t) := 2t —3sin®t +tcostsint

we infer the lower bound:

1
C(mo,’l}o)(§7l/) > _2P (<€7%>27 <V7%>27
e

U(r).

r ) 2<€, To>2<w, 7p>2
sinr r2sin? r

A lengthy but routine check (differentiating six times the function ¢ defined on
[0,27] by ¢(t) := ¥(t/2)) shows that the function ¥ is non-negative on [0, 7].
So

Climo, w0)(€,v) > ~ P(z,y.7)
T

with
T = <€, To>2,y = <v, >3, 2 1= ,|UO| ,
sin |vo|
satisfying:
(72) >0, y>0, z4+y<1, z>1.

From the latter inequality, we have P(x,y, z) > z Q(x,y) with:
Qx,y):=14+z+y—3zy .
Using the arithmetic-geometric inequality, we get
Q) 21+ @) [1- a4 4)]

hence, by (72), we have Q(z,y) > 1 and:

— 1 |Uo|
C > —
(m07’U0)(£7V) = 12 Sin|'00‘
Finally, on the one hand, we have _|U|O| | > 1, on the other hand, since
sin |vg
1
|vg| = (1 —no)m and sin |vg| = sinnem < nom, we also have [vol > ULy

sinfvg] = Mo
Altogether, we obtain the lower bound (17) as claimed.
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B The Ma—Trudinger—Wang estimate

The interior C? estimate carried out in [33, Theorem 4.1] requires preliminary
bounds, notably on the cost-function ¢ up to its fourth partial derivatives (in
some local charts). We need to adapt it to our manifold context in order to
keep track of an intrinsic control on all auxiliary quantities.

B.1 Expressing the optimal transport equation

Fix (mg,Vp) € NoCut and let = (resp. y) be a chart of M,, at mg (resp. at
po = exp,,, (Vo)) with x(mo) = 0. Set (z,v) for the natural chart of T'M,
associated to x, with (z,v)(mg, V) = (0,v9) € R™ x R™, and for (m,V) € TM,
close to (mog, Vo), set

E(z,v) := ylexp,, (V)]

where z = z(m) and V = v'0,:. Consider the real function ® defined near
(mo, V()) in TMn by:

V@)
(D m, V = )
V) = B, 0)) det (2w, )

where the same symbol \/m abusively denotes the Riemannian density in either
charts z or y; so, for instance: dVol(m) = +/[g|(z)dz! ...dz™. One can routinely
check that the function ® is independent of the choice of the charts z and y; as
such, it is globally defined on NoCut. We set:

po(m)
V(m,V) € NoCut, Vt € [0,1], B;(m,V):= ——————&(m,V
(m. V) 0.1, Bim, V) 1= L2, V)
(where the function p; is the one defined in the statement of Theorem 1). Now,
Equation (1) globally reads as follows [16]:

det Hess(®)
(73) Vm € Mna w(m) = Bt(ma gra‘dm ut) .
det g
In order to fit with the local setting of [33, Theorem 4.1], we will require another
expression of it, a local one, attached to a couple of charts x and y as above.
Fixing henceforth ¢ € 7, we set:

polgl*”*(x)

z,v) :=log|det g(m) B:(m, V)] =lo
(z,v) = log [det g(m) Bi(m, V)] = log oo I E o)) det (o))

From the identity (40), the map V given by
(74) Vi(@,y) = —g” (z) Ouic(a,y)
near (0,yo) (with yo := y(po)), satisfies:
y=E(zr,v) <= v=V(z,y),
and at y; := ylexp,, (grad,, us)], recalling (3), we get from (74):

mij (1’, dut) = az'bri C(.’IJ, y) |y:yt .



Regularity of optimal transport on manifolds 39

So Equation (1) locally reads:
(75) log det(w;;) = ¥(x, Vauy)
where Vyuy := Thx(grad,, u) = V(z,y:) and

wij doe' @ da? = Hess'® u, = 02, [z, y) + ug(2)]]y—y, -

B.2 Maximum principle a la Ma—Trudinger—Wang

Let us consider the test-function m — ¥(m) on M,, equal to the g-trace of the
covariant symmetric tensor Hy;da' @ da? := Hess'® uy(m) and let mo € M,, be
a point where ¥ assumes its maximum. We aim at a uniform upper bound on
% (myp); since the tensor field Hess'® u; is positive-definite, its eigenvalues with
respect to the metric g will, indeed, be uniformly controlled by such a bound.

At the maximum point my, if du;(mg) = 0 we take a Riemannian normal chart
[38]; if dut(mg) # 0, we take a Fermi chart along the vector Vo = grad,, us
as in Definition 1. In either case, we use the same chart z at mg (where x
is centered) and at po = exp,, (Vo), but it is convenient to stick to the (z,y)
notation of [33], using y to denote the second argument of the local expression
of the cost-function ¢, and to set still yo = x(pg) and y; := z[exp,, (grad,, u:)],
thus with y; = E(x, V,u;) where x = x(m). The test-function ¥ reads:

T(x) = g7 (2) i psle(@, y) + ur(@)]ly=y,

near = 0. Using Equation (75), one can now derive for ¥ at z = 0 an estimate
which is a close variant of the quite robust one presented in [33, pp.162-164].
To do so, a careful inspection of the proof shows that, granted the existence of
a positive lower bound 6 on the c-curvatures at (mg, Vp) as in (18), we require
nothing but bounds under control on the second derivatives of the local tensor
g at x = 0 and on the local functions 1 (z) and c(x,y) together with the
following derivatives of theirs:

a:r:i'w7 a'uj 1/}7 837;37 1/}5 aiiyj IZH agiyj ¢7
ai’wﬂ G, ai’yﬂ =2 a:i)imfzk G, aﬁ“ﬂ ) ailyﬂ ) ailxl zhzl G aiizjxkylc’ 8;1111 yhylt G
respectively calculated at x = 0 and at (x,y) = (0,y0). Granted such bounds,
the proofs of Corollaries 1 and 2 are thus complete.

B.3 Bounds under control on ¢¥, and c
Control on derivatives of g%/

The first partial derivatives of g/ at 0 vanish in either types of chart (Riemann
or Fermi); so we are left with the second derivatives, given by:

197 (0) = —0k1gi;(0).

In a Riemannian normal chart (if Vo = 0), the derivatives 0;;¢,1(0) are intrinsic
(formally given by the next equation), a result which goes back to Riemann’s
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dissertation (see [38, chap.4]). In the Fermi chart case (if Vj # 0), aside from
(28), we require the classical identity, valid on the axis:

1 « e
(76) aa[jg»y)\ = § (R’Y)\ﬁ + R}\,Yﬂ) .

It can be checked (from the definition of the Riemann curvature tensor) by
routine calculation, using (34) and (35).

Controls on F and v
If Vo = 0, sticking to the notations of Section 2.2, we have X (0,0,¢) = 0 and:

0, X"(0,0,t) = 65, 0, X"(0,0,t) = t6}

V(k,1) e N2 k+1>2= (0% X(0,0,t)| = 0.

Since E(z,v) = X (z,v, 1), Lemma 14 below (read with vy = 0) follows at once.
Furthermore, using the notation (67), we also get Y} = &} which, combined with
the preceding result, readily yields the required bounds on v and its first and
second derivatives at z = 0.

If Vy # 0, since us € A, we have (mg, Vy) € NoCut. Of course, for (z,v) close
to (0,vp), the identity E(xz,v) = X(x,v,1) holds in the Fermi chart as well.
Moreover, one can readily establish for |02, X (0, v, t)| (resp. |92,,X(0,v0,t)|) a
boundedness result analogous to that of Lemma 9 (resp. Lemma 12). Combining
the latter with Lemmas 4, 9, and 12, we infer the:

Lemma 14 The g-norms of:

8$E3 a'UE7 831E7 63DE7 812)’UE7 83

rrx

E, 93

rrv

E, o3

Tvv

E, 02 E

VUV )

calculated at (0,v), are under control.

Besides, recalling (67), we have: [0,E(0,v)]"" = Y for v close to v, and the
bound (71) (together with Y* = Y% = 0,,) combined with Lemma 14 yields
again the required bounds on the function 1 and its first and second derivatives
at © = 0. In the sequel, we thus focus on bounds for the sole function c¢(z,y).

Control on V
. . 2% . L .
Recalling (74), setting for short Y = Y(z,y) := —— and differentiating with

dy
respect to y the identity y = E[z, V(z,y)] (with = fixed), we find:

(77) Vi 0y E' =07

in particular, letting = 0 and recalling (67), we may record at y = F(0,v) the
identity:
Y(0,y) =Y (v) .

Differentiating (77), once again with respect to y, yields:

(78) Oyp V& = =VEVeYs 92, E" .
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Besides, differentiating with respect to z (for fixed v) the other identity, namely
v = V[z, E(z,v)], we get:

(79) O V" = = V2O E" .

Using the latter to differentiate (77) with respect to x, we obtain:

(80) 0 Y5 = =VEV) (02 B = Vf 030, B 0, EY)

From 0,xV* = Y} and (79) combined with (78) and (80), we readily infer the:

Lemma 15 All the partial derivatives of V at (x,y) are expressible (in a polyno-
mial way) solely in terms of e itself and the partial derivatives of E evaluated

at [z, V(x,y)]. In particular, the g-norm of the third order jet of V calculated at
(0,90) is under control.

The final statement of the lemma simply follows from Lemma 14 combined
with the bound (71). We are now in position to deal with the derivatives of the
function c(z,y).

Control on ¢

From (74) we get:
(81) ach(may) = _gjs(x)vs(xay) )
which yields successively, at (0,yo):

92 kc——akV o

ziyky

— — O J
1C = 8ykylv,

02 0= —0,: V0, &,

xT xT l‘Jy

kC:_a kV 8

wiziykyl €

— iy VI,

wiyky
hence, by Lemma 15, the preceding derivatives of ¢ at (0, yo) are under intrinsic
control. Next, since V*(0,y0) = 9% |vo|, further differentiating (81) provides us
with a set of three equalities, beginning with:

931 i.5¢(0,90) = —|vo| Dtign; (0) — 9%, VI (0, o)

which shows, recalling (28) and Lemma 15, that the derivatives ag,wm (0, o)
are under control. The second equality which we get is:

a;llxixjy”'c(oﬂyo) = 78ligjk(0) Y ( ) ai zly( ayO)

Combining (28), (76) with Lemma 15 and the bound (71), we readily infer that
the derivatives 6§Lz7¢$jyrc(0, yo) are under control.
The final equality which we get is:

a’I'k’I'l’I' igd (Ovyo) = 7|v0|ak'li9nj Z 6‘klgm 8111/ (O yO) 8xkxlwv‘(0ay0)
(k,1,3)

the right-hand side of which is again under control for the same aforementioned
reasons except for its Oiign;(0) term whenever all three indices k,l,4 lie in
{1,...,n—1}. The terms 0agy9nn(0) turn out to be controlled by (31) because
they coincide with 20,507, (0). As regards the others, noting the identity:

OapryGnr = Oap (To, + T,
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valid on the axis, and recalling (32), their control reduces to another one on
9apl'}, (0), provided in Lemma 16 below.

Finally, in a Riemannian normal chart (case vg = 0), each of the previous
controls holds a fortiori; the last one relies on the formula

1
Oir195s(0) = EviRjksl (0)

which goes back to Elie Cartan [11, p.243, Eq.(21)] (see also [22, p.193]).

Lemma 16 The following identity holds on the axis of a Fermi chart:

1
(82) 9asTy = 7 (VaRlus + VeRiua)

Yo
1

)
+ Evn (R()J\z’yﬁ + Rgva) :

Proof. For completeness, we first briefly recall the argument that leads to (33)
read with i = n. In our Fermi chart, since t — (tz!,... tz" ! 2") is a geodesic,
we get using the geodesic equation:

n—1
Ffm(a:)xo‘mﬂ =0and gup(z)z2’ = Z(xa)2,
a=1
from what we readily infer:
a0 _
%2 Oagnp(z) = 0.
The quantity o(x) := ZZ;}(Z‘O‘P represents the distance to the axis. Using

cylindrical coordinates, the trick is now to apply to the latter equation the
operator 0, = 270,. It yields:

292727 00y g () = 0.

Setting 2% = 00®, dividing by ¢* then letting o | 0, we get at x = (0,2")
the identity (33) read with ¢ = n (since the unit vector §*9,, is arbitrary in the
hyperplane orthogonal to the axis). The same argument repeated once yields on
the axis the higher order identity (now with a circular summation on 4 indices):

Z aaﬁ’ygn)\ =0.
(a,8,7,2)

Combining it with (33), (34) and (35) enables one to check by brut calculation
the following equality:

A
Qaaﬁvgn)\ = Vnng,B - vv (R(Axnﬂ + Rgna) - VaR’yn,B

valid on the axis, from which Lemma 16 routinely follows.
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C Optimal transport regularity and covering spaces

The following result, yet unstated in the literature, is by now well-known:

Theorem 3 (folklore result) Let p : (E,ﬁ) — (My,g) be a Riemannian
normal (or Galoisian) covering map between compact connected n-dimensional
manifolds; set I' for its covering transformations group, thus a finite subgroup
of isometries of (My,q). Let (g, 1) be a couple of T-invariant smooth positive
measures of same total mass on ﬁn and let (1o, p11) be the couple of associated
smooth positive measures on M, , which satisfy the Radon-Nikodym derivatives
equality:

(83) diti _ dp

dvol  dVol

where i € {0,1}. The optimal transportation map pushing g to py is smooth if
and only if so is the optimal transportation map pushing po to p1.

Proof. Assume that the optimal transportation map G = exp(grad «) pushing
o to py is smooth. Setting u = p*u and recalling that p is locally an isometry,
naturality and geodesic uniqueness yield for the smooth map G := exp(grad @)
the covering morphism relation:

(84) poG=Gop;

moreover, for each v € T', since the potential w is I'-invariant and ~ is an
isometry, we have:

(85) yoG=Gon.

For each measurable real function fon E, set }; for the I'-invariant function
obtained by averaging f over I':

Vin € M,, fr(m Zf

'yEF

where r stands for the cardinal of the deck group I (so the covering is r-sheeted);
set fr for the function on M,, defined by: fr = p*fr. The following identity

clearly holds: /~ }’5131 / fpdVol hence also, from (83), the other one:
M

(36) j/ Fag = ]/ Frdii;

Recalling G0 = p1, the latter with i = 1 yields:

/Mfdm:r/prdm :r/M(fpoG)duo :/M(fpoGop)dﬁa.

Using (84)(85), we get: fdm = / (fr o G)dpig = /M(fo G)r diip and by

(86) we obtain:
/‘ﬂml /1f0GMm-

Since f is arbitrary, it means that the map G pushes the measure g to puy;
besides, the map G is optimal, unique [34] and smooth, so the first part of the
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equivalence is proved. B

Conversely, let the smooth map G = exp(grad @) push g to py. So must do
the map exp[grad(@wo )], for each v € T, since v is an isometry which preserves
the [i;’s. By uniqueness of the potential @ (up to an additive constant) [16], the
function © must be I'-invariant as well. Let u be the function on M,, defined
by @ = p*u (and p; the measure on M, defined by (83)). Consider the smooth
map G = exp(gradu); the relation (84) is again satisfied. Moreover, using
é#/To = 11, we find for each measurable function f on M,:

[ gdm =3 [ gonai = [(ropeGiai

From (84), we further get:

/M fap = /M(foGop)d;To - /M(fOG)duo ,

or else, since f is arbitrary: Gupuo = p1. The proof of Theorem 3 is complete.
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